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Binary Black Holes

• Very “simple” system – only Einstein equations

• Interesting to relativists: two-body problem, 
determined by very few parameters;
still open questions regarding trapped regions

• Interesting to astrophysicists: fine source of 
gravitational radiation for LIGO and LISA;
first step towards binaries with matter
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Figure 2: Apparent horizons in a binary black hole evolution
of Cook-Pfeiffer data. This figure shows the tracks of the
centroids of the apparent horizons, as well as their shapes at
t = 0 M , at merger (t ≈ 37M), and at late times (t ≥ 200 M).

scribed in [25] to ensure stability. We therefore expect
our code to be third order accurate in the limit of infinite
resolution, and expect it to show approximate fourth or-
der convergence away from the outer boundary and for
the resolutions used here. We use a fourth order Runge-
Kutta time integrator with a CFL factor of 0.4. We use
Sommerfeld outer boundary conditions for the individual
components of the evolved variables, which are not con-
straint preserving; we therefore place the outer bound-
aries at a large distance from the source.

The initial data were provided by Harald Pfeiffer [27]
and are described in [28, 29]. In particular we use
the data set sep_07.00_59a.tgz in which the binary
black hole system is expected to orbit approximately
once before merging. These data have an ADM mass
MADM ≈ 2.44449 ≈ 0.977795 M , where we use a scale
factor M = 2.5. The black holes are centered about
x = ±1.4 M , and the apparent horizons have a coordi-
nate radius rAH ≈ 0.35 M .

Our simulations use reflection symmetry about z = 0
and π-rotation symmetry about the z axis. We choose
a simulation domain with outer boundaries at 204.8 M ,
and use altogether 9 successively smaller levels of mesh
refinement, where the finest level has an extent of 0.8 M ,
centered about each black hole. Our resolution is h =
3.2 M on the coarsest grid, h = 0.8 M near the gravita-
tional wave detector, and h = 0.0125 M on the finest grid.
We include results from two coarser runs with coarse grid
resolutions h ≈ 4.5 M and h ≈ 4.1 M , respectively.

The initial data are provided in terms of spectral ex-
pansion coefficients for the ADM variables on multiple
domains and need to be interpolated to our grid points.
The initial data setup excises the apparent horizons but
extrapolates a distance of up to 0.25 rAH = 0.0875 M
into the horizon. The remainder of the interior of the
apparent horizons needs to be turduckened.

We have experimented with various methods for tur-
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Figure 3: Real part of the waveform Q+
22, extracted at R =

50M . The vertical lines indicate approximately when the
initial burst of spurious radiation first reaches the detector
and when the common horizon is “seen” by the detector. The
“junk” radiation near t = 50 M is a well-known feature from
puncture evolutions.

duckening the black hole interior, and find that the de-
tails do not matter much in practice, as long as the space-
time remains unchanged within the finite differencing
stencil radius of the horizon. Since there are preciously
few grid points between the excised region and the hori-
zon, we chose a method which leaves all given spacetime
data unchanged and fills in the excised points in a smooth
manner. (One alternative would be a blending method
which fills the excised region with arbitrary data, and
then modifies some of the non-excised grid points to cre-
ate a smooth match.)

In particular, we solve the elliptic equation (∂6/∂x6 +
∂6/∂y6 + ∂6/∂z6)A = 0 to fill the excised points of a
quantity A, using standard centered derivatives every-
where and using the given non-excised data as boundary
conditions where necessary. This is equivalent to provid-
ing boundary conditions for A and its normal derivatives
∂A/∂n, and ∂2A/∂n2. The result is therefore C2 every-
where within the horizon. We solve this equation with a
standard conjugate gradient method.

We follow the evolution of these data through merger
and ringdown for about 200 M . Fig. 2 shows the loca-
tions, shapes, and tracks of the individual and the com-
mon apparent horizons. A common horizon appears at
about t = 37 M . The common horizon initially has a
strong Y22 deformation which is radiated away. This is
clearly shown in the real part of the # = m = 2 mode of
the Zerilli function Q+, extracted on a coordinate sphere
at R = 50 M and shown in Fig. 3. Fig. 4 shows the re-
sults of a convergence test, although the resolutions are
too close together to give reliable results. Both the hori-
zon dynamics and waveforms are very similar to those
from puncture initial data. We will present a study of
this and other systems with larger initial separations in
more detail elsewhere.

1. Inspiral (red/green), 
here: slightly eccentric

2. Common horizon 
(blue)

3. Final state (magenta)

• Not shown:
possible recoil (“kick”),
if system is not 
symmetric

Last orbit:
Cook-Pfeiffer

initial data
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Binary Black Hole Mergers
as Black Box
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black box
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Merger determined by nine parameters

recoil velocity

gravitational waves
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Goal: Find Analytic 
Description for Final State

• Full numerical treatment for all parameter values is 
too expensive – use fitting functions instead

• Previous work: Campanelli et al. 2007 (large 
recoils), González et al. 2007 (non-spinning)

• Take analytic approximations for special cases
(e.g. extreme mass ratios) into account

• Initially, restrict parameter space
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Assumptions

• Masses equal or unequal

• Circular orbits

• Spins aligned and/or anti-aligned with orbital 
angular momentum

Binary Configuration:
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Some Arguments for these 
Assumptions

• Altogether, considering 3 out of 9 parameters

• However, these may well represent preferred 
configurations, especially for SMBH:

• PN spin-spin and spin-orbit interactions align spins for 
small inclinations (Schnittmann 2007)

• In discs (expected for SMBH), torques exerted by the 
matter produce alignment before merger
(Bogdanović et al. 2007)

• Most galaxies have SMBH, i.e.,
there were no large recoils in mergers
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Spin DiagramsSpin Diagrams for bh binaries with aligned spins 3

FIG. 1.— Position in the (a1, a2) space of the five sequences r, ra, s, t,
and u for which the inspiral and merger has been computed.

in Pollney et al. (2007). In both cases we have modelled the
data with generic quadratic functions in a1 and a2 so that, in
the case of the recoil velocity, the fitting function is

|vkick| = |c0 + c1a1 + c2a
2
1 + d0a1a2 + d1a2 + d2a

2
2| . (1)

Note that the fitting function on the right-hand-side of (1) is
smooth everywhere but that its absolute value is not smooth
along the diagonala1 = a2. Using (1) and a blind least-square
fit of the data, we obtained the coefficients (in km/s)

c0 = 0.67 ± 1.12 , d0 = −18.56± 5.34 ,

c1 = −212.85± 2.96 , d1 = 213.69± 3.57 ,

c2 = 50.85 ± 3.48 , d2 = −40.99± 4.25 , (2)

with a reduced-χ2 = 0.09. Clearly, the errors in the coeffi-
cients can be extremely large and this is simply the result of
a small-number statistics. However, the fit can be improved
by exploiting some knowledge about the physics of the pro-
cess to simplify the fitting expressions. In particular, we can
use the constraint that no recoil velocity should be produced
for binaries having the same spin, i.e., that |vkick| = 0 for
a1 = a2, or the symmetry condition across the line a1 = a2.
Enforcing both constraints yields

c0 = 0 , c1 = −d1 , c2 = −d2 , d0 = 0 , (3)

thus reducing the fitting function (1) to the simpler expression

|vkick| = |c1(a1 − a2) + c2(a
2
1 − a 2

2 )| . (4)

Performing a least-square fit using (4) we then obtain

c1 = −220.97± 0.78 , c2 = 45.52 ± 2.99 , (5)

with a comparable reduced-χ2 = 0.14, but with error-bars
that are much smaller on average. Because of this, we con-
sider expression (4) as the best description of the data at
second-order in the spin parameters. Using (4) and (5), we
have built the contour plots shown in Fig. 2.
A few remarks are worth making. Firstly, (4) suggests

that the maximum recoil velocity should be found when the
asymmetry is the largest and the spins are antialigned, i.e.,

FIG. 2.— Contour plots of |vkick| as a function of the spin parameters a1

and a2. The diagram has been computed using expressions (4) and (5).

a1 = −a2. Secondly, when a2 = const., expression (4) con-
firms the quadratic scaling proposed in Pollney et al. (2007)
with a smaller data set [cf., eq. (42) there]. Thirdly, for
a1 = −a2, expression (4) is only linear and reproduces the
scaling suggested by Herrmann et al. (2007b). Finally, us-
ing (4) the maximum recoil velocity is found to be |vkick| =
441.94± 1.56 km/s, in very good agreement with the results
of Herrmann et al. (2007b) and Pollney et al. (2007).
Also for afin, we have first fitted the data with a function

afin = p0 + p1a1 + p2a
2
1 + q0a1a2 + q1a2 + q2a

2
2 , (6)

and found coefficients with very large error-bars. As a result,
also for afin we resort to physical considerations to constrain
the coefficients p0 − q2. More specifically, we expect that,
at least at lowest order, binaries with equal and opposite spins
will not contribute to the final spin and thus behave essentially
as nonspinning binaries. Stated differently, we assume that
afin = p0 for binaries with a1 = −a2. In addition, enforcing
the symmetry condition across the line a1 = a2 we obtain

p1 = q1 , p2 = q2 = q0/2 , (7)

so that the fitting function (6) effectively reduces to

afin = p0 + p1(a1 + a2) + p2(a1 + a2)
2 . (8)

Performing a least-square fit using (4) we then obtain

p0 = 0.6883± 0.0003 , p1 = 0.1530 ± 0.0004 ,

p2 = −0.0088± 0.0005 , (9)

with a reduced-χ2 = 0.02.
It should be noted that the coefficient of the quadratic term

in (9) is much smaller then the linear one and with much
larger error-bars. Given the small statistics it is hard to as-
sess whether a quadratic dependence is necessary or if a lin-
ear one is the correct one. In view of this, we have repeated
the least-square fit of the data enforcing the conditions (7) to-
gether with p2 = 0 (i.e., adopting a linear fitting function) and
obtained p0 = 0.6855 ± 0.0007 and p1 = 0.1518 ± 0.0012,
with a worse reduced-χ2 = 0.16. Because the coefficients

2 Rezzolla et al.

TABLE 1
BINARY SEQUENCES FOR WHICH NUMERICAL SIMULATIONS HAVE BEEN CARRIED OUT, WITH DIFFERENT COLUMNS REFERRING TO THE PUNCTURE

INITIAL LOCATION±x/M , THE LINEAR MOMENTA±p/M , THE MASS PARAMETERSmi/M , THE DIMENSIONLESS SPINS ai , THE NORMALIZED ADM

MASS fM
ADM

≡ M
ADM

/M MEASURED AT INFINITY, AND THE NORMALIZED ADM ANGULAR MOMENTUM eJ
ADM

≡ J
ADM

/M2 . FINALLY, THE LAST
SIX COLUMNS CONTAIN THE NUMERICAL AND FITTED VALUES FOR |vkick| (IN km/s), afin AND THE CORRESPONDING ERRORS.

±x/M ±p/M m1/M m2/M a1 a2
fM

ADM
eJ
ADM

|v
kick

| |vfit

kick
| err. (%) a

fin
afit

fin
err. (%)

r0 3.0205 0.1366 0.4011 0.4009 -0.584 0.584 0.9856 0.825 261.75 258.09 1.40 0.6891 0.6883 0.12

r1 3.1264 0.1319 0.4380 0.4016 -0.438 0.584 0.9855 0.861 221.38 219.04 1.06 0.7109 0.7105 0.06

r2 3.2198 0.1281 0.4615 0.4022 -0.292 0.584 0.9856 0.898 186.18 181.93 2.28 0.7314 0.7322 0.11

r3 3.3190 0.1243 0.4749 0.4028 -0.146 0.584 0.9857 0.935 144.02 146.75 1.90 0.7516 0.7536 0.27

r4 3.4100 0.1210 0.4796 0.4034 0.000 0.584 0.9859 0.971 106.11 113.52 6.98 0.7740 0.7747 0.08

r5 3.5063 0.1176 0.4761 0.4040 0.146 0.584 0.9862 1.007 81.42 82.23 1.00 0.7948 0.7953 0.06

r6 3.5988 0.1146 0.4638 0.4044 0.292 0.584 0.9864 1.044 45.90 52.88 15.21 0.8150 0.8156 0.07

r7 3.6841 0.1120 0.4412 0.4048 0.438 0.584 0.9867 1.081 20.59 25.47 23.70 0.8364 0.8355 0.11

r8 3.7705 0.1094 0.4052 0.4052 0.584 0.584 0.9872 1.117 0.00 0.00 0.00 0.8550 0.855 0.00

ra0 2.9654 0.1391 0.4585 0.4584 -0.300 0.300 0.9845 0.8250 131.34 132.58 0.95 0.6894 0.6883 0.16

ra1 3.0046 0.1373 0.4645 0.4587 -0.250 0.300 0.9846 0.8376 118.10 120.28 1.85 0.6971 0.6959 0.17

ra2 3.0438 0.1355 0.4692 0.4591 -0.200 0.300 0.9847 0.8499 106.33 108.21 1.77 0.7047 0.7035 0.17

ra3 3.0816 0.1339 0.4730 0.4594 -0.150 0.300 0.9848 0.8628 94.98 96.36 1.46 0.7120 0.7111 0.13

ra4 3.1215 0.1321 0.4757 0.4597 -0.100 0.300 0.9849 0.8747 84.74 84.75 0.01 0.7192 0.7185 0.09

ra6 3.1988 0.1290 0.4782 0.4602 0.000 0.300 0.9850 0.9003 63.43 62.19 1.95 0.7331 0.7334 0.04

