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Lectures Overview

I. The Einstein Equations
(Formulations and Gauge Conditions)

II. Analysis Methods
(Horizons and Gravitational Waves)

III. Numerical methods
(Cactus and Mesh Refinement)



Numerical Methods:
Cactus & Mesh Refinement

1. Mesh Refinement

2. Cactus, a software framework

3. Kranc, a code generator

4. CCATIE, a free BSSN code



Please interrupt and ask 
questions at any time



Part I:
Mesh Refinement



Mesh Refinement

• Central idea: use different resolutions in 
different parts of the simulation domain

• E.g. in BBH simulations, need to cover about 
3 orders of magnitude in resolution

• Carpet: [Schnetter, Hawley, Hawke: Class. 
Quantum Grav. 21, 1465 (2004)]

• http://www.carpetcode.org/

http://www.carpetcode.org
http://www.carpetcode.org


Typical grid structure

3

B. Mesh refinement method

The mesh refinement driver that we use is called Carpet and is available together with the application framework
Cactus. It uses the Berger–Oliger approach [1], where the computational domain as well as all refined subdomains
consist of a set of rectangular grids. In particular, we base our scheme on the so-called “minimal Berger–Oliger”
setup popularised by Choptuik [36]. In this simplified version of Berger–Oliger, the grid points are located on a
grid with Cartesian topology, and the grid boundaries are aligned with the grid lines. In our version, we also allow
fine grid boundaries to occur in between coarse grid points, as shown in Figure 1. (Note that this definition still
allows, e.g., spherical coordinate systems.) Furthermore, there is a constant refinement ratio between refinement
levels (described below).

We use the following notation. The grids are grouped into refinement levels (or simply “levels”) Lk, each containing
an arbitrary number of grids Gk

j. Each grid on refinement level k has the grid spacing (in one dimension) ∆xk. The

grid spacings are related by the relation ∆xk = ∆xk−1/Nrefine with the integer refinement factor Nrefine. An example is
shown in Figure 1. In what follows we will assume that Nrefine is always set to 2. The base level L0 covers the entire
domain (typically with a single grid) using a coarse grid spacing. The base level need neither be rectangular nor
connected. The refined grids have to be properly nested. That is, any grid Gk

j must be completely contained within

the set of grids Lk−1 of the next coarser level, except possibly at the outer boundaries.
Although Cactus does allow both vertex and cell centred grids, current relativity thorns only use vertex centring.

Hence Carpet currently only supports vertex centred refinement, i.e. coarse grid points coincide with fine grid points
(where fine grid points exist).

G0

0

1

1

G0

1

G

0G
2

FIG. 1: Base level G0
0 and two refined levels G1

j and G2
j , showing the grid alignments and demonstrating proper nesting.

The times and places where refined grids are created and removed are decided by some refinement criterion. The
simplest criterion, which is also indispensable for testing, is manually specifying the locations of the refined grids
at fixed locations in space at all times. This is called fixed mesh refinement. A bit more involved is keeping the same
refinement hierarchy, but moving the finer grids according to some knowledge about the simulated system, tracking
some feature such as a black hole or a neutron star. This might be called “moving fixed mesh refinement”. Clearly
the most desirable strategy is an automatic criterion that estimates the truncation error, and places the refined grids
only when and where necessary. This is what is commonly understood by adaptive mesh refinement. Carpet supports
all of the above in principle, but we will only use fixed mesh refinement in the following. It should be noted that
automatic grid placement is a non-trivial problem (see, e.g., [37, 38]).

