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Lectures Overview

I. The Einstein Equations
(Formulations and Gauge Conditions)

II. Analysis Methods
(Horizons and Gravitational Waves)

III.Numerical methods
(Cactus and Mesh Refinement)



Analysis methods:
Horizons and Waves

1. Event horizons

2. Apparent, isolated, and dynamical horizons

3. Gravitational waves



Please interrupt and ask 
questions at any time



Part 1:
Event Horizons



Why look at event 
horizons?

• Event horizons tell us about black holes, 
their location, size, and shape

• Event horizons are gauge-independent 
(coordinate-independent)

• They also tell us what can be seen from 
infinity



Event horizon

• In some regions of spacetime curvature is so 
strong that nothing can get away to infinity

• The boundary of these regions is called event 
horizon

• By definition, things inside an event horizon 
are not visible to an outside observer



Peculiarities

• The spacetime near an event horizon is not 
special.  Event horizons can even exist in flat 
regions of spacetime

• As defined, event horizons move with the 
speed of light

• There could be an event horizon passing 
through this room right now; we would not 
notice



River model

• Imagine a river, which is slow upstream and 
has a waterfall downstream

• Imagine a boat on the river

• Near the waterfall the river flows faster than 
the boat moves

• Now consider that the speed of the river 
changes with time

• Where is the “point of no return”?



Details

• Event horizons are null surfaces (almost 
everywhere)

• Event horizons are acausal: When and 
where an event horizon is located depends 
on what is going to happen in the future

• Therefore, finding event horizons requires 
the whole future of the spacetime; it cannot 
be done locally in time

• (Analytic solution: Vaidya metric)



Algorithm

• See e.g. [Diener, Class. Quantum Grav. 20, 
4901 (2003)]

• Event horizons are found backwards in time:

• one starts with a surface close to the EH 
at some late time,

• and then tracks null geodesics backwards 
in time
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1. Introduction

An event horizon (EH) is defined as a 2 + 1 surface in 3 + 1 spacetime, inside of which no
null geodesics can reach future null infinity, while outside at least some can. For that reason
an EH is a global concept and can, in principle, only be found when the full history of the
spacetime is known. The horizon itself is generated by outgoing null geodesics, that will stay
on the horizon forever once they have joined onto it.

In recent years, 3D numerical evolutions of binary black-hole spacetimes have become
stable enough that it is possible in some cases to follow the final merged black hole for a
significant time [1]. Therefore, it makes sense to start looking for EHs in these numerical
spacetimes. However, previously published EH finders for numerical spacetimes [2–5] have
either been too slow, limited to single black-hole spacetimes or have taken advantage of special
symmetries in order to handle changes in topology and cannot be used in the general 3D case
without symmetries.

This paper is organized as follows. In section 2, I will present the basic ideas and methods
of EH finding. In section 3, I will discuss different ways of describing the surface and present
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Level set surfaces
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the level set description used here. The numerical implementation is described in section 4,
where a cure for a very serious problem is also presented. In section 5, I will present tests of
the EH finder using analytical data where the location of the EH is known to test the accuracy
of the code, while in section 6 I will present tests using numerical data in order to test the
robustness of the code. Finally, in section 7 I will discuss prospects for future work and uses
of the code.

2. Event horizon finding

In principle, the EH can be found by integrating null geodesics forward in time. Outgoing
null geodesics just outside or inside the EH will all diverge away from the EH. Those outside
will escape to infinity, while those inside will end up at the singularity. However, as pointed
out in [4] it is practically impossible to follow the generators of the horizon forward in time,
since small numerical errors will cause the null geodesics to deviate exponentially away from
the EH. This can, on the other hand, be taken advantage of, if the generators are integrated
backwards in time, since then the EH will be an attractor. A method based on this was
presented in [3].

For the backward null geodesic integration method, the presence of a small tangential
velocity component can cause the null geodesics to deviate from the EH. Even though the null
geodesic may return to the EH, it will be in a different position and it might even cross other
null geodesics, thereby creating spurious caustics. The cure is to evolve the complete horizon
surface as a whole. Since the only way a surface can move is in its normal direction, tangential
drift is not an issue. This can be done by representing the surface by a function

f (t, xi) = 0, (1)
and requiring this surface to satisfy the null condition

gαβ∂αf ∂βf = 0. (2)
Expanding equation (2) yields a quadratic equation for ∂t f , which can be solved, giving the
following evolution equation for f :

∂t f =
−gti∂if +

√
(gti∂if )2 − gttgij∂if ∂j f

gtt
. (3)

Here the root was chosen so as to describe outgoing null geodesics. Note that, in contrast to
the geodesic equation, this equation does not contain any derivatives of the metric. Inserting
gtt = −1/α2, gti = β i/α2 and gij = γ ij − (β iβj )/α2 into equation (3) gives

∂t f = β i∂if −
√

α2γ ij∂if ∂j f , (4)

showing explicitly the evolution equation for f in terms of the numerical 3 + 1 quantities:
lapse, α, shift, β i and 3-metric, γij .