ra8 3.2705 0.1261 0.4768 0.4608 0.100 0.300 0.9852 0.9248 41.29 40.55 1.79 0.7471 0.7481 0.13

ra10 3.3434 0.1234 0.4714 0.4612 0.200 0.300 0.9853 0.9502 19.11 19.82 3.72 0.7618 0.7626 0.11

ra12 3.4120 0.1209 0.4617 0.4617 0.300 0.300 0.9855 0.9750 0.00 0.00 0.00 0.7772 0.7769 0.03

s0 2.9447 0.1401 0.4761 0.4761 0.000 0.000 0.9844 0.8251 0.00 0.00 0.00 0.6892 0.6883 0.13

s1 3.1106 0.1326 0.4756 0.4756 0.100 0.100 0.9848 0.8749 0.00 0.00 0.00 0.7192 0.7185 0.09

s2 3.2718 0.1261 0.4709 0.4709 0.200 0.200 0.9851 0.9251 0.00 0.00 0.00 0.7471 0.7481 0.13

s3 3.4098 0.1210 0.4617 0.4617 0.300 0.300 0.9855 0.9751 0.00 0.00 0.00 0.7772 0.7769 0.03

s4 3.5521 0.1161 0.4476 0.4476 0.400 0.400 0.9859 1.0250 0.00 0.00 0.00 0.8077 0.8051 0.33

s5 3.6721 0.1123 0.4276 0.4276 0.500 0.500 0.9865 1.0748 0.00 0.00 0.00 0.8340 0.8325 0.18

s6 3.7896 0.1088 0.4002 0.4002 0.600 0.600 0.9874 1.1246 0.00 0.00 0.00 0.8583 0.8592 0.11

t0 4.1910 0.1074 0.4066 0.4064 -0.584 0.584 0.9889 0.9002 259.49 258.09 0.54 0.6868 0.6883 0.22

t1 4.0812 0.1103 0.4062 0.4426 -0.584 0.438 0.9884 0.8638 238.37 232.62 2.41 0.6640 0.6658 0.27

t2 3.9767 0.1131 0.4057 0.4652 -0.584 0.292 0.9881 0.8265 200.25 205.21 2.48 0.6400 0.6429 0.45

t3 3.8632 0.1165 0.4053 0.4775 -0.584 0.146 0.9879 0.7906 174.58 175.86 0.73 0.6180 0.6196 0.26

t4 3.7387 0.1204 0.4047 0.4810 -0.584 0.000 0.9878 0.7543 142.62 144.57 1.37 0.5965 0.5959 0.09

t5 3.6102 0.1246 0.4041 0.4761 -0.584 -0.146 0.9876 0.7172 106.36 111.34 4.68 0.5738 0.5719 0.33

t6 3.4765 0.1294 0.4033 0.4625 -0.584 -0.292 0.9874 0.6807 71.35 76.17 6.75 0.5493 0.5475 0.32

t7 3.3391 0.1348 0.4025 0.4387 -0.584 -0.438 0.9873 0.6447 35.36 39.05 10.45 0.5233 0.5227 0.11

t8 3.1712 0.1419 0.4015 0.4015 -0.584 -0.584 0.9875 0.6080 0.00 0.00 0.00 0.4955 0.4976 0.42

u1 2.9500 0.1398 0.4683 0.4685 -0.200 0.200 0.9845 0.8248 87.34 88.39 1.20 0.6893 0.6883 0.15

u2 2.9800 0.1384 0.4436 0.4438 -0.400 0.400 0.9846 0.8249 175.39 176.78 0.79 0.6895 0.6883 0.17

u3 3.0500 0.1355 0.3951 0.3953 -0.600 0.600 0.9847 0.8266 266.39 265.16 0.46 0.6884 0.6883 0.01

u4 3.1500 0.1310 0.2968 0.2970 -0.800 0.800 0.9850 0.8253 356.87 353.55 0.93 0.6884 0.6883 0.01

physical parameters (e.g.,masses and spins) describe a binary
black-hole system on a quasi-circular orbit. The free param-
eters are: the coordinate locations Ci, the mass parameters
mi, the linear momenta pi, and the spins Si. Quasi-circular
orbits are then selected by setting p1 = −p2 to be orthogonal
to C2 − C1, so that L ≡ C1 × p1 + C2 × p2 is the orbital
angular momentum. The initial parameters are collected in
left part of Table 1, while the right one reports the results of
simulations. For all of them we have employed 8 levels of re-
finement and a minimum resolution 0.024 M , which has been
reduced to 0.018 M for binaries r5, r6. Note that our results
for the u-sequence differ slightly from those reported by Her-
rmann et al. (2007b), probably because of a proper accounting
of the integration constant in |vkick| (Pollney et al. 2007).

3. SPIN DIAGRAMS AND FITS

Clearly, the recoil velocity and the spin of the final black
hole are among the most important pieces information to be
extracted from the inspiral and coalescence of binary black
holes. For binaries with equal masses and aligned but oth-

erwise arbitrary spins, this information depends uniquely on
the dimensionless spins of the two black holes a1, a2 and can
therefore be summarized in the portion of the (a1, a2) plane
in which the two spins vary. It is therefore convenient to think
in terms of “spin diagrams”, which summarize simply all of
the relevant information. In addition, since the labelling “1”
and “2” is arbitrary, the line a1 = a2 in the spin diagram
has important symmetries: the recoil velocity vector under-
goes a π-rotation, i.e., "vkick(a1, a2) = −"vkick(a2, a1) but
|vkick(a1, a2)| = |vkick(a2, a1)|, while no change is expected
for the final spin, i.e., afin(a1, a2) = afin(a2, a1). These
symmetries not only allow us to consider only one portion of
the (a1, a2) space (cf. Fig. 1), thus halving the computational
costs (or doubling the statistical sample), but they will also be
exploited later on to improve our fits. The position of the five
sequences within the (a1, a2) space is shown in Fig. 1.
Overall, the data sample computed numerically consists of

38 values for |vkick| and for afin which, for simplicity, we
have considered to have constant error-bars of 8 km/s and
0.01, which represent, respectively, the largest errors reported
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Fitting Functions (Recoil)

Generic quadratic ansatz:

Using symmetries of the system,
and assuming that no kick is produced when the spins
are equal and opposite:

Spin Diagrams for bh binaries with aligned spins 3

FIG. 1.— Position in the (a1, a2) space of the five sequences r, ra, s, t,
and u for which the inspiral and merger has been computed.

in Pollney et al. (2007). In both cases we have modelled the
data with generic quadratic functions in a1 and a2 so that, in
the case of the recoil velocity, the fitting function is

|vkick| = |c0 + c1a1 + c2a
2
1 + d0a1a2 + d1a2 + d2a

2
2| . (1)

Note that the fitting function on the right-hand-side of (1) is
smooth everywhere but that its absolute value is not smooth
along the diagonala1 = a2. Using (1) and a blind least-square
fit of the data, we obtained the coefficients (in km/s)

c0 = 0.67 ± 1.12 , d0 = −18.56± 5.34 ,

c1 = −212.85± 2.96 , d1 = 213.69± 3.57 ,

c2 = 50.85 ± 3.48 , d2 = −40.99± 4.25 , (2)

with a reduced-χ2 = 0.09. Clearly, the errors in the coeffi-
cients can be extremely large and this is simply the result of
a small-number statistics. However, the fit can be improved
by exploiting some knowledge about the physics of the pro-
cess to simplify the fitting expressions. In particular, we can
use the constraint that no recoil velocity should be produced
for binaries having the same spin, i.e., that |vkick| = 0 for
a1 = a2, or the symmetry condition across the line a1 = a2.
Enforcing both constraints yields

c0 = 0 , c1 = −d1 , c2 = −d2 , d0 = 0 , (3)

thus reducing the fitting function (1) to the simpler expression

|vkick| = |c1(a1 − a2) + c2(a
2
1 − a 2

2 )| . (4)

Performing a least-square fit using (4) we then obtain

c1 = −220.97± 0.78 , c2 = 45.52 ± 2.99 , (5)

with a comparable reduced-χ2 = 0.14, but with error-bars
that are much smaller on average. Because of this, we con-
sider expression (4) as the best description of the data at
second-order in the spin parameters. Using (4) and (5), we
have built the contour plots shown in Fig. 2.
A few remarks are worth making. Firstly, (4) suggests

that the maximum recoil velocity should be found when the
asymmetry is the largest and the spins are antialigned, i.e.,

FIG. 2.— Contour plots of |vkick| as a function of the spin parameters a1

and a2. The diagram has been computed using expressions (4) and (5).

a1 = −a2. Secondly, when a2 = const., expression (4) con-
firms the quadratic scaling proposed in Pollney et al. (2007)
with a smaller data set [cf., eq. (42) there]. Thirdly, for
a1 = −a2, expression (4) is only linear and reproduces the
scaling suggested by Herrmann et al. (2007b). Finally, us-
ing (4) the maximum recoil velocity is found to be |vkick| =
441.94± 1.56 km/s, in very good agreement with the results
of Herrmann et al. (2007b) and Pollney et al. (2007).
Also for afin, we have first fitted the data with a function

afin = p0 + p1a1 + p2a
2
1 + q0a1a2 + q1a2 + q2a

2
2 , (6)

and found coefficients with very large error-bars. As a result,
also for afin we resort to physical considerations to constrain
the coefficients p0 − q2. More specifically, we expect that,
at least at lowest order, binaries with equal and opposite spins
will not contribute to the final spin and thus behave essentially
as nonspinning binaries. Stated differently, we assume that
afin = p0 for binaries with a1 = −a2. In addition, enforcing
the symmetry condition across the line a1 = a2 we obtain

p1 = q1 , p2 = q2 = q0/2 , (7)

so that the fitting function (6) effectively reduces to

afin = p0 + p1(a1 + a2) + p2(a1 + a2)
2 . (8)

Performing a least-square fit using (4) we then obtain

p0 = 0.6883± 0.0003 , p1 = 0.1530 ± 0.0004 ,

p2 = −0.0088± 0.0005 , (9)

with a reduced-χ2 = 0.02.
It should be noted that the coefficient of the quadratic term

in (9) is much smaller then the linear one and with much
larger error-bars. Given the small statistics it is hard to as-
sess whether a quadratic dependence is necessary or if a lin-
ear one is the correct one. In view of this, we have repeated
the least-square fit of the data enforcing the conditions (7) to-
gether with p2 = 0 (i.e., adopting a linear fitting function) and
obtained p0 = 0.6855 ± 0.0007 and p1 = 0.1518 ± 0.0012,
with a worse reduced-χ2 = 0.16. Because the coefficients
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FIG. 1.— Position in the (a1, a2) space of the five sequences r, ra, s, t,
and u for which the inspiral and merger has been computed.

in Pollney et al. (2007). In both cases we have modelled the
data with generic quadratic functions in a1 and a2 so that, in
the case of the recoil velocity, the fitting function is

|vkick| = |c0 + c1a1 + c2a
2
1 + d0a1a2 + d1a2 + d2a

2
2| . (1)

Note that the fitting function on the right-hand-side of (1) is
smooth everywhere but that its absolute value is not smooth
along the diagonala1 = a2. Using (1) and a blind least-square
fit of the data, we obtained the coefficients (in km/s)

c0 = 0.67 ± 1.12 , d0 = −18.56± 5.34 ,

c1 = −212.85± 2.96 , d1 = 213.69± 3.57 ,

c2 = 50.85 ± 3.48 , d2 = −40.99± 4.25 , (2)

with a reduced-χ2 = 0.09. Clearly, the errors in the coeffi-
cients can be extremely large and this is simply the result of
a small-number statistics. However, the fit can be improved
by exploiting some knowledge about the physics of the pro-
cess to simplify the fitting expressions. In particular, we can
use the constraint that no recoil velocity should be produced
for binaries having the same spin, i.e., that |vkick| = 0 for
a1 = a2, or the symmetry condition across the line a1 = a2.
Enforcing both constraints yields

c0 = 0 , c1 = −d1 , c2 = −d2 , d0 = 0 , (3)

thus reducing the fitting function (1) to the simpler expression

|vkick| = |c1(a1 − a2) + c2(a
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Performing a least-square fit using (4) we then obtain

c1 = −220.97± 0.78 , c2 = 45.52 ± 2.99 , (5)

with a comparable reduced-χ2 = 0.14, but with error-bars
that are much smaller on average. Because of this, we con-
sider expression (4) as the best description of the data at
second-order in the spin parameters. Using (4) and (5), we
have built the contour plots shown in Fig. 2.
A few remarks are worth making. Firstly, (4) suggests

that the maximum recoil velocity should be found when the
asymmetry is the largest and the spins are antialigned, i.e.,
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with a smaller data set [cf., eq. (42) there]. Thirdly, for
a1 = −a2, expression (4) is only linear and reproduces the
scaling suggested by Herrmann et al. (2007b). Finally, us-
ing (4) the maximum recoil velocity is found to be |vkick| =
441.94± 1.56 km/s, in very good agreement with the results
of Herrmann et al. (2007b) and Pollney et al. (2007).
Also for afin, we have first fitted the data with a function

afin = p0 + p1a1 + p2a
2
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and found coefficients with very large error-bars. As a result,
also for afin we resort to physical considerations to constrain
the coefficients p0 − q2. More specifically, we expect that,
at least at lowest order, binaries with equal and opposite spins
will not contribute to the final spin and thus behave essentially
as nonspinning binaries. Stated differently, we assume that
afin = p0 for binaries with a1 = −a2. In addition, enforcing
the symmetry condition across the line a1 = a2 we obtain

p1 = q1 , p2 = q2 = q0/2 , (7)

so that the fitting function (6) effectively reduces to

afin = p0 + p1(a1 + a2) + p2(a1 + a2)
2 . (8)