C. Time evolution scheme

The time evolution scheme follows that of the Berger and Oliger [1] AMR scheme, in which one evolves coarse
grid data forward in time before evolving any data on the finer grids. These evolved coarse grid data can then
be used to provide (Dirichlet) boundary conditions for the evolution of data on the finer grids via prolongation, i.e.
interpolation in time and space. This is illustrated in Figure 2. For hyperbolic systems, where a Courant-like criterion

Coarse,
medium,

and fine grids

Grids are
aligned



Berger-Oliger
mesh refinement

• Fine grids overlap coarse grids (coarse grids 
don’t have holes)

• During evolution, fine grid boundary 
condition is interpolated from coarser grids

• Finer grids need to take smaller time steps 
(subcycling in time; but cf. global time stepping)

• Each grid is cuboid (rectangular), which 
makes it efficient



Time stepping
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holds, a refinement by a factor of Nrefine requires time step sizes that are smaller by a factor Nrefine, and hence Nrefine
time steps on level k + 1 are necessary for each time step on level k. At time steps in which the coarse and fine
grids are both defined, the fine grid data are restricted onto the coarse grid (via a simple copy operation) after it has
been evolved forward in time. If there are more than two grid levels, then one proceeds recursively from coarsest
to finest, evolving data on the coarsest grid first, interpolating this data in time and space along boundaries of finer
grids, evolving the finer grid data, and restricting evolved data from finer to coarser grids whenever possible. This
is illustrated in Figure 3.

t

FIG. 2: Schematic for the prolongation scheme, in 1 + 1 dimensions, for a two-grid hierarchy. The large filled (red) circles represent
data on the coarse grid, and smaller filled (green) circles represent data on the fine grid. The arrows indicate interpolation of coarse
grid data in space and time, necessary for the boundary conditions on the fine grid (explained in section II C).
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FIG. 3: Schematic for the time evolution scheme, in 1 + 1 dimensions, for a two-grid hierarchy. The large filled (red) circles
represent data on the coarse grid, and smaller filled (green) circles represent data on the fine grid. The algorithm uses the
following order. 1: Coarse grid time step, 2 and 3: fine grid time steps, 4: restriction from fine grid to coarse grid. Since the fine
grid is always nested inside a coarse grid, there are also coarse grid points (not shown) spanning the fine grid region (at times
when the coarse grid is defined) at the locations of “every other” fine grid point; the data at these coarse grid points are restricted
(copied directly) from the fine grid data.

For time evolution schemes that consist only of a single iteration (or step), the fine grid boundary condition needs
to be applied only once. Most higher-order time integrations schemes, such as Runge-Kutta or iterative Crank-
Nicholson, are actually multi-step schemes and correspondingly require the fine grid boundary condition to be
applied multiple times. If this is not done in a consistent manner at each iteration, then the coarse and the fine grid
time evolution will not couple correctly, and this can introduce a significant error. We explain this in more detail in
Appendix A.

There are several ways to guarantee consistent boundary conditions on fine grids. Our method involves not pro-
viding any boundary condition to the individual integration substeps, but instead using a larger fine grid boundary,
as demonstrated in Figure 4. That is, each of the integration substeps is formally applied to a progressively smaller
domain, and the prolongation operation re-enlarges the domain back to its original size. Note that this “buffering”
is done only for prolongation boundaries; outer boundaries are handled in the conventional way. Also, this is done
only for the substeps due to the time integration scheme, so that the prolongation is applied at fine grid times when
there is no corresponding coarse grid time. Note also that the use of buffer zones is potentially more computationally
efficient.

We emphasise that the use of these buffer zones is not always necessary. To our knowledge the buffer zones are
necessary only when the system of equations contains second spatial derivatives, and a multi-step numerical method
is used for time integration. This issue arises for the BSSN system discussed below. We also give a simple example
using the scalar wave equation in section IV A and appendix A.