Note that the exact location of the EH is unknown at the end of a numerical evolution.
However, the location of the apparent horizon (AH) can serve as a good initial guess for the
EH (see [6–17] for details about finding AHs). It will be completely inside the EH, but will be
very close if the numerical spacetime is almost stationary. A practical way of locating the EH
is to start with the AH as an initial guess for the EH and to use the attracting property of the
EH to approach it asymptotically. It is therefore important to note that the surface f = 0 will
never exactly coincide with the EH, but will approach it exponentially. In order to estimate
when the surface f = 0 is a good approximation, a different initial surface (chosen so as to be
completely outside of the EH) can be evolved backwards in time. The EH will then always be
located between these two surfaces and when the two surfaces agree to within a small fraction
of a grid cell the location of the EH is known with sufficient accuracy.
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Evolution equation:
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3. Description of the surface

In [4] either of the following parametrization was adopted to describe the surface in the
presented axisymmetric cases

f (t, r, θ) = r − s(t, θ), (5)

f (t, z, ρ) = ρ − s(t, z), (6)

where equation (6) was used in the colliding black-hole case, in order to allow the surface
to cross itself thereby describing the locus of generators before they join onto the EH. This
was possible due to the high level of symmetry, but would be difficult to generalize to the
non-symmetric case, since it requires prior knowledge of the location of the caustic points (in
this case the symmetry axis).

The choice made in this work is to avoid any parametrization of the surface that might run
into trouble, but to keep the description given in equation (1). That is, the horizon surface is
described as the zero-level isosurface of the scalar function f , where f is negative inside and
positive outside the surface. There are several advantages of this choice. The main advantage
is that changes of topology (such as when black holes merge) are handled naturally with no
special symmetry requirements. What happens in these cases is simply that the number of
regions with negative f -values changes. Another advantage is that the function f is defined
at the same grid points as the numerical metric so that no interpolation is necessary in order to
evolve the surface. The last point can also be seen as a disadvantage, since when f is defined
on fixed grid points only, there are in general no grid points exactly on the f = 0 isosurface.
This means that in order to analyse the surface it is necessary to find it first. A second (and
more serious) problem is the fact that during evolution of f its gradients steepen. This can be
seen in the following way: the level set function f actually defines an infinity of surfaces with
different iso-values. Thus, for example, the triplet of iso-values f = [−0.5, 0.0, 0.5] defines
three outgoing null surfaces that will all move towards the EH, when evolved backwards
in time. This means that these three surfaces will move towards each other and since they
are defined by constant values of f , the gradients will steepen. This will cause numerical
problems if it is not addressed. Another potential problem is illustrated in appendix A, where it
is shown that for at least one choice of the metric (Schwarzschild in Kerr–Schild coordinates),
the evolution of f is ill-conditioned.

4. Numerics

The evolution of equation (4) is performed using the method of lines (MoL) with either
second-order Runge–Kutta (RK2) or 3-step iterative crank Nicholson (ICN).

The spatial finite differencing is performed using one-sided second-order derivatives with
the upwinding direction determined by the direction of the characteristics of equation (4).
Since every value of f describes a separate null surface, I can treat every grid point as the
location of a generator for the null surface going through the grid point. The characteristic
for the evolution equation (4) at this point will then coincide with the direction of motion of
that particular generator. Fortunately, with the description of the surface as f (t, xi) = 0, the
direction of motion of the generator passing through a given point (see [5]) is given simply by

dxµ

dλ
= A(xα)gµν∂νf, (7)

where A(xα) is an arbitrary scalar normalization function of the four coordinates. Choosing
A(xα) = 1/(gtβ∂βf ) ensures that dt/dλ = 1 so that the null geodesic is adapted to the global

better than explicit representation



Re-initialization
• The gradient of f becomes steeper with time 

near f=0, leading to problems

• Therefore f must be re-initialized from time 
to time

• Re-initialization changes the shape of f, but 
does not change where f is zero

• Pseudo-evolution:
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time coordinate t. The spatial part of the generator is then

dxi

dt
= giµ∂µf

gtν∂νf
= git∂t f + gij∂j f

gtt∂t f + gtk∂kf
. (8)

Inserting the evolution equation (4) for ∂t f finally gives

dxi

dt
= −β i +

α2γ ij∂j f√
α2γ kl∂kf ∂lf

. (9)

Using centred finite differencing in equation (9) the direction of the characteristics at a given
point can then be estimated and the correct direction for the upwinding can be chosen and
used to calculate the right-hand side of equation (4). When evolving backwards in time the
upwinding is done in the direction of the generator, while an integration forward in time would
require the opposite direction.

In order to handle numerical data with excised regions, the code supports dynamic interior
excision regions that can be used even when the numerical data are defined everywhere. Since
the EH normally does not occupy the whole numerical domain it is only necessary to output
a rectangular box that contains the EH at all times. This can result in a very significant
reduction of the amount of required disk space for the numerical metric data. Furthermore, to
save computation time, once the numerical data have been read in, the computationally active
region can be further reduced so that only a smaller rectangular box surrounding the black
holes is used. As the holes move across the grid, this smaller active region moves along with
them by deactivating and activating grid points as necessary. At the interior boundaries and
the boundaries of the rectangular box, one-sided second-order derivatives are used as well.

The initial guess for f at t = T , where T is the time at the end of the numerical evolution,
is normally chosen as a sphere of radius r0 centred at the point P = (x0, y0, z0)

f (T , x, y, z) =
√

(x − x0)2 + (y − y0)2 + (z − z0)2 − r0, (10)

which has the nice property that

|∇f | = 1, (11)

except at the origin where it is non-differentiable. The parameters for the initial guess are
chosen to be as good a guess for the EH as possible, while making sure that f = 0 is either
completely inside or outside of the EH. If the EH is judged (for example, by looking at the
shape of the AH) to be significantly nonspherical it is also possible to use an arbitrarily oriented
and shaped ellipsoid as the initial guess. This has not been necessary so far since, with the
currently used gauge conditions, the final horizon is almost always close to being a coordinate
sphere.