Performing a least-square fit using (4) we then obtain

p0 = 0.6883± 0.0003 , p1 = 0.1530 ± 0.0004 ,

p2 = −0.0088± 0.0005 , (9)

with a reduced-χ2 = 0.02.
It should be noted that the coefficient of the quadratic term

in (9) is much smaller then the linear one and with much
larger error-bars. Given the small statistics it is hard to as-
sess whether a quadratic dependence is necessary or if a lin-
ear one is the correct one. In view of this, we have repeated
the least-square fit of the data enforcing the conditions (7) to-
gether with p2 = 0 (i.e., adopting a linear fitting function) and
obtained p0 = 0.6855 ± 0.0007 and p1 = 0.1518 ± 0.0012,
with a worse reduced-χ2 = 0.16. Because the coefficients
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with a reduced-χ2 = 0.09. Clearly, the errors in the coeffi-
cients can be extremely large and this is simply the result of
a small-number statistics. However, the fit can be improved
by exploiting some knowledge about the physics of the pro-
cess to simplify the fitting expressions. In particular, we can
use the constraint that no recoil velocity should be produced
for binaries having the same spin, i.e., that |vkick| = 0 for
a1 = a2, or the symmetry condition across the line a1 = a2.
Enforcing both constraints yields
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Performing a least-square fit using (4) we then obtain

c1 = −220.97± 0.78 , c2 = 45.52 ± 2.99 , (5)

with a comparable reduced-χ2 = 0.14, but with error-bars
that are much smaller on average. Because of this, we con-
sider expression (4) as the best description of the data at
second-order in the spin parameters. Using (4) and (5), we
have built the contour plots shown in Fig. 2.
A few remarks are worth making. Firstly, (4) suggests
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ing (4) the maximum recoil velocity is found to be |vkick| =
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also for afin we resort to physical considerations to constrain
the coefficients p0 − q2. More specifically, we expect that,
at least at lowest order, binaries with equal and opposite spins
will not contribute to the final spin and thus behave essentially
as nonspinning binaries. Stated differently, we assume that
afin = p0 for binaries with a1 = −a2. In addition, enforcing
the symmetry condition across the line a1 = a2 we obtain

p1 = q1 , p2 = q2 = q0/2 , (7)

so that the fitting function (6) effectively reduces to
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sess whether a quadratic dependence is necessary or if a lin-
ear one is the correct one. In view of this, we have repeated
the least-square fit of the data enforcing the conditions (7) to-
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with a reduced-χ2 = 0.09. Clearly, the errors in the coeffi-
cients can be extremely large and this is simply the result of
a small-number statistics. However, the fit can be improved
by exploiting some knowledge about the physics of the pro-
cess to simplify the fitting expressions. In particular, we can
use the constraint that no recoil velocity should be produced
for binaries having the same spin, i.e., that |vkick| = 0 for
a1 = a2, or the symmetry condition across the line a1 = a2.
Enforcing both constraints yields
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with a comparable reduced-χ2 = 0.14, but with error-bars
that are much smaller on average. Because of this, we con-
sider expression (4) as the best description of the data at
second-order in the spin parameters. Using (4) and (5), we
have built the contour plots shown in Fig. 2.
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a1 = −a2. Secondly, when a2 = const., expression (4) con-
firms the quadratic scaling proposed in Pollney et al. (2007)
with a smaller data set [cf., eq. (42) there]. Thirdly, for
a1 = −a2, expression (4) is only linear and reproduces the
scaling suggested by Herrmann et al. (2007b). Finally, us-
ing (4) the maximum recoil velocity is found to be |vkick| =
441.94± 1.56 km/s, in very good agreement with the results
of Herrmann et al. (2007b) and Pollney et al. (2007).
Also for afin, we have first fitted the data with a function

afin = p0 + p1a1 + p2a
2
1 + q0a1a2 + q1a2 + q2a

2
2 , (6)

and found coefficients with very large error-bars. As a result,
also for afin we resort to physical considerations to constrain
the coefficients p0 − q2. More specifically, we expect that,
at least at lowest order, binaries with equal and opposite spins
will not contribute to the final spin and thus behave essentially
as nonspinning binaries. Stated differently, we assume that
afin = p0 for binaries with a1 = −a2. In addition, enforcing
the symmetry condition across the line a1 = a2 we obtain

p1 = q1 , p2 = q2 = q0/2 , (7)

so that the fitting function (6) effectively reduces to

afin = p0 + p1(a1 + a2) + p2(a1 + a2)
2 . (8)

Performing a least-square fit using (4) we then obtain

p0 = 0.6883± 0.0003 , p1 = 0.1530 ± 0.0004 ,

p2 = −0.0088± 0.0005 , (9)

with a reduced-χ2 = 0.02.
It should be noted that the coefficient of the quadratic term

in (9) is much smaller then the linear one and with much
larger error-bars. Given the small statistics it is hard to as-
sess whether a quadratic dependence is necessary or if a lin-
ear one is the correct one. In view of this, we have repeated
the least-square fit of the data enforcing the conditions (7) to-
gether with p2 = 0 (i.e., adopting a linear fitting function) and
obtained p0 = 0.6855 ± 0.0007 and p1 = 0.1518 ± 0.0012,
with a worse reduced-χ2 = 0.16. Because the coefficients
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in Pollney et al. (2007). In both cases we have modelled the
data with generic quadratic functions in a1 and a2 so that, in
the case of the recoil velocity, the fitting function is

|vkick| = |c0 + c1a1 + c2a
2
1 + d0a1a2 + d1a2 + d2a

2
2| . (1)

Note that the fitting function on the right-hand-side of (1) is
smooth everywhere but that its absolute value is not smooth
along the diagonala1 = a2. Using (1) and a blind least-square
fit of the data, we obtained the coefficients (in km/s)

c0 = 0.67 ± 1.12 , d0 = −18.56± 5.34 ,

c1 = −212.85± 2.96 , d1 = 213.69± 3.57 ,

c2 = 50.85 ± 3.48 , d2 = −40.99± 4.25 , (2)

with a reduced-χ2 = 0.09. Clearly, the errors in the coeffi-
cients can be extremely large and this is simply the result of
a small-number statistics. However, the fit can be improved
by exploiting some knowledge about the physics of the pro-
cess to simplify the fitting expressions. In particular, we can
use the constraint that no recoil velocity should be produced
for binaries having the same spin, i.e., that |vkick| = 0 for
a1 = a2, or the symmetry condition across the line a1 = a2.
Enforcing both constraints yields

c0 = 0 , c1 = −d1 , c2 = −d2 , d0 = 0 , (3)

thus reducing the fitting function (1) to the simpler expression

|vkick| = |c1(a1 − a2) + c2(a
2
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2 )| . (4)

Performing a least-square fit using (4) we then obtain

c1 = −220.97± 0.78 , c2 = 45.52 ± 2.99 , (5)

with a comparable reduced-χ2 = 0.14, but with error-bars
that are much smaller on average. Because of this, we con-
sider expression (4) as the best description of the data at
second-order in the spin parameters. Using (4) and (5), we
have built the contour plots shown in Fig. 2.
A few remarks are worth making. Firstly, (4) suggests

that the maximum recoil velocity should be found when the
asymmetry is the largest and the spins are antialigned, i.e.,
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a1 = −a2. Secondly, when a2 = const., expression (4) con-
firms the quadratic scaling proposed in Pollney et al. (2007)
with a smaller data set [cf., eq. (42) there]. Thirdly, for
a1 = −a2, expression (4) is only linear and reproduces the
scaling suggested by Herrmann et al. (2007b). Finally, us-
ing (4) the maximum recoil velocity is found to be |vkick| =
441.94± 1.56 km/s, in very good agreement with the results
of Herrmann et al. (2007b) and Pollney et al. (2007).
Also for afin, we have first fitted the data with a function

afin = p0 + p1a1 + p2a
2
1 + q0a1a2 + q1a2 + q2a

2
2 , (6)

and found coefficients with very large error-bars. As a result,
also for afin we resort to physical considerations to constrain
the coefficients p0 − q2. More specifically, we expect that,
at least at lowest order, binaries with equal and opposite spins
will not contribute to the final spin and thus behave essentially
as nonspinning binaries. Stated differently, we assume that
afin = p0 for binaries with a1 = −a2. In addition, enforcing
the symmetry condition across the line a1 = a2 we obtain

p1 = q1 , p2 = q2 = q0/2 , (7)

so that the fitting function (6) effectively reduces to

afin = p0 + p1(a1 + a2) + p2(a1 + a2)
2 . (8)

Performing a least-square fit using (4) we then obtain

p0 = 0.6883± 0.0003 , p1 = 0.1530 ± 0.0004 ,

p2 = −0.0088± 0.0005 , (9)

with a reduced-χ2 = 0.02.
It should be noted that the coefficient of the quadratic term

in (9) is much smaller then the linear one and with much
larger error-bars. Given the small statistics it is hard to as-
sess whether a quadratic dependence is necessary or if a lin-
ear one is the correct one. In view of this, we have repeated
the least-square fit of the data enforcing the conditions (7) to-
gether with p2 = 0 (i.e., adopting a linear fitting function) and
obtained p0 = 0.6855 ± 0.0007 and p1 = 0.1518 ± 0.0012,
with a worse reduced-χ2 = 0.16. Because the coefficients
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in Pollney et al. (2007). In both cases we have modelled the
data with generic quadratic functions in a1 and a2 so that, in
the case of the recoil velocity, the fitting function is

|vkick| = |c0 + c1a1 + c2a
2
1 + d0a1a2 + d1a2 + d2a

2
2| . (1)

Note that the fitting function on the right-hand-side of (1) is
smooth everywhere but that its absolute value is not smooth
along the diagonala1 = a2. Using (1) and a blind least-square
fit of the data, we obtained the coefficients (in km/s)

c0 = 0.67 ± 1.12 , d0 = −18.56± 5.34 ,

c1 = −212.85± 2.96 , d1 = 213.69± 3.57 ,

c2 = 50.85 ± 3.48 , d2 = −40.99± 4.25 , (2)

with a reduced-χ2 = 0.09. Clearly, the errors in the coeffi-
cients can be extremely large and this is simply the result of
a small-number statistics. However, the fit can be improved
by exploiting some knowledge about the physics of the pro-
cess to simplify the fitting expressions. In particular, we can
use the constraint that no recoil velocity should be produced
for binaries having the same spin, i.e., that |vkick| = 0 for
a1 = a2, or the symmetry condition across the line a1 = a2.
Enforcing both constraints yields

c0 = 0 , c1 = −d1 , c2 = −d2 , d0 = 0 , (3)

thus reducing the fitting function (1) to the simpler expression

|vkick| = |c1(a1 − a2) + c2(a
2
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2 )| . (4)

Performing a least-square fit using (4) we then obtain

c1 = −220.97± 0.78 , c2 = 45.52 ± 2.99 , (5)

with a comparable reduced-χ2 = 0.14, but with error-bars
that are much smaller on average. Because of this, we con-
sider expression (4) as the best description of the data at
second-order in the spin parameters. Using (4) and (5), we
have built the contour plots shown in Fig. 2.
A few remarks are worth making. Firstly, (4) suggests

that the maximum recoil velocity should be found when the
asymmetry is the largest and the spins are antialigned, i.e.,
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a1 = −a2. Secondly, when a2 = const., expression (4) con-
firms the quadratic scaling proposed in Pollney et al. (2007)
with a smaller data set [cf., eq. (42) there]. Thirdly, for
a1 = −a2, expression (4) is only linear and reproduces the
scaling suggested by Herrmann et al. (2007b). Finally, us-
ing (4) the maximum recoil velocity is found to be |vkick| =
441.94± 1.56 km/s, in very good agreement with the results
of Herrmann et al. (2007b) and Pollney et al. (2007).
Also for afin, we have first fitted the data with a function

afin = p0 + p1a1 + p2a
2
1 + q0a1a2 + q1a2 + q2a

2
2 , (6)

and found coefficients with very large error-bars. As a result,
also for afin we resort to physical considerations to constrain
the coefficients p0 − q2. More specifically, we expect that,
at least at lowest order, binaries with equal and opposite spins
will not contribute to the final spin and thus behave essentially
as nonspinning binaries. Stated differently, we assume that
afin = p0 for binaries with a1 = −a2. In addition, enforcing
the symmetry condition across the line a1 = a2 we obtain

p1 = q1 , p2 = q2 = q0/2 , (7)

so that the fitting function (6) effectively reduces to

afin = p0 + p1(a1 + a2) + p2(a1 + a2)
2 . (8)