D. Inter-grid transport operators

As described above, the interaction between the individual refinement levels happens via prolongation and restric-
tion. For prolongation, Carpet currently supports polynomial interpolation, up to quadratic interpolation in time,
which requires keeping at least two previous time levels of data. It also supports up to quintic interpolation in space,
which requires using at least three ghost zones. We usually use cubic interpolation in space, which requires only two
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For time evolution schemes that consist only of a single iteration (or step), the fine grid boundary condition needs
to be applied only once. Most higher-order time integrations schemes, such as Runge-Kutta or iterative Crank-
Nicholson, are actually multi-step schemes and correspondingly require the fine grid boundary condition to be
applied multiple times. If this is not done in a consistent manner at each iteration, then the coarse and the fine grid
time evolution will not couple correctly, and this can introduce a significant error. We explain this in more detail in
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There are several ways to guarantee consistent boundary conditions on fine grids. Our method involves not pro-
viding any boundary condition to the individual integration substeps, but instead using a larger fine grid boundary,
as demonstrated in Figure 4. That is, each of the integration substeps is formally applied to a progressively smaller
domain, and the prolongation operation re-enlarges the domain back to its original size. Note that this “buffering”
is done only for prolongation boundaries; outer boundaries are handled in the conventional way. Also, this is done
only for the substeps due to the time integration scheme, so that the prolongation is applied at fine grid times when
there is no corresponding coarse grid time. Note also that the use of buffer zones is potentially more computationally
efficient.

We emphasise that the use of these buffer zones is not always necessary. To our knowledge the buffer zones are
necessary only when the system of equations contains second spatial derivatives, and a multi-step numerical method
is used for time integration. This issue arises for the BSSN system discussed below. We also give a simple example
using the scalar wave equation in section IV A and appendix A.

D. Inter-grid transport operators

As described above, the interaction between the individual refinement levels happens via prolongation and restric-
tion. For prolongation, Carpet currently supports polynomial interpolation, up to quadratic interpolation in time,
which requires keeping at least two previous time levels of data. It also supports up to quintic interpolation in space,
which requires using at least three ghost zones. We usually use cubic interpolation in space, which requires only two

Prolongation:
fine grid boundary condition

Time evolution sequence
(including restriction)

Note: time interpolation requires multiple time levels



Buffer zones
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previous time

first substep

second substep

after prolongation

final substep

FIG. 4: Schematic for the “buffering” during time integration. Shown is the left edge of a refined region, which extends further
to the right, which is integrated in time with a 3-step ICN method. At the filled points (in the interior), time integration proceeds
as usual. The empty points (near the boundary) are left out, because no boundary condition is given during time integration. A
prolongation after the time integration fills the empty points again. This whole scheme corresponds to either of the steps labelled
2 and 3 in Figure 3.

ghost zones. (Quadratic interpolation in space introduces an anisotropy on a vertex centred grid.) For restricting,
Carpet currently uses sampling (i.e., a simple copy operation). These transport operators are not conservative. Since
our formulation of Einstein’s equation (see below) is not in a conservative form, any use of conservative inter-grid
operations offers no benefit. However, the transport operators can easily be changed. (For more discussion of the
situations where conservative inter-grid operators are useful or not, see [39].)

E. Initial data generation

Initial data generation and time evolution are controlled by the driver Carpet. Initial data are created recursively,
starting on the coarsest level L0. This happens as follows: On refinement level Lk, the initial data routines are called.
This fills the grids on this level. Then the refinement criterion is evaluated (which might be nothing more than a fixed
mesh refinement specification). If necessary, grids on a finer level Lk+1 are created, and initial data are created there,
and on all finer levels recursively. Then, the data from level Lk+1 are restricted to level Lk to ensure consistency.

In many cases, the initial data specification is only valid for a single time t = 0, such as when using a time-
symmetric approach, or when solving an elliptic equation. However, for the time interpolation necessary during
prolongation (see above), it may be necessary to have data on several time levels. One solution is to use only lower
order interpolation during the first few time steps. We decided instead, according to the Cactus philosophy, that the
data that are produced during the initial data creation should in principle be indistinguishable from data produced
by a time evolution. Hence we offer the option to evolve coarse grid data backwards in time in order to provide
sufficient time levels for higher order interpolation in time at fine grid boundaries. This ensures that no special case
code is required for the first steps of the time evolution.