As mentioned, there is a problem with gradients of f steepening during the evolution.
For that reason f is re-initialized regularly during the evolution so that it again satisfies
equation (11) approximately. To obtain this re-initialization the evolution equation

df

dλ
= − f

√
f 2 + 1

(|∇f | − 1) (12)

is evolved in an unphysical parameter λ until a steady state has been achieved. The factor in
front of the parentheses in equation (12) consists of two parts. The numerator is present to
make sure that no evolution takes place when f = 0, since I do not want to move the surface
during re-initialization. The denominator is there to make sure that the Courant condition
for stability is limited by the constant value 1 instead of the maximum value of f . The
term in the parentheses makes sure that the evolution stops when |∇f | = 1. The evolution of
equation (12) is also done with MoL, but since it is only the final steady state that is significant,



Remarks

• Start with the apparent horizon at a late, 
stationary time, then evolve backwards

• The event horizon is an attractor (when 
evolving backwards in time)

• Therefore the solution becomes more 
accurate with time, even if the starting 
surface is not accurate
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Figure 3. The maximum deviation, as defined in equation (14), divided by the grid spacing for a
Kerr black hole of mass M = 1 and a = 0.8 in Kerr–Schild coordinates as function of time. The
solid line is ! = 0.2M , the dashed line is ! = 0.1M , the dashed-dotted line is ! = 0.05M and
the dashed-triple-dot line is ! = 0.025M .

6.1. Misner data with µ = 2.2

In [22] initial data describing two black holes, initially at rest, were presented. The initial
separation between the two black holes is described by a parameter µ. These types of initial
data have been extensively studied in the literature and, in particular, the EH for these data was
studied using numerical data from axisymmetric 2D codes and from 3D codes in [3, 4, 23].

The spacetime with µ = 2.2 (with MADM = 1.008 ≈ 1) was evolved using the BSSN
formulation of the Einstein equations developed in [24, 25] and implemented in Cactus in
[26]. In order to compare with the results in [3] I used maximal slicing. The run was done at
a fairly low resolution of ! = 0.115 in order to be performed with a modest amount of output
on a workstation. Also octant symmetry was used, so with a grid size of 803 the coordinate
boundaries were located at 9.2M . Additionally, a coordinate transformation was applied to
the initial data, pushing the physical boundaries out to 17.6M . With the recent development of
improved shift conditions in [1], it turned out to be advantageous to use the hyperbolic version
of the gamma freezing shift. In this way the slice stretching was controlled, the expansion of
the horizon in coordinate space was strongly reduced and it was possible to evolve for a very
long time. In the present case, the evolution was halted at T = 70M , since this is long enough
to track the EH accurately for the first 50M of the evolution.

At T = 70M the AH was found in the numerical data and it turned out to be nearly
spherical with a coordinate radius of rAH = 2.84M (the ratio of the equatorial to the polar
circumference was Ceq/Cpol = 1.00074). Two different runs with the EH finder were therefore
started at T = 70M; one run where the initial surface described by f = 0 was a sphere of
radius rI = 2.5M completely contained within the AH and another run with an initial sphere
of radius rO = rI + 0.5M = 3.0M , which seemed to be a safe guess for a surface completely
outside of the EH. This was confirmed by the fact that initially the inner surface was expanding
while the outer surface was contracting when the surfaces were evolved backwards in time.

Both of these surfaces were evolved successfully backwards in time, through the change
of topology all the way to the initial data slice. The change of topology occurred at around
T ≈ 2.75M .
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Figure 4. The plot on the left shows the total irreducible mass of the horizons in the Misner
µ = 2.2 spacetime as a function of time. Curves are shown for two different choices of surfaces at
T = 70M . The solid line is for a sphere with radius rO = 3.0M and the dashed line is for a sphere
with radius rI = 2.5M . The horizontal dotted line denotes the ADM mass of the spacetime. The
plot on the right shows the difference in mass of the two surfaces.

It can be seen from figure 11 in [4] that the topology changes between T = 2M and
T = 3.3M . However, it turns out that a more precise transition time is T ≈ 3.2M [27],
which is somewhat later than the transition time T ≈ 2.75M found above. Since in both cases
maximal slicing was used, the difference must come from a difference in the initial slicing. In
[4], the Čadež lapse profile, which is zero at the throats, was used initially, while in the current
work the initial lapse was one. Therefore, in this case the evolution proceeds somewhat faster
until the lapse collapses, compared to the case with the lapse initially collapsed at the throats,
resulting in a shorter time for the change of topology. It is not currently possible to use the
Čadež initial lapse profile in Cactus, so a direct comparison is unfortunately not possible.
However, the results are consistent.

The left-hand plot in figure 4 shows the total irreducible mass of the horizons for the
Misner µ = 2.2 spacetime as a function of time for the two different choices for the initial
surfaces mentioned previously. The total irreducible mass is defined as

Mir =

√∑n
i=1 Ai

16π
,

where n is the number of horizons in the spacetime and Ai is the area of the ith horizon. As
can be seen, even though Mir of the two surfaces are very different at T = 70M , they are
almost indistinguishable on this plot for T < 50M .

Assuming that gravitational waves carry away positive energy, the ADM mass of the final
stationary black hole (in this case a Schwarzschild black hole but in general a Kerr black hole)
should be less than the ADM mass of the initial data slice, the difference being the energy
carried away by the gravitational radiation. On the other hand, the irreducible mass of a black
hole is always less than or equal to its ADM mass (equality only occuring for a Schwarzschild
black hole), so on physical grounds the total irreducible mass of the final black hole should
always be less than the ADM mass on the initial slice.

In the current case of Misner initial data with µ = 2.2, the energy carried away by
gravitational waves is less than 10−3M (see [28, 29]) so it is expected that Mir should approach
Mir = 0.999 for t large.