Performing a least-square fit using (4) we then obtain

p0 = 0.6883± 0.0003 , p1 = 0.1530 ± 0.0004 ,

p2 = −0.0088± 0.0005 , (9)

with a reduced-χ2 = 0.02.
It should be noted that the coefficient of the quadratic term

in (9) is much smaller then the linear one and with much
larger error-bars. Given the small statistics it is hard to as-
sess whether a quadratic dependence is necessary or if a lin-
ear one is the correct one. In view of this, we have repeated
the least-square fit of the data enforcing the conditions (7) to-
gether with p2 = 0 (i.e., adopting a linear fitting function) and
obtained p0 = 0.6855 ± 0.0007 and p1 = 0.1518 ± 0.0012,
with a worse reduced-χ2 = 0.16. Because the coefficients
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Note that the fitting function on the right-hand-side of (1) is
smooth everywhere but that its absolute value is not smooth
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with a reduced-χ2 = 0.09. Clearly, the errors in the coeffi-
cients can be extremely large and this is simply the result of
a small-number statistics. However, the fit can be improved
by exploiting some knowledge about the physics of the pro-
cess to simplify the fitting expressions. In particular, we can
use the constraint that no recoil velocity should be produced
for binaries having the same spin, i.e., that |vkick| = 0 for
a1 = a2, or the symmetry condition across the line a1 = a2.
Enforcing both constraints yields

c0 = 0 , c1 = −d1 , c2 = −d2 , d0 = 0 , (3)

thus reducing the fitting function (1) to the simpler expression
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Performing a least-square fit using (4) we then obtain

c1 = −220.97± 0.78 , c2 = 45.52 ± 2.99 , (5)

with a comparable reduced-χ2 = 0.14, but with error-bars
that are much smaller on average. Because of this, we con-
sider expression (4) as the best description of the data at
second-order in the spin parameters. Using (4) and (5), we
have built the contour plots shown in Fig. 2.
A few remarks are worth making. Firstly, (4) suggests
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with a smaller data set [cf., eq. (42) there]. Thirdly, for
a1 = −a2, expression (4) is only linear and reproduces the
scaling suggested by Herrmann et al. (2007b). Finally, us-
ing (4) the maximum recoil velocity is found to be |vkick| =
441.94± 1.56 km/s, in very good agreement with the results
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Also for afin, we have first fitted the data with a function
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and found coefficients with very large error-bars. As a result,
also for afin we resort to physical considerations to constrain
the coefficients p0 − q2. More specifically, we expect that,
at least at lowest order, binaries with equal and opposite spins
will not contribute to the final spin and thus behave essentially
as nonspinning binaries. Stated differently, we assume that
afin = p0 for binaries with a1 = −a2. In addition, enforcing
the symmetry condition across the line a1 = a2 we obtain

p1 = q1 , p2 = q2 = q0/2 , (7)

so that the fitting function (6) effectively reduces to

afin = p0 + p1(a1 + a2) + p2(a1 + a2)
2 . (8)

Performing a least-square fit using (4) we then obtain

p0 = 0.6883± 0.0003 , p1 = 0.1530 ± 0.0004 ,

p2 = −0.0088± 0.0005 , (9)

with a reduced-χ2 = 0.02.
It should be noted that the coefficient of the quadratic term

in (9) is much smaller then the linear one and with much
larger error-bars. Given the small statistics it is hard to as-
sess whether a quadratic dependence is necessary or if a lin-
ear one is the correct one. In view of this, we have repeated
the least-square fit of the data enforcing the conditions (7) to-
gether with p2 = 0 (i.e., adopting a linear fitting function) and
obtained p0 = 0.6855 ± 0.0007 and p1 = 0.1518 ± 0.0012,
with a worse reduced-χ2 = 0.16. Because the coefficients

Spin Diagrams for bh binaries with aligned spins 3

FIG. 1.— Position in the (a1, a2) space of the five sequences r, ra, s, t,
and u for which the inspiral and merger has been computed.

in Pollney et al. (2007). In both cases we have modelled the
data with generic quadratic functions in a1 and a2 so that, in
the case of the recoil velocity, the fitting function is

|vkick| = |c0 + c1a1 + c2a
2
1 + d0a1a2 + d1a2 + d2a

2
2| . (1)

Note that the fitting function on the right-hand-side of (1) is
smooth everywhere but that its absolute value is not smooth
along the diagonala1 = a2. Using (1) and a blind least-square
fit of the data, we obtained the coefficients (in km/s)

c0 = 0.67 ± 1.12 , d0 = −18.56± 5.34 ,

c1 = −212.85± 2.96 , d1 = 213.69± 3.57 ,

c2 = 50.85 ± 3.48 , d2 = −40.99± 4.25 , (2)

with a reduced-χ2 = 0.09. Clearly, the errors in the coeffi-
cients can be extremely large and this is simply the result of
a small-number statistics. However, the fit can be improved
by exploiting some knowledge about the physics of the pro-
cess to simplify the fitting expressions. In particular, we can
use the constraint that no recoil velocity should be produced
for binaries having the same spin, i.e., that |vkick| = 0 for
a1 = a2, or the symmetry condition across the line a1 = a2.
Enforcing both constraints yields

c0 = 0 , c1 = −d1 , c2 = −d2 , d0 = 0 , (3)

thus reducing the fitting function (1) to the simpler expression

|vkick| = |c1(a1 − a2) + c2(a
2
1 − a 2

2 )| . (4)

Performing a least-square fit using (4) we then obtain

c1 = −220.97± 0.78 , c2 = 45.52 ± 2.99 , (5)

with a comparable reduced-χ2 = 0.14, but with error-bars
that are much smaller on average. Because of this, we con-
sider expression (4) as the best description of the data at
second-order in the spin parameters. Using (4) and (5), we
have built the contour plots shown in Fig. 2.
A few remarks are worth making. Firstly, (4) suggests

that the maximum recoil velocity should be found when the
asymmetry is the largest and the spins are antialigned, i.e.,

FIG. 2.— Contour plots of |vkick| as a function of the spin parameters a1

and a2. The diagram has been computed using expressions (4) and (5).

a1 = −a2. Secondly, when a2 = const., expression (4) con-
firms the quadratic scaling proposed in Pollney et al. (2007)
with a smaller data set [cf., eq. (42) there]. Thirdly, for
a1 = −a2, expression (4) is only linear and reproduces the
scaling suggested by Herrmann et al. (2007b). Finally, us-
ing (4) the maximum recoil velocity is found to be |vkick| =
441.94± 1.56 km/s, in very good agreement with the results
of Herrmann et al. (2007b) and Pollney et al. (2007).
Also for afin, we have first fitted the data with a function

afin = p0 + p1a1 + p2a
2
1 + q0a1a2 + q1a2 + q2a

2
2 , (6)

and found coefficients with very large error-bars. As a result,
also for afin we resort to physical considerations to constrain
the coefficients p0 − q2. More specifically, we expect that,
at least at lowest order, binaries with equal and opposite spins
will not contribute to the final spin and thus behave essentially
as nonspinning binaries. Stated differently, we assume that
afin = p0 for binaries with a1 = −a2. In addition, enforcing
the symmetry condition across the line a1 = a2 we obtain

p1 = q1 , p2 = q2 = q0/2 , (7)

so that the fitting function (6) effectively reduces to

afin = p0 + p1(a1 + a2) + p2(a1 + a2)
2 . (8)

Performing a least-square fit using (4) we then obtain

p0 = 0.6883± 0.0003 , p1 = 0.1530 ± 0.0004 ,

p2 = −0.0088± 0.0005 , (9)

with a reduced-χ2 = 0.02.
It should be noted that the coefficient of the quadratic term

in (9) is much smaller then the linear one and with much
larger error-bars. Given the small statistics it is hard to as-
sess whether a quadratic dependence is necessary or if a lin-
ear one is the correct one. In view of this, we have repeated
the least-square fit of the data enforcing the conditions (7) to-
gether with p2 = 0 (i.e., adopting a linear fitting function) and
obtained p0 = 0.6855 ± 0.0007 and p1 = 0.1518 ± 0.0012,
with a worse reduced-χ2 = 0.16. Because the coefficients
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and u for which the inspiral and merger has been computed.

in Pollney et al. (2007). In both cases we have modelled the
data with generic quadratic functions in a1 and a2 so that, in
the case of the recoil velocity, the fitting function is

|vkick| = |c0 + c1a1 + c2a
2
1 + d0a1a2 + d1a2 + d2a

2
2| . (1)

Note that the fitting function on the right-hand-side of (1) is
smooth everywhere but that its absolute value is not smooth
along the diagonala1 = a2. Using (1) and a blind least-square
fit of the data, we obtained the coefficients (in km/s)

c0 = 0.67 ± 1.12 , d0 = −18.56± 5.34 ,

c1 = −212.85± 2.96 , d1 = 213.69± 3.57 ,

c2 = 50.85 ± 3.48 , d2 = −40.99± 4.25 , (2)

with a reduced-χ2 = 0.09. Clearly, the errors in the coeffi-
cients can be extremely large and this is simply the result of
a small-number statistics. However, the fit can be improved
by exploiting some knowledge about the physics of the pro-
cess to simplify the fitting expressions. In particular, we can
use the constraint that no recoil velocity should be produced
for binaries having the same spin, i.e., that |vkick| = 0 for
a1 = a2, or the symmetry condition across the line a1 = a2.
Enforcing both constraints yields

c0 = 0 , c1 = −d1 , c2 = −d2 , d0 = 0 , (3)

thus reducing the fitting function (1) to the simpler expression

|vkick| = |c1(a1 − a2) + c2(a
2
1 − a 2

2 )| . (4)

Performing a least-square fit using (4) we then obtain

c1 = −220.97± 0.78 , c2 = 45.52 ± 2.99 , (5)

with a comparable reduced-χ2 = 0.14, but with error-bars
that are much smaller on average. Because of this, we con-
sider expression (4) as the best description of the data at
second-order in the spin parameters. Using (4) and (5), we
have built the contour plots shown in Fig. 2.
A few remarks are worth making. Firstly, (4) suggests

that the maximum recoil velocity should be found when the
asymmetry is the largest and the spins are antialigned, i.e.,

FIG. 2.— Contour plots of |vkick| as a function of the spin parameters a1

and a2. The diagram has been computed using expressions (4) and (5).

a1 = −a2. Secondly, when a2 = const., expression (4) con-
firms the quadratic scaling proposed in Pollney et al. (2007)
with a smaller data set [cf., eq. (42) there]. Thirdly, for
a1 = −a2, expression (4) is only linear and reproduces the
scaling suggested by Herrmann et al. (2007b). Finally, us-
ing (4) the maximum recoil velocity is found to be |vkick| =
441.94± 1.56 km/s, in very good agreement with the results
of Herrmann et al. (2007b) and Pollney et al. (2007).
Also for afin, we have first fitted the data with a function

afin = p0 + p1a1 + p2a
2
1 + q0a1a2 + q1a2 + q2a

2
2 , (6)

and found coefficients with very large error-bars. As a result,
also for afin we resort to physical considerations to constrain
the coefficients p0 − q2. More specifically, we expect that,
at least at lowest order, binaries with equal and opposite spins
will not contribute to the final spin and thus behave essentially
as nonspinning binaries. Stated differently, we assume that
afin = p0 for binaries with a1 = −a2. In addition, enforcing
the symmetry condition across the line a1 = a2 we obtain

p1 = q1 , p2 = q2 = q0/2 , (7)

so that the fitting function (6) effectively reduces to

afin = p0 + p1(a1 + a2) + p2(a1 + a2)
2 . (8)

Performing a least-square fit using (4) we then obtain

p0 = 0.6883± 0.0003 , p1 = 0.1530 ± 0.0004 ,

p2 = −0.0088± 0.0005 , (9)

with a reduced-χ2 = 0.02.
It should be noted that the coefficient of the quadratic term

in (9) is much smaller then the linear one and with much
larger error-bars. Given the small statistics it is hard to as-
sess whether a quadratic dependence is necessary or if a lin-
ear one is the correct one. In view of this, we have repeated
the least-square fit of the data enforcing the conditions (7) to-
gether with p2 = 0 (i.e., adopting a linear fitting function) and
obtained p0 = 0.6855 ± 0.0007 and p1 = 0.1518 ± 0.0012,
with a worse reduced-χ2 = 0.16. Because the coefficients
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FIG. 3.— Contour plots of afin as a function of the spin parameters a1 and
a2. The diagram has been computed using expressions (8) and (9).

of the lowest-order terms are so similar, both the linear and
the quadratic fits are well within the error-bars of the nu-
merical simulations. Nevertheless, since a quadratic scaling
yields smaller residuals, we have computed the contour plots
in Fig. 3 using (8) and (9).
Here too, a few remarks are worth making: Firstly, the fitted

value for the coefficient p0 agrees verywell with the values re-
ported by several groups (Gonzalez et al. 2007b; Berti et al.
2007) when studying the inspiral of unequal-mass nonspin-
ning binaries. Secondly, expression (8) has maximum values
for a1 = a2, suggesting that the maximum and minumum
spins are afin = 0.9591±0.0022 and afin = 0.3471±0.0224,

respectively. Thirdly, the quadratic scaling for afin substan-
tially confirms the suggestions of Campanelli et al. (2006b)
but providesmore accurate coefficients. Finally, no maximum
in afin was found for a1 = a2 ∼ 0.3, as suggested by Damour
(2001) in the effective one-body approximation.
Reported in the right part of Table 1 are also the fitted values

for afin and |vkick| obtained through the fitting functions (4)
and (8), and the corresponding errors. The latter are of few
percent for most of the cases and increase up to ∼ 20% only
for those binaries with very small kicks and which are intrin-
sically more difficult to calculate. As a concluding remark
we note that although the binary with largest spins u4 is fitted
with very small errors, caution should be used when employ-
ing the fitting expressions (4) and (8) for very large spins.

4. CONCLUSIONS

By using of a large set of numerical-relativity data, we have
least-square fitted two analytical expressions for the recoil ve-
locity and the final black-hole spin resulting from the inspiral
and merger of black holes with equal mass and aligned but
arbitrary spins. Such configurations represent a small por-
tion of the space of parameters, but may be the preferred ones
if torques are present during the evolution. Using the ana-
lytic expressions we have constructed two spin diagrams that
summarize simply this information and predict a maximum
recoil velocity of |vkick| = 441.94 ± 1.56 km/s for systems
with a1 = −a2 = 1 and maximum (minimum) final spin
afin = 0.9591 ± 0.0022 (0.3471± 0.0224) for systems with
a1 = a2 = 1 (−1). The phenomenological expressions de-
rived for |vkick| and afin can be easily implemented inN -body
simulations of dense stellar systems or in statistical studies on
the evolution of binary black holes in massive galaxies.