This initial data generation proceeds in two stages. First the data are evolved both forwards and backwards in time
one step, leading to the “hourglass” structure illustrated Figure 5. This evolution proceeds recursively from coarsest
to finest, so that all data necessary for time interpolation are present. Note that this would not be the case if we
evolved two steps backwards in time, as there would not be enough data for the time interpolation for the restriction
operation between these two steps.

In the end we must provide initial data only at times preceding the initial time t = 0; i.e., the hourglass structure of
Figure 5 is invalid as an initial data specification in Cactus. Therefore we perform in the second stage of this scheme
one additional step backwards in time on each level, leading to initial data at the times t0, t0 −∆tk, and t0 − 2∆tk on
each level Lk.

III. PHYSICAL SYSTEM

The set of equations we solve are described in detail in [40], and although we briefly review the material here,
we suggest interested readers refer to the prior publication. The evolution system is that of Shibata-Nakamura [41]
and Baumgarte-Shapiro [42], the so-called BSSN formulation. The physical quantities present in a typical ADM [43]
evolution are the 3-metric γi j and the extrinsic curvature Ki j. In the BSSN formulation, one instead evolves a different
set of variables: Ki j is decomposed into its trace K and its trace-free part

Ai j ≡ Ki j −
1

3
γi jK, (1)

It is unstable to prolongate during the substeps of a time 
integrator if there are second spatial derivatives.

Instead, use buffer zones.



Initial data generation 6

t = +   t! 0

t = +   t  / 2! 0

t = +   t  / 4! 0

t = 0

t = !   t  / 4! 0

t = !   t  / 2! 0

t = !   t! 0

FIG. 5: Schematic for initial data scheme, in 1 + 1 dimensions. Our use of quadratic interpolation in time requires three time
levels of coarse grid data in order to provide boundary data for evolution on fine grids. To achieve this from the beginning of
the evolution (without the use of a known continuum solution with which to “pre-load” these levels), we evolve our initial data
(defined at t = 0) both forwards and backwards one step in time. In this way, three time levels of coarse grid data are always
available to provide boundary data along the edges of fine grids. The data at various times are denoted by fractions of the time
step ∆t0 on the base grid. The coarsest grid is shown as by a solid (red) line, a finer grid by a long-dashed (green) line, and a still
finer grid by a dotted (blue) line. (We perform some additional backwards evolution as well, which we describe in the main text.
The essence of the scheme, however, is given here.)

and one applies a conformal transformation,

γ̃i j = e−4φγi j. (2)

We choose φ such that the determinant of γ̃i j, denoted by γ̃, is 1.
Thus our evolved quantities are related to the ADM and physical quantities by

φ =
1

12
log(γ) (3)

γ̃i j = e−4φγi j (4)

K = γi jKi j (5)

Ãi j = e−4φ(Ki j −
1

3
γi jK) (6)

One also creates a new evolved variable Γ̃ i, defined as

Γ̃ i := Γ̃ i
jkγ̃

jk. (7)

The evolution equations for these variables are given by

"tφ = −1

6
αK + βk"kφ +

1

6
"kβ

k (8)

"tγ̃i j = −2αÃi j + βk"kγ̃i j + γ̃ik" jβ
k + γ̃ jk"iβ

k − 2

3
γ̃i j"kβ

k (9)

"tK = −DiDiα +α(Ãi jÃ
i j +

1

3
K2) + βi"iK (10)

"t Ãi j = e−4φ[−DiDjα +αRi j]
TF +α(KÃi j − 2ÃikÃk

j)

+Ãk j"iβ
k + Ãki" jβ

k − 2

3
Ãi j"kβ

k (11)

"tΓ
i = −2" jαÃi j + 2α(Γ̃ i

jkÃk j − 2

3
γ̃i j" jK + 6Ãi j" jφ)

−" j(β
k"kγ̃

i j − γ̃k j"kβ
i − γ̃ki"kβ

j +
2

3
γ̃i j"kβ

k), (12)

where Di is the covariant derivative corresponding to the 3-metric γi j, Ri j is the three dimensional Ricci tensor, and
the “TF” superscript denotes the trace-free part of the enclosed expression.