The fact that the curve for Mir crosses the dotted line (denoting the ADM mass of the
initial data slice) and the subsequent rise in Mir from about T = 20M to T = 50M are due to
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T = 3.3M . However, it turns out that a more precise transition time is T ≈ 3.2M [27],
which is somewhat later than the transition time T ≈ 2.75M found above. Since in both cases
maximal slicing was used, the difference must come from a difference in the initial slicing. In
[4], the Čadež lapse profile, which is zero at the throats, was used initially, while in the current
work the initial lapse was one. Therefore, in this case the evolution proceeds somewhat faster
until the lapse collapses, compared to the case with the lapse initially collapsed at the throats,
resulting in a shorter time for the change of topology. It is not currently possible to use the
Čadež initial lapse profile in Cactus, so a direct comparison is unfortunately not possible.
However, the results are consistent.

The left-hand plot in figure 4 shows the total irreducible mass of the horizons for the
Misner µ = 2.2 spacetime as a function of time for the two different choices for the initial
surfaces mentioned previously. The total irreducible mass is defined as

Mir =

√∑n
i=1 Ai

16π
,

where n is the number of horizons in the spacetime and Ai is the area of the ith horizon. As
can be seen, even though Mir of the two surfaces are very different at T = 70M , they are
almost indistinguishable on this plot for T < 50M .

Assuming that gravitational waves carry away positive energy, the ADM mass of the final
stationary black hole (in this case a Schwarzschild black hole but in general a Kerr black hole)
should be less than the ADM mass of the initial data slice, the difference being the energy
carried away by the gravitational radiation. On the other hand, the irreducible mass of a black
hole is always less than or equal to its ADM mass (equality only occuring for a Schwarzschild
black hole), so on physical grounds the total irreducible mass of the final black hole should
always be less than the ADM mass on the initial slice.

In the current case of Misner initial data with µ = 2.2, the energy carried away by
gravitational waves is less than 10−3M (see [28, 29]) so it is expected that Mir should approach
Mir = 0.999 for t large.

The fact that the curve for Mir crosses the dotted line (denoting the ADM mass of the
initial data slice) and the subsequent rise in Mir from about T = 20M to T = 50M are due to

irreducible mass (ignoring spin):
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(a) (b)

(c) (d)

Figure 5. Four frames of the evolution of the EH in a three-black-hole spacetime (Brill–
Lindquist). Frame (a) is at T = 3.43 = 2.29MADM, frame (b) is at T = 3.55 = 2.37MADM,
frame (c) is at T = 3.8 = 2.53MADM and frame (d) is at T = 4.0 = 2.67MADM. The
straight lines in the plot show the bounding box of the numerical data. The outer boundary was
much further out in the the evolution of the spacetime. This movie is available in the online
version of this paper as a multimedia enhancement. A higher quality version is available at
http://www.aei.mpg.de/∼diener/Movies/bh3.mov(45.2 MB).

radius rO = 3.7. The corresponding choices for the higher resolution case were rI = 3.2 and
rO = 3.45.

In figure 5, four frames showing the interesting part of the evolution of the EH for the higher
resolution case can be seen. Frame (a) shows three separated horizons at T = 2.29MADM.
The individual horizons are clearly distorted and it can be seen that they ‘feel’ each other.
Frame (b) shows that at T = 2.37MADM two of the horizons are in the process of merging
while the third is still clearly well separated. This has changed at T = 2.53MADM shown in
frame (c) where the third horizon has merged with the two other. In frame (d) the horizon is
shown at T = 2.67MADM, where it has started to increase in thickness. At later times the EH
becomes more and more spherical.
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Figure 5: This figure shows a perspective view of the numerically-computed event horizon, to-
gether with some of its generators, for the head-on binary black hole collision discussed in detail
by Matzner et al. [108]. Figure courtesy of Edward Seidel.
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Matzner et al., 
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Part II:
Apparent, isolated, and 

dynamical horizons



Apparent horizons

• Event horizons are non-local in time, and 
cannot be found while evolving a spacetime

• Apparent horizons are local in time

• Apparent horizons can be used as 
“approximation” of event horizons

• Singularities are “always” contained in 
apparent horizons



Trapped surfaces
• Consider a closed 2-surface (e.g. a sphere) 

emitting a flash of light both inwards and 
outwards

• The wavefront of that flash will have an area 
that either increases or decreases

• The area change is called expansion Θ

• If Θ<0 in both directions everywhere on the 
surface, the surface is called trapped; this can 
occur in regions of high curvature



Trapped surfaces

• Trapped surfaces indicate the presence of a 
singularity; see e.g. [Hawking and Ellis; Wald]

• If one of the expansions is zero, the surface 
is called marginally trapped

• A marginally trapped surface can be an 
apparent horizon if certain additional 
properties hold



Expansion

la

2-metric of surface

null normal of surface

qab

Surface must be spacelike, smooth, and closed

Θ(!) = qabDa!b



Examples
Θ(n) < 0, Θ(!) > 0

Θ(n) < 0, Θ(!) < 0

Θ(n) < 0, Θ(!) = 0

Θ(n) > 0, Θ(!) > 0

“normal” case

inside black hole

apparent horizon

inside white hole

here l, n are the two null normals to the surface



Related concepts

• Marginal surface (MS)

• Marginally trapped surface (MTS)

• Marginally outer-trapped surface (MOTS)

• In numerical relativity, these concepts -- 
although well defined -- are washed together 
and often (wrongly) called “apparent 
horizon”



Apparent horizon 
equation in 3+1 form

• [Thornburg, Living Rev. Relativity 10, 3 
(2007)]
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It is this relation to the event horizon which makes apparent horizons valuable for numerical
computation: An apparent horizon provides a useful approximation to the event horizon in a slice,
but unlike the event horizon, an apparent horizon is defined locally in time and so can be computed
“on the fly” during a numerical evolution.