It is a pleasure to thank Thibault Damour and Alessandro Na-
gar for interesting discussions. The computations were per-
formed on the supercomputing clusters of the AEI. This work
was supported in part by the DFG grant SFB/Transregio 7.
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TABLE 1
INITIAL PARAMETERS OF THE NEW BINARIES COMPUTED AT THE AEI.

THE DIFFERENT COLUMNS CONTAIN THE INITIAL SPIN a, THE
SYMMETRIC MASS RATIO ν , HALF OF THE INITIAL SEPARATION
x/M = 1

2
(x1 − x2), THE DIMENSIONLESS INITIAL ANGULAR

MOMENTUM J̃ = J/(µM), THE NUMERICAL AND FITTED VALUES FOR

afin AND THE CORRESPONDING RELATIVE ERROR.

a ν x/M J̃ a
fin

afit

fin
|err.| (%)

t8 -0.5840 0.2500 3.1712 2.432 0.4955 0.4981 0.53

ta8 -0.3000 0.2500 3.7078 3.000 0.5941 0.5927 0.23

tb8 -0.8000 0.2500 3.8082 2.200 0.4224 0.4227 0.08

tb8" -0.8000 0.2500 4.8600 2.400 0.4266 0.4227 0.92

p1 -0.8000 0.1580 3.2733 0.336 0.0050 0.0046 9.89

p2 -0.5330 0.1875 3.3606 1.872 0.2778 0.2794 0.57

p3 -0.2667 0.2222 3.4835 2.883 0.5228 0.5216 0.23

dimensionless and not the angular momentum per unit mass.)

By construction a1 = a2 = a, and !a/|!a| = ±!L/|!L|, where
!L is the orbital angular momentum. We next express afin as a
third-order polynomial of ν and a

afin = s0 + s1a + s2a
2 + s3a

3 + s4a
2ν + s5aν2 +

t0aν + t1ν + t2ν
2 + t3ν

3 . (1)

Although obvious, it is worth remarking that expression (1) is
a lowest-order ansatz. It intends to capture the behaviour of
a function known exactly only in the extreme mass-ratio limit
(EMRL) and which has support from numerical simulations
in two restricted regimes: i.e., ν = 1/4; 0 ≤ |a| ! 0.75
and 0.16 ! ν ≤ 1/4; a = 0. A priori there is no reason
to believe, beyond the expectation that afin(ν, a) is a slowly-
varying function, that the proposed fit will capture the general
behaviour well, but in fact it does.
Given the available accurate estimates from numerical-

relativity simulations, it is in principle possible to calculate
the coefficients s0–s5, and t0–t3 by simply performing a two-
dimensional (2D) least-square fit of the data. This, however,
would require a lot of care and is likely to lead to rather in-
accurate estimates for the coefficients. This is due mostly to
the fact that the space of parameters presently accessible to
numerical simulations is rather small. Reliable results are
in fact available only for spins |a| ! 0.8 and mass ratios
q ≡ M2/M1 " 0.25 and thus corresponding to ν " 0.16.
However, it is possible to exploit exact results which hold in
the EMRL, i.e., for ν = 0, to constrain the coefficients in ex-
pression (1). It is worth emphasizing that the EMRL results
are not only exact, but also in regimes that numerical relativity
simulations cannot probe. More specifically, we can exploit
that in the EMRL the final spin cannot be affected by the in-
finitesimal change introduced by the infinitesimally small BH.
In practice, this amounts to requiring that

afin(a, ν = 0) = a , (2)

which constrains four of the six coefficients

s0 = s2 = s3 = 0 , s1 = 1 . (3)

Additional but non-exact constraints on the coefficients can
also be applied by exploiting the knowledge, near the EMRL,
of the functional dependence of afin on the mass ratio. A
convenient way of doing this is suggested by BKL, and within
this approach it is possible to perform a Taylor expansion of
afin for ν # 1 and determine that

a′

fin|(a=1,ν=0) = 2(
√

3/3 − 1) , a′

fin|(a=0,ν=0) = 2
√

3 ,

a′

fin|(a=−1,ν=0) = 2(1 + 19
√

15/45) , (4)
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FIG. 1.— Global dependence of the final spin on the symmetric mass
ratio and on the initial spins as predicted by expression (5). Squares refer to
numerical-relativity estimates while circles to the EMRL constraints.

where a′

fin ≡ ∂afin/∂ν. The coefficients in (1) are

then s4 =
√

3(19
√

5 − 75)/45, t1 = 2
√

3, t0 =
[
√

3(15 − 19
√

5) − 90]/45. While this may seem a good idea
at first, enforcing the above values leads to rather bad fits
of the data. We believe this is due to two distinct reasons.
The first one is the lack of accurate numerical data for near-
extreme BHs, i.e., |a| ≈ 1, and which therefore leads to in-
correct estimates of the coefficients. The second one is that
expressions (4) are analytic but not exact and should be used
with caution. It is in fact well known that there are deviations
from analyticity in ν as ν → 0 and as revealed by the pres-
ence of integer powers of ν1/5 during the transition between
the last stable orbit and the plunge (see Buonanno & Damour
(2000)). In the case of non-spinning binaries, i.e., a = 0, it
is now possible to verify that the deviations are indeed very
small (Damour & Nagar 2007), but this check is not possible
for very large spins. In view of this and to make the minimal
number of assumptions, we retain the analytic estimate only
for the coefficient t1. In this way, the function (1) has five out
of ten coefficients constrained analytically and the final form

afin = a+s4a
2ν+s5aν2+t0aν+2

√
3ν+t2ν

2+t3ν
3 . (5)

Determining the remaining five coefficients from a least-
square fit of the available numerical-relativity data yields

s4 = −0.129± 0.012 , s5 = −0.384± 0.261 ,

t0 = −2.686± 0.065 , t2 = −3.454± 0.132 ,

t3 = 2.353 ± 0.548 , (6)

with surprisingly small residuals and large error-bars only for
s5. The functional behaviour of expression (5) and the posi-
tion of the numerical-relativity data points are shown in Fig. 1.
In the following we discuss the properties of the proposed

fit, providing evidence that it represents a very accurate de-
scription of the available estimates, and discuss how to use it
to make astrophysically interesting predictions.
(i) The estimate for the final spin in the case of equal masses

(i.e., ν = 1/4) and the comparison with available data and
estimates is made in Fig. 2. The upper panel shows the
numerical-relativity estimates, [circles for the AEI data (Rez-
zolla et al. 2007) and stars for the FAU-Jena data (Marronetti

numeric

EMRL



CCT: Center for Computation & Technology

Unequal Mass Case
(Final Spin)

Generic cubic ansatz:

2 Rezzolla et al.

TABLE 1
INITIAL PARAMETERS OF THE NEW BINARIES COMPUTED AT THE AEI.

THE DIFFERENT COLUMNS CONTAIN THE INITIAL SPIN a, THE
SYMMETRIC MASS RATIO ν , HALF OF THE INITIAL SEPARATION
x/M = 1

2
(x1 − x2), THE DIMENSIONLESS INITIAL ANGULAR

MOMENTUM J̃ = J/(µM), THE NUMERICAL AND FITTED VALUES FOR

afin AND THE CORRESPONDING RELATIVE ERROR.

a ν x/M J̃ a
fin

afit

fin
|err.| (%)

t8 -0.5840 0.2500 3.1712 2.432 0.4955 0.4981 0.53

ta8 -0.3000 0.2500 3.7078 3.000 0.5941 0.5927 0.23

tb8 -0.8000 0.2500 3.8082 2.200 0.4224 0.4227 0.08

tb8" -0.8000 0.2500 4.8600 2.400 0.4266 0.4227 0.92

p1 -0.8000 0.1580 3.2733 0.336 0.0050 0.0046 9.89

p2 -0.5330 0.1875 3.3606 1.872 0.2778 0.2794 0.57

p3 -0.2667 0.2222 3.4835 2.883 0.5228 0.5216 0.23

dimensionless and not the angular momentum per unit mass.)

By construction a1 = a2 = a, and !a/|!a| = ±!L/|!L|, where
!L is the orbital angular momentum. We next express afin as a
third-order polynomial of ν and a

afin = s0 + s1a + s2a
2 + s3a

3 + s4a
2ν + s5aν2 +

t0aν + t1ν + t2ν
2 + t3ν

3 . (1)

Although obvious, it is worth remarking that expression (1) is
a lowest-order ansatz. It intends to capture the behaviour of
a function known exactly only in the extreme mass-ratio limit
(EMRL) and which has support from numerical simulations
in two restricted regimes: i.e., ν = 1/4; 0 ≤ |a| ! 0.75
and 0.16 ! ν ≤ 1/4; a = 0. A priori there is no reason
to believe, beyond the expectation that afin(ν, a) is a slowly-
varying function, that the proposed fit will capture the general
behaviour well, but in fact it does.
Given the available accurate estimates from numerical-

relativity simulations, it is in principle possible to calculate
the coefficients s0–s5, and t0–t3 by simply performing a two-
dimensional (2D) least-square fit of the data. This, however,
would require a lot of care and is likely to lead to rather in-
accurate estimates for the coefficients. This is due mostly to
the fact that the space of parameters presently accessible to
numerical simulations is rather small. Reliable results are
in fact available only for spins |a| ! 0.8 and mass ratios
q ≡ M2/M1 " 0.25 and thus corresponding to ν " 0.16.
However, it is possible to exploit exact results which hold in
the EMRL, i.e., for ν = 0, to constrain the coefficients in ex-
pression (1). It is worth emphasizing that the EMRL results
are not only exact, but also in regimes that numerical relativity
simulations cannot probe. More specifically, we can exploit
that in the EMRL the final spin cannot be affected by the in-
finitesimal change introduced by the infinitesimally small BH.
In practice, this amounts to requiring that

afin(a, ν = 0) = a , (2)

which constrains four of the six coefficients

s0 = s2 = s3 = 0 , s1 = 1 . (3)

Additional but non-exact constraints on the coefficients can
also be applied by exploiting the knowledge, near the EMRL,
of the functional dependence of afin on the mass ratio. A
convenient way of doing this is suggested by BKL, and within
this approach it is possible to perform a Taylor expansion of
afin for ν # 1 and determine that
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fin|(a=1,ν=0) = 2(
√

3/3 − 1) , a′

fin|(a=0,ν=0) = 2
√

3 ,
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FIG. 1.— Global dependence of the final spin on the symmetric mass
ratio and on the initial spins as predicted by expression (5). Squares refer to
numerical-relativity estimates while circles to the EMRL constraints.

where a′

fin ≡ ∂afin/∂ν. The coefficients in (1) are

then s4 =
√

3(19
√

5 − 75)/45, t1 = 2
√

3, t0 =
[
√

3(15 − 19
√

5) − 90]/45. While this may seem a good idea
at first, enforcing the above values leads to rather bad fits
of the data. We believe this is due to two distinct reasons.
The first one is the lack of accurate numerical data for near-
extreme BHs, i.e., |a| ≈ 1, and which therefore leads to in-
correct estimates of the coefficients. The second one is that
expressions (4) are analytic but not exact and should be used
with caution. It is in fact well known that there are deviations
from analyticity in ν as ν → 0 and as revealed by the pres-
ence of integer powers of ν1/5 during the transition between
the last stable orbit and the plunge (see Buonanno & Damour
(2000)). In the case of non-spinning binaries, i.e., a = 0, it
is now possible to verify that the deviations are indeed very
small (Damour & Nagar 2007), but this check is not possible
for very large spins. In view of this and to make the minimal
number of assumptions, we retain the analytic estimate only
for the coefficient t1. In this way, the function (1) has five out
of ten coefficients constrained analytically and the final form

afin = a+s4a
2ν+s5aν2+t0aν+2

√
3ν+t2ν

2+t3ν
3 . (5)

Determining the remaining five coefficients from a least-
square fit of the available numerical-relativity data yields

s4 = −0.129± 0.012 , s5 = −0.384± 0.261 ,

t0 = −2.686± 0.065 , t2 = −3.454± 0.132 ,

t3 = 2.353 ± 0.548 , (6)

with surprisingly small residuals and large error-bars only for
s5. The functional behaviour of expression (5) and the posi-
tion of the numerical-relativity data points are shown in Fig. 1.
In the following we discuss the properties of the proposed

fit, providing evidence that it represents a very accurate de-
scription of the available estimates, and discuss how to use it
to make astrophysically interesting predictions.
(i) The estimate for the final spin in the case of equal masses

(i.e., ν = 1/4) and the comparison with available data and
estimates is made in Fig. 2. The upper panel shows the
numerical-relativity estimates, [circles for the AEI data (Rez-
zolla et al. 2007) and stars for the FAU-Jena data (Marronetti
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dimensionless and not the angular momentum per unit mass.)