The gauge conditions are given as follows. The lapse α is chosen as one of the Bona-Massó [44] family of slicings,

"tα = −α2 f (α)(K − K0) (13)

Need to set up initial data on multiple time levels.
Method: evolve both forwards and backwards in time,

generating an intermediate hourglass structure.



Typical usage

• Refined regions typically track black holes or 
neutron stars

• Typical parameters:

• 10 levels

• 3 ghost zones, 9 buffer zones

• 5th order spatial, 2nd order temporal 
interpolation



“Typical” simulation

• 64 processors,
64 GByte memory

• Outer boundary at 500M,
finest resolution 0.02M

• Total run time: several days/one week
(using checkpointing and restart)



Please interrupt and ask 
questions at any time



Part II:
Cactus,

a software framework



Code Ingredients

• Evolution system, gauges (BSSN)

• Constraints, analysis quantities

• Horizon finder

• Wave extraction

• Initial data

• Test cases



Code Ingredients II

• Finite differencing

• Time integration

• Mesh refinement

• Parallelisation

• I/O (fast, platform-independent)

• “Something to make all this work together”



Components and 
frameworks

• Large software is typically split into 
components, which are large, independent 
pieces

• A framework puts the components together

• Cactus is a framework

• A framework doesn’t do anything “useful” by 
itself -- it’s like a bookshelf



Cactus

• http://www.cactuscode.org/

• In Cactus speak, the framework 
is called flesh, and the 
components thorns

• There are many public thorns 
which use Cactus, especially for 
numerical relativity

Saguaro

(Carnegiea gigantea)

http://www.cactuscode.org
http://www.cactuscode.org


Einstein Toolkit
• A common infrastructure 

for all relativity codes

• Defines common 
variables, common 
schedule events, etc.

• Comes with public 
thorns for basic tasks 
(simple initial data, simple 
analysis methods)

• There are least five 
production level relativity 
codes based on Cactus, 
all but one private, all 
using the Einstein Toolkit

• Three-level structure:

Computational Toolkit

Einstein Toolkit

Physics code



Anatomy of a Thorn
• A thorn in Cactus 

contains:

• Cactus declarations 
(CCL language)

• source code (C, C++, 
Fortran)

• makefile fragments

• documentation

• test cases

• example parameter 
files

• Thorns are the basic 
modular units

• Usually, each thorn is in a 
separate CVS repository



interface.ccl
• Declares thorn name and 

implementation name

• Declares grid functions

• Can inherit public grid 
functions from other 
implementations

• Declares routines (APIs 
provided/used by the 
thorn)

IMPLEMENTS: ADMConstraints
INHERITS: ADMBase

CCTK_REAL Hamiltonian TYPE=gf
{
  ham
} “Hamiltonian Constraint”

CCTK_REAL Momentum TYPE=gf
{
  momx momy momz
} “Momentum Constraint”



schedule.ccl
• Calls routines at certain 

times, e.g. initial or evol or 
analysis

• Schedule groups introduce 
a hierarchical structure

• Rule-based: schedule 
AFTER, BEFORE, WHILE

• Allocates storage for grid 
variables

• Synchronises variables

SCHEDULE ADMConstraints_Calculate AT analysis
{
  LANG: Fortran
  STORAGE: Hamiltonian Momentum
  SYNC: Hamiltonian Momentum
  TRIGGERS: Hamiltonian Momentum
} “Calculate the constraints”



param.ccl
• Declares parameters

• Five types: integer, real, 
boolean, keyword, string

• Allowed ranges need to 
be declared

• Can “inherit” public 
parameters from other 
implementations, possibly 
extending ranges

SHARES: ADMBase

EXTENTS KEYWORD initial_data
{
  “gaussian” :: “Gaussian pulse”
}

PRIVATE:

CCTK_REAL gaussian_amplitude \
  “Amplitude”
{
  0.0:* :: “must be nonnegative”
} 1.0



Example Source Code
#include “cctk.h”
#include “cctk_Arguments.h”

subroutine ADMConstraints_calculate (CCTK_ARGUMENTS)
  implicit none
  DECLARE_CCTK_ARGUMENTS

  CCTK_REAL :: dx, dy, dz
  integer   :: i, j, k

  dx = CCTK_DELTA_SPACE(1)
  ...

  do i = 2, cctk_lsh(1)-1
    ...
    ham(i,j,k) = (gxx(i+1,j,k) - gxx(i-1,j,k)) / (2*dx)
    ...