Given a family of spacelike 3 +1 slices which foliate part of spacetime, the union of the slices’
apparent horizons (assuming they exist) forms a world-tube21. This world-tube is necessarily either
null or spacelike. If it is null, this world-tube is slicing-independent (choosing a different family
of slices gives the same world-tube, at least so long as each slice still intersects the world-tube in
a surface with 2-sphere topology). However, if the world-tube is spacelike, it is slicing-dependent :
Choosing a different family of slices will in general give a different world-tube22.

7.3 Trapping, isolated, and dynamical horizons

Hayward [83] introduced the important concept of a “trapping horizon” (roughly speaking an
apparent horizon world-tube where the expansion becomes negative if the surface is deformed in the
inward null direction) along with several useful variants. Ashtekar, Beetle, and Fairhurst [16], and
Ashtekar and Krishnan [18] later defined the related concepts of an “isolated horizon”, essentially
an apparent horizon world-tube which is null, and a “dynamical horizon”, essentially an apparent
horizon world-tube which is spacelike.

These world-tubes obey a variety of local and global conservation laws, and have many ap-
plications in analyzing numerically-computed spacetimes. See the references cited above and also
Dreyer et al. [63], Ashtekar and Krishnan [19, 20], Gourgoulhon and Jaramillo [76], Booth [36], and
Schnetter, Krishnan, and Beyer [137] for further discussions, including applications to numerical
relativity.

7.4 Description in terms of the 3+ 1 variables

In terms of the 3 +1 variables, a MOTS (and thus an apparent horizon) satisfies the condition23

Θ ≡ ∇is
i + Kijs

isj −K = 0, (15)

where si is the outward-pointing unit 3-vector normal to the surface24. Assuming the Strahlkörper
surface parameterization (4), Equation (15) can be rewritten in terms of angular 1st and 2nd
derivatives of the horizon shape function h,

Θ ≡ Θ(h, ∂uh, ∂uvh; gij , ∂kgij ,Kij) = 0, (16)

where Θ is a complicated nonlinear algebraic function of the arguments shown. (Shibata [146] and
Thornburg [153, 156] give the Θ(h, ∂uh, ∂uvh) function explicitly.)

21This world-tube is sometimes called “the apparent horizon”, but this is not standard terminology. In this review
I always use the terminology that an MOTS or apparent horizon is a 2-surface contained in a (single) slice.

22Ashtekar and Galloway [17] have recently proved “a number of physically interesting constraints” on this slicing-
dependence.

23The derivation of this condition is given by (for example) York [164], Gundlach [80, Section IIA], and Baumgarte
and Shapiro [27, Section 6.1].

24Notice that in order for the 3-divergence in Equation (15) to be meaningful, si (defined only as a field on the
MOTS) must be smoothly continued off the surface and extended to a field in some 3-dimensional neighborhood of
the surface. The off-surface continuation is non-unique, but it is easy to see that this does not affect the value of Θ
on the surface.
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s: outward pointing spacelike normal to surface
t: future pointing timelike normal to hypersurface

!a = 1√
2
(sa + ta)

qab = γab − sasb
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2 2-Surface Parameterizations

2.1 Level-set-function parameterizations

The most general way to parameterize a 2-surface in a slice is to define a scalar “level-set function”
F on some neighborhood of the surface, with the surface itself then being defined as the level set

F = 0 on the surface. (3)

Assuming the surface to be orientable, it is conventional to choose F so that F > 0 (F < 0)
outside (inside) the surface. The choice of level-set function for a given surface is non-unique, but
in general this is not a problem.

This parameterization is valid for any surface topology including time-dependent topologies.
The 2-surface itself can then be found by a standard isosurface-finding algorithm such as the
marching-cubes algorithm [105]. (This algorithm is widely used in computer graphics and is im-
plemented in a number of widely-available software libraries.)

2.2 Strahlkörper parameterizations

Most apparent horizon finders, and some event-horizon finders, assume that each connected com-
ponent of the apparent (event) horizon has S2 topology. With the exception of toroidal event
horizons (discussed in Section 4), this is generally a reasonable assumption.

To parameterize an S2 surface’s shape, it is common to further assume that we are given
(or can compute) some “local coordinate origin” point inside the surface such that the surface’s 3-
coordinate shape relative to that point is a “Strahlkörper” (literally “ray body”, or more commonly
“star-shaped region”), defined by Minkowski [138, Page 108] as

a region in n-D Euclidean space containing the origin and whose surface, as seen from
the origin, exhibits only one point in any direction.

The Strahlkörper assumption is a significant restriction on the horizon’s coordinate shape (and
the choice of the local coordinate origin). For example, it rules out the coordinate shape and local
coordinate origin illustrated in Figure 1: a horizon with such a coordinate shape about the local
coordinate origin could not be found by any horizon finder which assumes a Strahlkörper surface
parameterization.

Figure 1: This figure shows a cross-section of a coordinate shape (the thick curve) which is not a
Strahlkörper about the local coordinate origin shown (the large dot). The dashed line shows a ray
from the local coordinate origin, which intersects the surface in more than one point.

For event-horizon finding, algorithms and codes are now available which allow an arbitrary
horizon topology with no Strahlkörper assumption (see the discussion in Section 5.3.3 for details).
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For apparent horizon finding, the flow algorithms discussed in Section 8.7 theoretically allow any
surface shape, although many implementations still make the Strahlkörper assumption. Removing
this assumption for other apparent horizon finding algorithms might be a fruitful area for further
research.