By construction a1 = a2 = a, and !a/|!a| = ±!L/|!L|, where
!L is the orbital angular momentum. We next express afin as a
third-order polynomial of ν and a

afin = s0 + s1a + s2a
2 + s3a

3 + s4a
2ν + s5aν2 +

t0aν + t1ν + t2ν
2 + t3ν
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Although obvious, it is worth remarking that expression (1) is
a lowest-order ansatz. It intends to capture the behaviour of
a function known exactly only in the extreme mass-ratio limit
(EMRL) and which has support from numerical simulations
in two restricted regimes: i.e., ν = 1/4; 0 ≤ |a| ! 0.75
and 0.16 ! ν ≤ 1/4; a = 0. A priori there is no reason
to believe, beyond the expectation that afin(ν, a) is a slowly-
varying function, that the proposed fit will capture the general
behaviour well, but in fact it does.
Given the available accurate estimates from numerical-

relativity simulations, it is in principle possible to calculate
the coefficients s0–s5, and t0–t3 by simply performing a two-
dimensional (2D) least-square fit of the data. This, however,
would require a lot of care and is likely to lead to rather in-
accurate estimates for the coefficients. This is due mostly to
the fact that the space of parameters presently accessible to
numerical simulations is rather small. Reliable results are
in fact available only for spins |a| ! 0.8 and mass ratios
q ≡ M2/M1 " 0.25 and thus corresponding to ν " 0.16.
However, it is possible to exploit exact results which hold in
the EMRL, i.e., for ν = 0, to constrain the coefficients in ex-
pression (1). It is worth emphasizing that the EMRL results
are not only exact, but also in regimes that numerical relativity
simulations cannot probe. More specifically, we can exploit
that in the EMRL the final spin cannot be affected by the in-
finitesimal change introduced by the infinitesimally small BH.
In practice, this amounts to requiring that

afin(a, ν = 0) = a , (2)

which constrains four of the six coefficients

s0 = s2 = s3 = 0 , s1 = 1 . (3)

Additional but non-exact constraints on the coefficients can
also be applied by exploiting the knowledge, near the EMRL,
of the functional dependence of afin on the mass ratio. A
convenient way of doing this is suggested by BKL, and within
this approach it is possible to perform a Taylor expansion of
afin for ν # 1 and determine that
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numerical-relativity estimates while circles to the EMRL constraints.
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FIG. 1.— Global dependence of the final spin on the symmetric mass
ratio and on the initial spins as predicted by expression (5). Squares refer to
numerical-relativity estimates while circles to the EMRL constraints.
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FIG. 1.— Global dependence of the final spin on the symmetric mass
ratio and on the initial spins as predicted by expression (5). Squares refer to
numerical-relativity estimates while circles to the EMRL constraints.
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expressions (4) are analytic but not exact and should be used
with caution. It is in fact well known that there are deviations
from analyticity in ν as ν → 0 and as revealed by the pres-
ence of integer powers of ν1/5 during the transition between
the last stable orbit and the plunge (see Buonanno & Damour
(2000)). In the case of non-spinning binaries, i.e., a = 0, it
is now possible to verify that the deviations are indeed very
small (Damour & Nagar 2007), but this check is not possible
for very large spins. In view of this and to make the minimal
number of assumptions, we retain the analytic estimate only
for the coefficient t1. In this way, the function (1) has five out
of ten coefficients constrained analytically and the final form

afin = a+s4a
2ν+s5aν2+t0aν+2

√
3ν+t2ν

2+t3ν
3 . (5)

Determining the remaining five coefficients from a least-
square fit of the available numerical-relativity data yields

s4 = −0.129± 0.012 , s5 = −0.384± 0.261 ,

t0 = −2.686± 0.065 , t2 = −3.454± 0.132 ,

t3 = 2.353 ± 0.548 , (6)

with surprisingly small residuals and large error-bars only for
s5. The functional behaviour of expression (5) and the posi-
tion of the numerical-relativity data points are shown in Fig. 1.
In the following we discuss the properties of the proposed

fit, providing evidence that it represents a very accurate de-
scription of the available estimates, and discuss how to use it
to make astrophysically interesting predictions.
(i) The estimate for the final spin in the case of equal masses

(i.e., ν = 1/4) and the comparison with available data and
estimates is made in Fig. 2. The upper panel shows the
numerical-relativity estimates, [circles for the AEI data (Rez-
zolla et al. 2007) and stars for the FAU-Jena data (Marronetti
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FIG. 2.— Upper panel: Comparison of the numerical-relativity data with
the 2D fit through (5) in the case of equal-mass binaries, i.e., ν = 1/4.
Empty circles indicate the AEI data (Rezzolla et al. 2007), stars the FAU-Jena
data (Marronetti et al. 2007)], a long-dashed line the BKL, and a short-dashed
one the fit. Lower panel: residuals between the different estimates and the fit.

et al. 2007)], the BKL estimate and our 2D fit through (5).
The lower panel shows the residuals between the different es-
timates and the 2D fit; these are always of a few percent only
and become larger for the BKL estimate when a ! 0.
(ii) Despite the cubic dependence assumed in (1), expres-

sion (5) is only quadratic with a. When ν = 1/4, it confirms
what was obtained recently (Rezzolla et al. 2007), indicating
that, for equal-mass binaries, the next order will be four.
(iii) Using (5) and (6) we estimate that the minimum and

maximum final spins for an equal-mass binary are afin =
0.3502± 0.03 and afin = 0.9590± 0.03, respectively.
(iv) For nonspinning binaries (i.e., a = 0), expression (5)

is cubic in ν and a comparison with the available data and
the estimate from the EOB approach combined with test-mass
limit predictions for the ringdown (Damour & Nagar 2007)
is shown in Fig. 3. In particular, the upper panel shows
the numerical-relativity values, [empty circles for the Jena
data (Berti et al. 2007) and stars for the Goddard data (Buo-
nanno et al. 2007a)], a long-dashed line for the quadratic EOB
1D fit (Damour & Nagar 2007) and a short-dashed line for our
2D fit. (Because it is very similar to the EOB estimate, we
have not shown the BKL prediction.) The lower panel show
the residuals which are, again, of a few percent at most.
(v) A physically useful condition that can be deduced from

the 2D fit are the values of the initial spin and mass ratio that
will lead to a final Schwarzschild BH (Hughes & Blandford
2003; Buonanno et al. 2007b). In practice this amounts to
requiring afin(a, ν) = 0 in (5) and this curve in the (a, ν)
plane is shown in the upper panel of Fig. 4. Binaries on the
curve produce Schwarzschild BHs, while binaries above the
curve start with a positive total angular momentum and end
with a positive one; binaries below the curve, on the other
hand, start with a positive total angular momentum and end
with a negative one, i.e., with a global flip. Also shown
in the upper panel of Fig. 4 is the prediction from BKL:

a
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FIG. 3.— Upper panel: Comparison of the numerical-relativity data with
the 2D fit through (5) in the case of nonspinning binaries, i.e., a = 0. Empty
circles indicate the Jena data (Berti et al. 2007), stars the Goddard data (Buo-
nanno et al. 2007a)], a long-dashed line the quadratic EOB fit (Damour &
Nagar 2007) and a short-dashed line our 2D fit. Lower panel: residuals be-
tween the different estimates and the 2D fit.

FIG. 4.— Upper panel: Set of initial spins and mass ratios leading to a
final Schwarzschild BH: i.e., afin(a, ν) = 0. The two curves refer to the
BKL estimate (long dashed) and to the 2D fit (short dashed), respectively.
Indicated with a star is a numerical example leading to afin = 0.005. Lower
panel: Comparison between the BKL prediction (symbols) and the 2D fit
(solid, dashed and long-dashed lines) near the EMRL. Different curves refer
to different values of ν and the match is complete for ν = 0.

similar for all values of ν and small differences appear for
ν " 0.15, where the BKL is less accurate. Shown with a
cross is the binary p1 (cf., Table 1) which yields a final BH
with spin afin = 0.005. The numerical value is between the
BKL prediction and the 2D fit.
(vi) The BKL is expected to be particularly accurate for
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FIG. 2.— Upper panel: Comparison of the numerical-relativity data with
the 2D fit through (5) in the case of equal-mass binaries, i.e., ν = 1/4.
Empty circles indicate the AEI data (Rezzolla et al. 2007), stars the FAU-Jena
data (Marronetti et al. 2007)], a long-dashed line the BKL, and a short-dashed
one the fit. Lower panel: residuals between the different estimates and the fit.

et al. 2007)], the BKL estimate and our 2D fit through (5).
The lower panel shows the residuals between the different es-
timates and the 2D fit; these are always of a few percent only
and become larger for the BKL estimate when a ! 0.
(ii) Despite the cubic dependence assumed in (1), expres-

sion (5) is only quadratic with a. When ν = 1/4, it confirms
what was obtained recently (Rezzolla et al. 2007), indicating
that, for equal-mass binaries, the next order will be four.
(iii) Using (5) and (6) we estimate that the minimum and

maximum final spins for an equal-mass binary are afin =
0.3502± 0.03 and afin = 0.9590± 0.03, respectively.
(iv) For nonspinning binaries (i.e., a = 0), expression (5)

is cubic in ν and a comparison with the available data and
the estimate from the EOB approach combined with test-mass
limit predictions for the ringdown (Damour & Nagar 2007)
is shown in Fig. 3. In particular, the upper panel shows
the numerical-relativity values, [empty circles for the Jena
data (Berti et al. 2007) and stars for the Goddard data (Buo-
nanno et al. 2007a)], a long-dashed line for the quadratic EOB
1D fit (Damour & Nagar 2007) and a short-dashed line for our
2D fit. (Because it is very similar to the EOB estimate, we
have not shown the BKL prediction.) The lower panel show
the residuals which are, again, of a few percent at most.
(v) A physically useful condition that can be deduced from

the 2D fit are the values of the initial spin and mass ratio that
will lead to a final Schwarzschild BH (Hughes & Blandford
2003; Buonanno et al. 2007b). In practice this amounts to
requiring afin(a, ν) = 0 in (5) and this curve in the (a, ν)
plane is shown in the upper panel of Fig. 4. Binaries on the
curve produce Schwarzschild BHs, while binaries above the
curve start with a positive total angular momentum and end
with a positive one; binaries below the curve, on the other
hand, start with a positive total angular momentum and end
with a negative one, i.e., with a global flip. Also shown
in the upper panel of Fig. 4 is the prediction from BKL:
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the 2D fit through (5) in the case of nonspinning binaries, i.e., a = 0. Empty
circles indicate the Jena data (Berti et al. 2007), stars the Goddard data (Buo-
nanno et al. 2007a)], a long-dashed line the quadratic EOB fit (Damour &
Nagar 2007) and a short-dashed line our 2D fit. Lower panel: residuals be-
tween the different estimates and the 2D fit.

FIG. 4.— Upper panel: Set of initial spins and mass ratios leading to a
final Schwarzschild BH: i.e., afin(a, ν) = 0. The two curves refer to the
BKL estimate (long dashed) and to the 2D fit (short dashed), respectively.
Indicated with a star is a numerical example leading to afin = 0.005. Lower
panel: Comparison between the BKL prediction (symbols) and the 2D fit
(solid, dashed and long-dashed lines) near the EMRL. Different curves refer
to different values of ν and the match is complete for ν = 0.

similar for all values of ν and small differences appear for
ν " 0.15, where the BKL is less accurate. Shown with a
cross is the binary p1 (cf., Table 1) which yields a final BH
with spin afin = 0.005. The numerical value is between the
BKL prediction and the 2D fit.
(vi) The BKL is expected to be particularly accurate for

equal mass non-spinning

Impressive accuracy!
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FIG. 2.— Upper panel: Comparison of the numerical-relativity data with
the 2D fit through (5) in the case of equal-mass binaries, i.e., ν = 1/4.
Empty circles indicate the AEI data (Rezzolla et al. 2007), stars the FAU-Jena
data (Marronetti et al. 2007)], a long-dashed line the BKL, and a short-dashed
one the fit. Lower panel: residuals between the different estimates and the fit.

et al. 2007)], the BKL estimate and our 2D fit through (5).
The lower panel shows the residuals between the different es-
timates and the 2D fit; these are always of a few percent only
and become larger for the BKL estimate when a ! 0.
(ii) Despite the cubic dependence assumed in (1), expres-

sion (5) is only quadratic with a. When ν = 1/4, it confirms
what was obtained recently (Rezzolla et al. 2007), indicating
that, for equal-mass binaries, the next order will be four.
(iii) Using (5) and (6) we estimate that the minimum and

maximum final spins for an equal-mass binary are afin =
0.3502± 0.03 and afin = 0.9590± 0.03, respectively.
(iv) For nonspinning binaries (i.e., a = 0), expression (5)

is cubic in ν and a comparison with the available data and
the estimate from the EOB approach combined with test-mass
limit predictions for the ringdown (Damour & Nagar 2007)
is shown in Fig. 3. In particular, the upper panel shows
the numerical-relativity values, [empty circles for the Jena
data (Berti et al. 2007) and stars for the Goddard data (Buo-
nanno et al. 2007a)], a long-dashed line for the quadratic EOB
1D fit (Damour & Nagar 2007) and a short-dashed line for our
2D fit. (Because it is very similar to the EOB estimate, we
have not shown the BKL prediction.) The lower panel show
the residuals which are, again, of a few percent at most.
(v) A physically useful condition that can be deduced from

the 2D fit are the values of the initial spin and mass ratio that
will lead to a final Schwarzschild BH (Hughes & Blandford
2003; Buonanno et al. 2007b). In practice this amounts to
requiring afin(a, ν) = 0 in (5) and this curve in the (a, ν)
plane is shown in the upper panel of Fig. 4. Binaries on the
curve produce Schwarzschild BHs, while binaries above the
curve start with a positive total angular momentum and end
with a positive one; binaries below the curve, on the other
hand, start with a positive total angular momentum and end
with a negative one, i.e., with a global flip. Also shown
in the upper panel of Fig. 4 is the prediction from BKL:
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circles indicate the Jena data (Berti et al. 2007), stars the Goddard data (Buo-
nanno et al. 2007a)], a long-dashed line the quadratic EOB fit (Damour &
Nagar 2007) and a short-dashed line our 2D fit. Lower panel: residuals be-
tween the different estimates and the 2D fit.