Parameter Files
• At run time, parameter 

files activate thorns and 
specify parameter values

• Not all compiled thorns 
need to be active

ActiveThorns = “PUGH CartGrid3D ADMBase IDSimple ADMConstraints”

driver::global_nx = 101
...
grid::xmin =  0.0
grid::xmax = 30.0
...
grid::type = “octant”

ADMBase::initial_data = “Minkowski”



Driver
• A driver is a special thorn 

that handles memory 
management and 
parallelisation

• Two drivers exist: PUGH 
(uniform grid) and Carpet 
(AMR, multi-block)

• Two more AMR drivers in 
development, based on 
SAMRAI and Paramesh

• Interpolation, reduction, 
and hyperslabbing 
operations closely tied to 
driver

• I/O (efficient and parallel) 
and checkpointing/
recovery also somewhat 
driver specific



Metadata and Data 
Preservation

• Thorn Formaline collects 
meta-data about a 
simulation (and sends 
them to a server)

• Collects machine name, 
user name, parameters, 
current simulation time, 
special events, etc.

• Allows real-time 
overview about currently 
running simulations by all 
people on all machines

• Some simulation results 
are later semi-
automatically staged to 
be permanently stored in 
an archive



Please interrupt and ask 
questions at any time



Part III:
Kranc,

a code generator



Coding equations

• Coding equations is very tedious; the BSSN 
equations contain thousands of terms

∂0γij = −2αKij

∂tγij = −2αKij + γkj∂iβ
k + γik∂jβ

k + βk∂kγij

∀ij : ∂tγij = −2αKij +
∑

k

γkj∂iβ
k +

∑

k

γik∂jβ
k +

∑

k

βk∂kγij

60 terms

Example:



Hand-coding

• Hand-coding takes a long time

• It is easy to make errors

• It is difficult to change the equations later

• It is also difficult to optimise the code

• Main problem: we think about the equations 
on a high level, but need to code on a much 
lower level



Automatic coding

• Therefore, these days most people use 
Maple or Mathematica to generate code

• E.g., Mathematica generates code 
fragments...

• ...and a wrapper is added by hand

• The wrapper e.g. declares variables, loads 
from/stores into arrays, calculates finite 
differences, etc.



Kranc

• Kranc is a Mathematica package which 
generates complete Cactus thorns from 
equations

• [Husa, Hinder, Lechner, Comput. Phys. 
Comm. 174, 983 (2006); Lechner, Alic, Husa, 
arXiv:cs.SC/0411063 (2004)]

• http://numrel.aei.mpg.de/Research/Kranc/

http://numrel.aei.mpg.de/Research/Kranc/
http://numrel.aei.mpg.de/Research/Kranc/


Advantages of Kranc

• No need to write wrappers, since whole 
routines including declarations are generated

• Both discretisation (finite differences) and 
equations are generated

• Very easy to change equations



Disadvantages of Kranc

• Kranc adds another ingredient: not just 
Fortran/C code and executable, but also 
Mathematica script

• Need Mathematica knowledge to 
understand errors in Kranc script

• Less flexible than hand-coding (e.g. cannot 
generate HRSC formulation)



Demo

1. Look at hand-written code [CactusWave]

2. Look a Mathematica script which uses Kranc 
[SW.m]

3. Look at Kranc-generated code [KrancSW]



Please interrupt and ask 
questions at any time



Part IV:
CCATIE,

a free BSSN code



Demo

1. Look at BBH parameter file



Please interrupt and ask 
questions at any time