Given the Strahlkörper assumption, the surface can be explicitly parameterized as

r = h(θ, φ), (4)

where r is the Euclidean distance from the local coordinate origin to a surface point, (θ, φ) are
generic angular coordinates on the horizon surface (or equivalently on S2), and the “horizon shape
function” h : S2 → "+ is a positive real-valued function on the domain of angular coordinates
defining the surface shape. Given the choice of local coordinate origin, there is clearly a one-to-one
mapping between Strahlkörper 2-surfaces and horizon shape functions.

There are two common ways to discretize a horizon shape function:

Spectral representation
Here we expand the horizon shape function h in an infinite series in some (typically orthonor-
mal) set of basis functions such as spherical harmonics Y!m or symmetric trace-free tensors2,

h(θ, φ) =
∑

!,m

a!mY!m(θ, φ). (5)

This series can then be truncated at some finite order #max, and the Ncoeff = #max(#max+1)
coefficients {a!m} used to represent (discretely approximate) the horizon shape. For reason-
able accuracy, #max is typically on the order of 8 to 12.

Finite difference representation
Here we choose some finite grid of angular coordinates {(θk,φk)}, k = 1, 2, 3, . . . , Nang

on S2 (or equivalently on the surface)3, and represent (discretely approximate) the surface
shape by the Nang values

{h(θk,φk)} k = 1, 2, 3, . . . , Nang. (6)

For reasonable accuracy, Nang is typically on the order of a few thousand.

It is sometimes useful to explicitly construct a level-set function describing a given Strahlkörper.
A common choice here is

F ≡ r − h(θ, φ). (7)

2.3 Finite-element parameterizations

Another way to parameterize a 2-surface is via finite elements where the surface is modelled as a
triangulated mesh, i.e. as a set of interlinked “vertices” (points in the slice, represented by their
spatial coordinates {xi}), “edges” (represented by ordered pairs of vertices), and faces. Typically
only triangular faces are used (represented as oriented triples of vertices).

A key benefit of this representation is that it allows an arbitrary topology for the surface.
However, determining the actual surface topology (e.g. testing for whether or not the surface
self-intersects) is somewhat complicated.

This representation is similar to that of Regge calculus [128, 72]4, and can similarly be expected
to show 2nd order convergence with the surface resolution.

2For convenience of exposition I use spherical harmonics here, but there are no essential differences if other basis
sets are used.

3I discuss the choice of this angular grid in more detail in Section 8.5.1.
4There has been some controversy over whether, and if so how quickly, Regge calculus converges to the continuum
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si = ∂iF√
γjk∂jF∂kF

This ansatz turns the AH equation into a
(nonlinear) elliptic equation for h

which can be solved by standard methods



Problems

• Apparent horizons can (and do) suddenly 
appear, they do not merge smoothly like 
event horizons

• Fast elliptic solvers need a good initial guess

• Flow solvers are slow

• Coordinate singularities on the 2-surface 
(poles) can pose problems
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FIG. 5: Irreducible mass vs. time for the individual and the
common MTTs. The outer common MTT grows and accretes
mass, while the inner MTT shrinks and loses mass.

versed in the inwards direction (i.e., along −r̂a) so that its
area appears to decrease. Shortly after its formation, the
inner MTT becomes partly timelike and later fully time-
like. Recall that for a TLM, the area decreases if Θ(n) < 0.
Thus, both the spacelike and timelike portions of the in-
ner MTT contribute to its monotonic area decrease. This
behavior of the outer MTT is roughly similar to what
was found in [47] for spherically symmetric horizons;
however due to spherical symmetry, the horizons in [47]
did not have any cross sections of mixed signature.

Figure 6 demonstrates how the common outer ap-
parent horizon grows. The energy flux vanishes at the
poles, and the shear (but not the total flux) is maximum
at the equator. The horizon is spacelike all the time, but
it becomes increasingly isolated at late times as it ap-
proaches equilibrium. Thus the rate of area increase be-
comes smaller and the fluxes also becomes correspond-
ingly smaller.

Let us now consider the higher mass multipoles Mn
(all the Jns vanish identically). Here, since all quanti-
ties are symmetric with respect to a reflection about the
equatorial plane, Mn = 0 for odd n. Figure 7 plots the
mass quadrupole moment M2 and also M4 and M6 of
the outer and inner common MTTs as a function of time.
We expect that the black hole should eventually settle
down to a Schwarzschild solution by radiating away all
of its higher multipole moments. Clearly, for the outer
MTT, M2, M4 and M6 all become smaller with time, ap-
proaching zero. However, the run did not last long
enough for us to obtain the asymptotic fall-off rate. It
is interesting to note that, as far as we can tell, the mul-
tipole moments for the inner MTT do not vanish asymp-
totically. This tells us that the spacetime near the inner
MTT is not close to Schwarzschild even at late times.
At even later times, all the inner horizons presumably
cease to exist (see next paragraph) and the spacetime ap-
proaches Schwarzschild everywhere.

We conclude this section with some remarks on the
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FIG. 6: Energy flux and shear |σ(!̄)|2 through the outer com-
mon horizon vs. latitude θ at t = 0.6, and the total energy flux
vs. time. The shear vanishes at the poles and the black hole
settles down exponentially.

eventual fate of the inner MTT. First of all, as expected,
the outer MTT eventually settles down and approaches
future timelike infinity. The inner MTT shrinks and ap-
proaches the two individual horizons which are essen-
tially stationary. It is interesting to speculate on how, if
at all, the inner MTT will merge with the two individual
MTTs. Does the inner MTT “pinch off” into two indi-
vidual horizons? If the inner MTT is indeed the one pre-
dicted by [52], then it has a priori curvature bounds. If
these curvature bounds are maintained in the limit, then
the inner horizon cannot pinch off. It is more likely that
the two individual MTTs merge first with each other and
then later, perhaps also with the inner MTT. It would
be interesting to investigate this question further. If
the inner MTT does indeed merge smoothly with the
two individual MTTs, then the set of all MTTs in this
case would form one single smooth 3-manifold. Fur-
thermore, the area of the cross-section of this manifold
would be monotonic in the outward direction – travers-
ing this manifold in the outward direction means going
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FIG. 3: Coordinate shapes of the horizons at t = 1 in the xz
plane. A common horizon has formed, and the inner and outer
common horizons have already separated. Compare figure 2.