FIG. 4.— Upper panel: Set of initial spins and mass ratios leading to a
final Schwarzschild BH: i.e., afin(a, ν) = 0. The two curves refer to the
BKL estimate (long dashed) and to the 2D fit (short dashed), respectively.
Indicated with a star is a numerical example leading to afin = 0.005. Lower
panel: Comparison between the BKL prediction (symbols) and the 2D fit
(solid, dashed and long-dashed lines) near the EMRL. Different curves refer
to different values of ν and the match is complete for ν = 0.

similar for all values of ν and small differences appear for
ν " 0.15, where the BKL is less accurate. Shown with a
cross is the binary p1 (cf., Table 1) which yields a final BH
with spin afin = 0.005. The numerical value is between the
BKL prediction and the 2D fit.
(vi) The BKL is expected to be particularly accurate for
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ν ! 1 and its prediction in this regime are captured very well
by the 2D fit (of course the two predictions are identical for
ν = 0). This is shown in the lower panel of Fig. 4 with differ-
ent curves referring to ν = 0.001 , 0.01 and 0.1; interestingly,
the differences are small even for ν = 0.1.

FIG. 5.— Critical values of the initial spin and mass ratio leading to a final
BH having the same spin as the initial ones i.e., afin(a, ν) = a. A magni-
fication of the behaviour away from the trivial EMRL is shown in the inset,
where the dashed region refers to binaries spun-up by the merger. Clearly,
equal-spin BHs are generally spun-down by the merger.

(vii) It is simple to derive the value of a which will produce
a final BH with the same spin as the initial ones. This amounts
to requiring that afin(a, ν) = a in (5) and the resulting solu-
tion is shown in Fig. 5; clearly, the axis ν = 0 is a trivial
solution and a magnification of the behaviour away from the
EMRL is shown in the inset. For equal-mass binaries the crit-
ical value is acrit = 0.9460, in very good agreement with the
BKL estimate acrit ! 0.948 (Buonanno et al. 2007b). The
minuteness of the region for which afin > a (dashed region)
confirms the suggestion that BHs are “typically spun down by
mergers” (Hughes & Blandford 2003).
(viii) It is easy to verify that by setting ν = 1/4 and

2a = a1 + a2 in (5), the coefficients s1–s5 and t0–t3 coin-
cide, within the error-bars, with the coefficients p0, p1 and p2
reported in Rezzolla et al. (2007) for equal-mass, unequal-
spin binaries. The fact that the fit here is equivalent to,
but has been independently derived from, the one for the
equal-mass, unequal-spin binaries, is an indication of its ro-
bustness. Indeed, it is possible to extend (5) to the whole
(a1, a2, ν) space i.e., to describe the final spin of generic
aligned, unequal-spin, unequal-mass BH binaries, by replac-
ing a with (a1 + a2q2)/(1+ q2). The resulting expression re-
duces to (5) for unequal-mass, equal-spin binaries, and to the
one in Rezzolla et al. (2007) for equal-mass, unequal-spin bi-
naries. Our suggested extension of (5) to the (a1, a2, ν) space
is the simplest one which recovers, for aligned spins, the well-
tested limits of equal-mass, unequal-spins and unequal-mass,
equal-spins. Work is in progress to validate this ansatz with
numerical simulations.
A final comment is one of caution. The dependence of the

final spin on the mass ratio in the case of extreme aligned BHs
is particularly challenging to calculate and not yet investigated
accurately by numerical-relativity calculations. The predic-
tions of expression (5) in this limit amount to mere extrapola-
tions and are therefore accurate to a few percent at most. As
an example, when a = 1, the fit (5) is a non-monotonic func-
tion with maximum afin " 1.029 for ν " 0.093; this clearly
is an artifact of the extrapolation.

3. CONCLUSIONS

Modelling the final spin in a generic binary BH merger is
not trivial given the large space of parameters on which this
quantity depends. We have shown that the results of recent
numerical-relativity simulations combined with basic but ex-
act considerations derived from the EMRL allow us to model
this quantity with a simple analytic expression in the case of
BH binaries having unequal masses and unequal spins which
are aligned with the orbital angular momentum. When com-
pared with all other estimates coming either from numerical-
relativity calculations or from approximation techniques, the
estimates of the 2D fit show differences which are of few per-
cent at most.
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Marronetti, P., Tichy, W., González, J., Bruegmann, B., & Sperhake, U. 2007,
preprint (arXiv:0709.2160).

Pollney et al., 2007 Phys. Rev. D, in press, preprint (arXiv:0707.2559).
Rezzolla, L., Dorband, E. N., Reisswig, C., Diener, P., Pollney, D., &
Schnetter, E. 2007, preprint (arXiv:0708.3999).



CCT: Center for Computation & Technology

Consistency Check

We have now two expressions for the final spin:

2 Rezzolla et al.

TABLE 1
INITIAL PARAMETERS OF THE NEW BINARIES COMPUTED AT THE AEI.

THE DIFFERENT COLUMNS CONTAIN THE INITIAL SPIN a, THE
SYMMETRIC MASS RATIO ν , HALF OF THE INITIAL SEPARATION
x/M = 1

2
(x1 − x2), THE DIMENSIONLESS INITIAL ANGULAR

MOMENTUM J̃ = J/(µM), THE NUMERICAL AND FITTED VALUES FOR

afin AND THE CORRESPONDING RELATIVE ERROR.

a ν x/M J̃ a
fin

afit

fin
|err.| (%)

t8 -0.5840 0.2500 3.1712 2.432 0.4955 0.4981 0.53

ta8 -0.3000 0.2500 3.7078 3.000 0.5941 0.5927 0.23

tb8 -0.8000 0.2500 3.8082 2.200 0.4224 0.4227 0.08

tb8" -0.8000 0.2500 4.8600 2.400 0.4266 0.4227 0.92

p1 -0.8000 0.1580 3.2733 0.336 0.0050 0.0046 9.89

p2 -0.5330 0.1875 3.3606 1.872 0.2778 0.2794 0.57

p3 -0.2667 0.2222 3.4835 2.883 0.5228 0.5216 0.23

dimensionless and not the angular momentum per unit mass.)

By construction a1 = a2 = a, and !a/|!a| = ±!L/|!L|, where
!L is the orbital angular momentum. We next express afin as a
third-order polynomial of ν and a

afin = s0 + s1a + s2a
2 + s3a

3 + s4a
2ν + s5aν2 +

t0aν + t1ν + t2ν
2 + t3ν

3 . (1)

Although obvious, it is worth remarking that expression (1) is
a lowest-order ansatz. It intends to capture the behaviour of
a function known exactly only in the extreme mass-ratio limit
(EMRL) and which has support from numerical simulations
in two restricted regimes: i.e., ν = 1/4; 0 ≤ |a| ! 0.75
and 0.16 ! ν ≤ 1/4; a = 0. A priori there is no reason
to believe, beyond the expectation that afin(ν, a) is a slowly-
varying function, that the proposed fit will capture the general
behaviour well, but in fact it does.
Given the available accurate estimates from numerical-

relativity simulations, it is in principle possible to calculate
the coefficients s0–s5, and t0–t3 by simply performing a two-
dimensional (2D) least-square fit of the data. This, however,
would require a lot of care and is likely to lead to rather in-
accurate estimates for the coefficients. This is due mostly to
the fact that the space of parameters presently accessible to
numerical simulations is rather small. Reliable results are
in fact available only for spins |a| ! 0.8 and mass ratios
q ≡ M2/M1 " 0.25 and thus corresponding to ν " 0.16.
However, it is possible to exploit exact results which hold in
the EMRL, i.e., for ν = 0, to constrain the coefficients in ex-
pression (1). It is worth emphasizing that the EMRL results
are not only exact, but also in regimes that numerical relativity
simulations cannot probe. More specifically, we can exploit
that in the EMRL the final spin cannot be affected by the in-
finitesimal change introduced by the infinitesimally small BH.
In practice, this amounts to requiring that

afin(a, ν = 0) = a , (2)

which constrains four of the six coefficients

s0 = s2 = s3 = 0 , s1 = 1 . (3)

Additional but non-exact constraints on the coefficients can
also be applied by exploiting the knowledge, near the EMRL,
of the functional dependence of afin on the mass ratio. A
convenient way of doing this is suggested by BKL, and within
this approach it is possible to perform a Taylor expansion of
afin for ν # 1 and determine that

a′

fin|(a=1,ν=0) = 2(
√

3/3 − 1) , a′

fin|(a=0,ν=0) = 2
√

3 ,

a′

fin|(a=−1,ν=0) = 2(1 + 19
√

15/45) , (4)
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FIG. 1.— Global dependence of the final spin on the symmetric mass
ratio and on the initial spins as predicted by expression (5). Squares refer to
numerical-relativity estimates while circles to the EMRL constraints.

where a′

fin ≡ ∂afin/∂ν. The coefficients in (1) are

then s4 =
√

3(19
√

5 − 75)/45, t1 = 2
√

3, t0 =
[
√

3(15 − 19
√

5) − 90]/45. While this may seem a good idea
at first, enforcing the above values leads to rather bad fits
of the data. We believe this is due to two distinct reasons.
The first one is the lack of accurate numerical data for near-
extreme BHs, i.e., |a| ≈ 1, and which therefore leads to in-
correct estimates of the coefficients. The second one is that
expressions (4) are analytic but not exact and should be used
with caution. It is in fact well known that there are deviations
from analyticity in ν as ν → 0 and as revealed by the pres-
ence of integer powers of ν1/5 during the transition between
the last stable orbit and the plunge (see Buonanno & Damour
(2000)). In the case of non-spinning binaries, i.e., a = 0, it
is now possible to verify that the deviations are indeed very
small (Damour & Nagar 2007), but this check is not possible
for very large spins. In view of this and to make the minimal
number of assumptions, we retain the analytic estimate only
for the coefficient t1. In this way, the function (1) has five out
of ten coefficients constrained analytically and the final form

afin = a+s4a
2ν+s5aν2+t0aν+2

√
3ν+t2ν

2+t3ν
3 . (5)

Determining the remaining five coefficients from a least-
square fit of the available numerical-relativity data yields

s4 = −0.129± 0.012 , s5 = −0.384± 0.261 ,

t0 = −2.686± 0.065 , t2 = −3.454± 0.132 ,

t3 = 2.353 ± 0.548 , (6)

with surprisingly small residuals and large error-bars only for
s5. The functional behaviour of expression (5) and the posi-
tion of the numerical-relativity data points are shown in Fig. 1.
In the following we discuss the properties of the proposed

fit, providing evidence that it represents a very accurate de-
scription of the available estimates, and discuss how to use it
to make astrophysically interesting predictions.
(i) The estimate for the final spin in the case of equal masses

(i.e., ν = 1/4) and the comparison with available data and
estimates is made in Fig. 2. The upper panel shows the
numerical-relativity estimates, [circles for the AEI data (Rez-
zolla et al. 2007) and stars for the FAU-Jena data (Marronetti
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FIG. 1.— Position in the (a1, a2) space of the five sequences r, ra, s, t,
and u for which the inspiral and merger has been computed.

in Pollney et al. (2007). In both cases we have modelled the
data with generic quadratic functions in a1 and a2 so that, in
the case of the recoil velocity, the fitting function is

|vkick| = |c0 + c1a1 + c2a
2
1 + d0a1a2 + d1a2 + d2a

2
2| . (1)

Note that the fitting function on the right-hand-side of (1) is
smooth everywhere but that its absolute value is not smooth
along the diagonala1 = a2. Using (1) and a blind least-square
fit of the data, we obtained the coefficients (in km/s)

c0 = 0.67 ± 1.12 , d0 = −18.56± 5.34 ,

c1 = −212.85± 2.96 , d1 = 213.69± 3.57 ,

c2 = 50.85 ± 3.48 , d2 = −40.99± 4.25 , (2)

with a reduced-χ2 = 0.09. Clearly, the errors in the coeffi-
cients can be extremely large and this is simply the result of
a small-number statistics. However, the fit can be improved
by exploiting some knowledge about the physics of the pro-
cess to simplify the fitting expressions. In particular, we can
use the constraint that no recoil velocity should be produced
for binaries having the same spin, i.e., that |vkick| = 0 for
a1 = a2, or the symmetry condition across the line a1 = a2.
Enforcing both constraints yields

c0 = 0 , c1 = −d1 , c2 = −d2 , d0 = 0 , (3)

thus reducing the fitting function (1) to the simpler expression

|vkick| = |c1(a1 − a2) + c2(a
2
1 − a 2

2 )| . (4)

Performing a least-square fit using (4) we then obtain

c1 = −220.97± 0.78 , c2 = 45.52 ± 2.99 , (5)

with a comparable reduced-χ2 = 0.14, but with error-bars
that are much smaller on average. Because of this, we con-
sider expression (4) as the best description of the data at
second-order in the spin parameters. Using (4) and (5), we
have built the contour plots shown in Fig. 2.
A few remarks are worth making. Firstly, (4) suggests

that the maximum recoil velocity should be found when the
asymmetry is the largest and the spins are antialigned, i.e.,

FIG. 2.— Contour plots of |vkick| as a function of the spin parameters a1

and a2. The diagram has been computed using expressions (4) and (5).

a1 = −a2. Secondly, when a2 = const., expression (4) con-
firms the quadratic scaling proposed in Pollney et al. (2007)
with a smaller data set [cf., eq. (42) there]. Thirdly, for
a1 = −a2, expression (4) is only linear and reproduces the
scaling suggested by Herrmann et al. (2007b). Finally, us-
ing (4) the maximum recoil velocity is found to be |vkick| =
441.94± 1.56 km/s, in very good agreement with the results
of Herrmann et al. (2007b) and Pollney et al. (2007).
Also for afin, we have first fitted the data with a function

afin = p0 + p1a1 + p2a
2
1 + q0a1a2 + q1a2 + q2a

2
2 , (6)

and found coefficients with very large error-bars. As a result,
also for afin we resort to physical considerations to constrain
the coefficients p0 − q2. More specifically, we expect that,
at least at lowest order, binaries with equal and opposite spins
will not contribute to the final spin and thus behave essentially
as nonspinning binaries. Stated differently, we assume that
afin = p0 for binaries with a1 = −a2. In addition, enforcing
the symmetry condition across the line a1 = a2 we obtain

p1 = q1 , p2 = q2 = q0/2 , (7)

so that the fitting function (6) effectively reduces to

afin = p0 + p1(a1 + a2) + p2(a1 + a2)
2 . (8)

Performing a least-square fit using (4) we then obtain

p0 = 0.6883± 0.0003 , p1 = 0.1530 ± 0.0004 ,

p2 = −0.0088± 0.0005 , (9)

with a reduced-χ2 = 0.02.
It should be noted that the coefficient of the quadratic term

in (9) is much smaller then the linear one and with much
larger error-bars. Given the small statistics it is hard to as-
sess whether a quadratic dependence is necessary or if a lin-
ear one is the correct one. In view of this, we have repeated
the least-square fit of the data enforcing the conditions (7) to-
gether with p2 = 0 (i.e., adopting a linear fitting function) and
obtained p0 = 0.6855 ± 0.0007 and p1 = 0.1518 ± 0.0012,
with a worse reduced-χ2 = 0.16. Because the coefficients

Equal mass (ν=0.25):

Equal spin (a₁=a₂):

Are they consistent?
Answer: yes, to within the numerical error bars!
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Generalisation: Unequal 
Mass and Unequal Spin Case

• Simplest ansatz to handle both unequal masses and 
unequal spins, and which recovers the correct limits:

Replace  a  by  (a₁ + a₂q²) / (1+q²),   q = m₁/m₂

• Work underway to verify this ansatz

• Work underway to handle misaligned spins
(see arXiv:0712.3541 [gr-qc])
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Summary:
Black Box Binaries

• Consider binary black hole mergers as black box

• Model final state using generic fitting function 
depending on initial state – cheaper and more 
accurate than other approximations

• Could e.g. be used for N-body simulations

• Excellent agreement between fitting function and 
numerical results for unequal (aligned) spins and 
for unequal masses

• Work underway to generalise this
to arbitrary configurations
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Behind the Scenes

J. Seiler
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Behind the Scenes:
Numerical Infrastructure

• Initial data solver for quasi-circular configuration

• CCATIE: Efficient 4th order BSSN code for time 
evolution

• Horizon finding, measuring horizon quantities

• Wave extraction (not used here)

• Much of the above is public,
part of the Einstein Toolkit
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Behind the Scenes:
Computational Infrastructure

• Large scale differences and moving objects require 
adaptive mesh refinement (AMR)
[typical: L=1000, h=0.02, using 9 refinement levels]

• Long time evolutions and desired accuracy require 
high order methods (4th order or higher)

• Same infrastructure (Cactus, Carpet) also used for 
GRMHD simulations

• Computation time/efficiency still an issue



CCT: Center for Computation & Technology

3

B. Mesh refinement method

The mesh refinement driver that we use is called Carpet and is available together with the application framework
Cactus. It uses the Berger–Oliger approach [1], where the computational domain as well as all refined subdomains
consist of a set of rectangular grids. In particular, we base our scheme on the so-called “minimal Berger–Oliger”
setup popularised by Choptuik [36]. In this simplified version of Berger–Oliger, the grid points are located on a
grid with Cartesian topology, and the grid boundaries are aligned with the grid lines. In our version, we also allow
fine grid boundaries to occur in between coarse grid points, as shown in Figure 1. (Note that this definition still
allows, e.g., spherical coordinate systems.) Furthermore, there is a constant refinement ratio between refinement
levels (described below).

We use the following notation. The grids are grouped into refinement levels (or simply “levels”) Lk, each containing
an arbitrary number of grids Gk

j. Each grid on refinement level k has the grid spacing (in one dimension) ∆xk. The

grid spacings are related by the relation ∆xk = ∆xk−1/Nrefine with the integer refinement factor Nrefine. An example is
shown in Figure 1. In what follows we will assume that Nrefine is always set to 2. The base level L0 covers the entire
domain (typically with a single grid) using a coarse grid spacing. The base level need neither be rectangular nor
connected. The refined grids have to be properly nested. That is, any grid Gk

j must be completely contained within

the set of grids Lk−1 of the next coarser level, except possibly at the outer boundaries.
Although Cactus does allow both vertex and cell centred grids, current relativity thorns only use vertex centring.

Hence Carpet currently only supports vertex centred refinement, i.e. coarse grid points coincide with fine grid points
(where fine grid points exist).

G0

0

1

1

G0

1

G

0G
2

FIG. 1: Base level G0
0 and two refined levels G1

j and G2
j , showing the grid alignments and demonstrating proper nesting.

The times and places where refined grids are created and removed are decided by some refinement criterion. The
simplest criterion, which is also indispensable for testing, is manually specifying the locations of the refined grids
at fixed locations in space at all times. This is called fixed mesh refinement. A bit more involved is keeping the same
refinement hierarchy, but moving the finer grids according to some knowledge about the simulated system, tracking
some feature such as a black hole or a neutron star. This might be called “moving fixed mesh refinement”. Clearly
the most desirable strategy is an automatic criterion that estimates the truncation error, and places the refined grids
only when and where necessary. This is what is commonly understood by adaptive mesh refinement. Carpet supports
all of the above in principle, but we will only use fixed mesh refinement in the following. It should be noted that
automatic grid placement is a non-trivial problem (see, e.g., [37, 38]).

C. Time evolution scheme

The time evolution scheme follows that of the Berger and Oliger [1] AMR scheme, in which one evolves coarse
grid data forward in time before evolving any data on the finer grids. These evolved coarse grid data can then
be used to provide (Dirichlet) boundary conditions for the evolution of data on the finer grids via prolongation, i.e.
interpolation in time and space. This is illustrated in Figure 2. For hyperbolic systems, where a Courant-like criterion

Carpet:
Mesh Refinement

• Berger-Oliger AMR with subcycling in time

• Using buffer zones for stable AMR boundaries

• Domain decomposition parallelisation
(typically 3 ghost zones – expensive!)

• [Using tapered grids to improve accuracy]

• AMR tracks physics features explicitly,
refining e.g. around black holes
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Efficiency and Scalability

• Many variables (~25 evolved, ~250 in total,
many ghost zones (higher order):

• requires much memory

• few evolved grid points per node – inefficient

• Reduce amount of communication or interpolation

• [Use multi-threading on multi-core machines]

• Currently, a very simple AMR testcase
requires already 8 GByte memory
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AMR Parallel Scaling
on Ranger (TACC)
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Weak Scaling on Ranger

McLachlan, PUGH, NT=4
McLachlan, Carpet unigrid, NT=4

McLachlan, Carpet 9 levels, NT=4
• Ranger is new petascale 

machine at TACC with 
60,000 cores, still in 
friendly user mode

• Using OpenMP with 4 
threads to reduce 
parallelisation overhead

• McLachlan: New BSSN 
code for experimenting 
with performance (XiRel) Ranger produces

45 MSU/month!
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Multi-Patch Methods
not just for spectral codes!

• Increasing AMR domain size scales with O(L³),
increasing resolution scales with O(1/h⁴)

• Multi-patch systems separate radial and angular 
resolutions: significantly more efficient

• With MP: increasing domain size is only O(L),
increasing radial resolution is only O(1/h²)

• Plus, outer boundary is spherical – no useless 
corners, better boundary conditions,
better wave extraction ...

8
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Figure 3: A cut in the equatorial plane of six patches, in which
four patches are visible. The outer and inner domain bound-
aries are spheres. There is one radial coordinate spanning
r = const surfaces, and two angular coordinates perpendicular
to that. The radial coordinate is smooth across patch bound-
aries.
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Figure 4: A cut in the equatorial plane of seven patches, in
which five patches are visible. The outer boundary is a sphere,
the inner patch is a cube. There is again one radial coordinate,
but it does not span r = const surfaces and it is not smooth
across patch boundaries except at the outer boundary. The two
angular coordinates are the same as in the six-patch system.

an illustration.
b. Seven patches: This system consists of one cubic

patch that covers the region near the origin, and six ad-
ditional patches that cover the exterior of the cube until
a certain radius rmax. We use the same patch-local coor-
dinates as in [23], which are derived from the six-patch
coordinates above. This system is useful if the origin
should be part of the domain, e.g. for a single neutron
star. See figure 4 for an illustration.

In addition to these two types, we have variations
thereof, e.g. a system consisting of only one of the six
patches assuming a sixfold reflection symmetry. We
have individual patch types as generic building blocks,
and we can glue them together to form arbitrary patch
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Figure 5: A cut in the equatorial plane of the imported binary
black hole patch system. The outer and inner boundaries are
spheres. Near the boundaries, the coordinate system is similar
to spherical coordinates, i.e., there is one coordinate direction
perpendicular to and two direction tangential to the boundary.

systems.
After seeking input from the computational fluid dy-

namics community, where multi-block systems are com-
monly used to obtain body-fitted coordinate systems,
we decided that setting up patch systems by hand is too
tedious, and that commercial tools should be used for
that instead.3 We therefore implemented a patch system
reader that understands the GridPro [37] data format.
This is a straightforward ASCII based format which is
specified in the GridPro documentation, and support for
other data formats could easily be implemented as well.

Using GridPro, we could easily import patch systems
with two holes and 27 patches (for a generic binary black
hole system; see figure 5) and with e.g. 30 holes and 865
patches (for demonstration purposes; see figure 6). An-
other advantage of a tool like GridPro is that the grid
points are automatically evenly distributed over the do-
main, which may be difficult to ensure if the grid is con-
structed by hand.

V. TESTS WITH THE SCALAR WAVE EQUATION

We test our multi-patch infrastructure with a scalar
wave equation on an arbitrary, time-independent back-
ground. Since we express the coordinate distortions via
a generic three-metric, there is —from the point of view
of the code— no difference between a flat and a curved
spacetime. A stationary black hole background requires
non-trivial lapse and shift functions, but these are desir-
able even for flat spacetimes: a non-zero shift makes for
moving or rotating coordinate systems (implementing

3 We are indebted to our esteemed colleague F. Muldoon for teaching
us about the state of the art in grid generation.
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Multi-Patch Methods
you can do spectral, too!

• Finite differencing is independent of AMR and MP 
infrastructure

• FD also independent of formulation, of singularity 
handling, of inter-patch boundary conditions

• Can use spectral methods with MP

• Could also combine spectral angular with FD 
radial derivatives
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Figure 12: Sod test on the six patches system: evolution of the density for the case where each of the patches has resolution
80 × 80 × 80. The white lines indicate the boundaries of the six patches which are used to cover the computational domain.
The yellow surface is the cut of the plane z = 0 with the grid boundaries, and the density function is shown at z = 0. The left
panel shows a perspective view of the evolution for coordinates times 0, 1 and 3, whereas the right panel shows an orthogonal
projection from the negative y axis at the same times.

Multi-Patch Methods
GRMHD

• MP-GRMHD code under development (B. Zink)

• Need to be careful with flux reconstruction on 
distorted grids and on interfaces

Sod test (1D shock) –
no artefacts at MP boundaries visible
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Other Infrastructure

• BBH Factory: scripts/middleware to manage source 
trees and simulations on many different machines, 
with a common user interface

• LoopControl: automatic dynamic cache 
optimisations on multi-core machines

• Kranc (by I. Hinder, S. Husa): automatic code 
generation, enabling optimising transformations

• VisIt (LLNL): (remote) visualisation tool
for time-dependent AMR data
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XiRel:
Cyberinfrastructure for Numerical Relativity

• Collaborative project including CCT, AEI, PSU, RIT

• 3 goals:

• Improve efficiency of computational 
infrastructure (AMR etc.)

• Design and implement data and metadata 
management infrastructure for large simulations

• Work with community to update and
expand the Einstein Toolkit
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Alpaca:
Application Level Profiling and Correctness Analysis

• Observation: writing correct large programmes is 
very difficult, even when they are modular (Cactus)

• Observation: making parallel programmes efficient 
is not easy

• Alpaca (NSF SDCI, 3 years) will provide tools to 
profile and debug Cactus applications on a very 
high level (scheduled routines, variables declared in 
interface)

• Goal: debugging at the algorithmic level
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Summary

• Efficient numerical and computational 
infrastructure, used by many groups in the field
(Einstein Toolkit, Cactus, Carpet)

• Collaboration on infrastructure, sharing the cost 
and beginning to create a “community feeling”

• Significant recent improvements in efficiency

• Ideas and projects for future methods
(e.g. multi-patch, pseudo-spectral)
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T. Sterling
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References

• Spin Diagrams for Equal-Mass Black-Hole Binaries 
with Aligned Spins,
arXiv:0708.3999 [gr-qc]

• The final spin from the coalescence of aligned-spin 
black-hole binaries,
arXiv:0710.3345 [gr-qc]

• On the final spin from the coalescence of two 
black holes,
arXiv:0712.3541 [gr-qc]
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• Cactus: http://www.cactuscode.org/

• Carpet: http://www.carpetcode.org/
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