This makes both the individual and the outer common
horizon grow in coordinate space. We used the Cactus
framework [61, 62], the Carpet mesh refinement driver
[63, 64], and the CactusEinstein infrastructure. We lo-
cated the apparent horizon surfaces with J. Thornburg’s
AHFinderDirect [48, 65].

In this setup, the apparent horizon has two discon-
nected components in the initial data, and a common
MOTS forms shortly after t = 0.5. The individual hori-
zons are null up to numerical errors (consistent with
the result on the smallness of σ(!) in the far limit), and
their masses are essentially constant up to numerical er-
ror. As discussed in section II B 2 and figure 2, the com-
mon MOTS forms initially as a single surface but then
bifurcates: an outer horizon which is strictly-stably-
outermost, and an inner one which becomes strictly un-
trapped on being deformed inwards. Figure 3 shows
the shapes of the individual and the inner and outer
common MOTSs at time t = 1, where the inner and
outer common MTTs have already noticeably separated.
As expected, the outer MTT is purely spacelike while
the inner MTT, being spacelike initially, becomes partly
timelike quickly. Figure 4 shows the horizon world tube
metric signature at t = 0.6 and t = 1. At later times,
the outer MTT tends to become null (as expected), while
the inner MTT becomes completely timelike, and then
becomes so distorted at about t = 1.2 that it cannot be
reliably tracked any more. This coordinate distortion is
already evident in figure 3, and the horizon discretisa-
tion used in the apparent horizon finder is inaccurate
near the neck of the inner horizon [48]. Figure 5 shows
the time evolution of the masses M =

√

AS/16π of the
individual and the common horizons (in this case, the
angular momentum vanishes identically). If M∞ is the
asymptotic value of the mass of the outermost horizon
at late times, then MADM − M∞ is, in principle, a reliable
way of estimating the amount of energy radiated away
to infinity in the form of gravitational waves. This dif-
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FIG. 4: Determinant of the horizon world tube’s three-metric
vs. latitude θ at t = 0.6 and t = 1. The individual MTTs are
null, i.e., det q̃ = 0 (up to numerical errors). The common
outer MTT is spacelike (i.e., det q̃ > 0) and it tends to null
at late times. The inner common MTT is partially timelike at
t = 0.6; later it becomes completely timelike.

ference could be used as a consistency check on other es-
timates using the extracted waveforms at large distances
from the black holes. However, our emphasis in this pa-
per is on the dynamics of the merger and not on long
duration stable evolutions. Our simulations do not last
long enough to estimate M∞ reliably.

Another feature of the horizons, shown in figure 5, is
that while the common outer MTT increases in area as
expected, the area of the common inner MTT decreases
monotonically. This is explained as follows. Initially,
when the common MOTS is just formed, by continu-
ity with the outer MTT, the inner MTT is spacelike for a
very short duration (much before t = 0.6) and it is thus
a DH for this duration. However, this DH is being tra-
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is interesting to note that, as far as we can tell, the mul-
tipole moments for the inner MTT do not vanish asymp-
totically. This tells us that the spacetime near the inner
MTT is not close to Schwarzschild even at late times.
At even later times, all the inner horizons presumably
cease to exist (see next paragraph) and the spacetime ap-
proaches Schwarzschild everywhere.

We conclude this section with some remarks on the
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FIG. 6: Energy flux and shear |σ(!̄)|2 through the outer com-
mon horizon vs. latitude θ at t = 0.6, and the total energy flux
vs. time. The shear vanishes at the poles and the black hole
settles down exponentially.

eventual fate of the inner MTT. First of all, as expected,
the outer MTT eventually settles down and approaches
future timelike infinity. The inner MTT shrinks and ap-
proaches the two individual horizons which are essen-
tially stationary. It is interesting to speculate on how, if
at all, the inner MTT will merge with the two individual
MTTs. Does the inner MTT “pinch off” into two indi-
vidual horizons? If the inner MTT is indeed the one pre-
dicted by [52], then it has a priori curvature bounds. If
these curvature bounds are maintained in the limit, then
the inner horizon cannot pinch off. It is more likely that
the two individual MTTs merge first with each other and
then later, perhaps also with the inner MTT. It would
be interesting to investigate this question further. If
the inner MTT does indeed merge smoothly with the
two individual MTTs, then the set of all MTTs in this
case would form one single smooth 3-manifold. Fur-
thermore, the area of the cross-section of this manifold
would be monotonic in the outward direction – travers-
ing this manifold in the outward direction means going

Horizon properties 
in a head-on 

collision
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Figure 5. are (x, y, t). The overlap of the horizons is clearly visible. Note that the horizon
surfaces are actually smooth everywhere; their apparent non-smoothness in some parts of this

figure is an artifact of the perspective projection.

4.2.2. QC-0 inspiral We have next considered the evolution of the QC-0 initial data defined

by [47] and as constructed with the highly-accurate spectral elliptic solver of [48]. In contrast

with what was done for the head-on collision, we here use the gauge source function (12) in

order to keep the lapse from collapsing and the shift from forming large coordinate distortions

in the strong-field region. While helping in terms of stability, these gauge source functions

also lead to a coordinate-growth of the apparent horizons.

The simulation started out with nine levels of mesh refinements, with the spacing on

the individual refinement levels being h(n) = 2.048 × 2−n, n = 0, . . . , 8 and yielding a
resolution of 0.008M on the finest refinement level, with an outer boundary at ≈ 160M . The

simulation was carried out in the x ≥ 0, z ≥ 0 quadrant, taking advantage of the reflection
symmetry across z = 0 and the π/2 rotation symmetry around the z axis. Around each black
hole we have used a set of refinement levels of size L(n) = RAH(t = 0) × 2(9−n) so that the

Szilágyi et al., Class. 
Quantum Grav. 24, 

S275 (2007)

Individual and common 
apparent horizons in a 

binary black hole system
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Figure 4: Penrose diagrams of Schwarzschild–Vaidya metrics for which the mass function M(v)
vanishes for v ≤ 0 [137]. The space-time metric is flat in the past of v = 0 (i.e., in the shaded
region). In the left panel, as v tends to infinity, Ṁ vanishes and M tends to a constant value M0.
The space-like dynamical horizon H, the null event horizon E, and the time-like surface r = 2M0

(represented by the dashed line) all meet tangentially at i+. In the right panel, for v ≥ v0 we
have Ṁ = 0. Space-time in the future of v = v0 is isometric with a portion of the Schwarzschild
space-time. The dynamical horizon H and the event horizon E meet tangentially at v = v0. In
both figures, the event horizon originates in the shaded flat region, while the dynamical horizon
exists only in the curved region.
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Horizons in
Vaidya metric

E: event horizon
H: dynamical horizon

Penrose diagram 
for radiation pulse
of finite duration

shaded region:
flat spacetime

3

I+ I+

i+ i+
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i0 i0

!a

!a

na

na

Figure 1: Penrose diagram of the extended Schwarzschild
spacetime, from a numerical relativity point of view. The bold
line is the null world tube of marginal surfaces. The hatched
area is the region of spacetime that is invisible to the “observer
at infinity”, which is located at the I+ to the right. Every point
in this figure is a sphere as in conventional Penrose diagrams,
except for the curves labeled NP and SP. If we represent the
Cauchy surface as f (T, X, θ, φ) = 0, then NP and SP are re-
spectively the projections of the north pole (θ = 0) and south
pole (θ = π); the intermediate angles lie in between. NP enters
the trapped region, but SP does not.

ing Eddington–Finkelstein coordinates. The stress en-
ergy tensor is determined by the derivative of M(v):

Tab =
Ṁ(v)

4πr2 ∂av ∂bv (2)

where Ṁ = ∂M/∂v ≥ 0. We shall use a time coordinate
defined as t = v − r and we shall take the mass function
to be non-zero only for v > 0. Thus, the spacetime is flat
for v ≤ 0.

It is easy to see that the only spherically symmetric
MTSs are the spheres given by r = 2M(v0) for a speci-
fied v0. These will be the apparent horizons on spher-
ically symmetric Cauchy surfaces which intersect the
r = 2M(v) surface. Let us denote the r = 2M(v) sur-
face by H. It is easy to show that H is spacelike and is a
trapping horizon. The EH lies outside H and is strictly
separated from H when Ṁ > 0; at late times, H asymp-
totes to the EH [10].

Let us now consider non-spherically symmetric
Cauchy surfaces. There is now an important qualitative
difference from the Schwarzschild case. There, the ana-
log of H was null and expansion free; the intersection
of any spacelike surface with H was then a marginal
surface, as long as this intersection was, topologically,
a complete sphere. This is also true more generally
when the black hole is isolated in an otherwise dynam-
ical spacetime (if H is an isolated horizon). However,
in genuinely dynamical situations, H is spacelike as in
the Vaidya example. In this case, if the intersection of a
Cauchy surface with H is not one of the spherically sym-
metric marginal surfaces, then the intersection cannot be a
marginal surface even if it is a complete 2-sphere. This state-
ment follows directly from Theorem 4.2 of [14]. Thus the
question naturally arises: are there apparent horizons
on non-symmetric Cauchy surfaces in the Vaidya space-
time? One would expect there to be Wald–Iyer Cauchy
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v=const
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-
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Figure 2: The t-z section of the Vaidya spacetime where t = v−
r. The tilted lines are (sections of) the axisymmetric surfaces
given in eq. (4) for a range of t̄ values. The marginal surfaces
on these sections are marked by a “"”. The dynamical horizon
H (the r = 2M(v) surface) are the pair of bold curves, and the
two dashed straight lines are the v = 0 light cone which is the
boundary of the flat portion of the spacetime. The singularity
is the positive t-axis (z = 0, t ≥ 0).

surfaces which come arbitrarily close to the singularity
but which do not contain any marginal surfaces, but we
shall now see that apparent horizons do exist on a large
class of non-symmetric Cauchy surfaces.

We choose the mass function

M(v) =

{

0 for v ≤ 0
M0 v2/(v2 + W2) for v > 0

(3)

with the constants M0 = 1 and W = 1/10. This is a short
pulse of radiation that forms a black hole with the final
mass M0. This mass function is only C1 at v = 0, but our
results are unchanged qualitatively for other mass func-
tions with higher differentiability. For this mass func-
tion the singular point v = 0, r = 0 is locally naked (see
e.g. [15]), but this is not relevant for our purposes.

We examine the spacetime with a slicing that is only
axially symmetric. We use a time coordinate t̄ given by

t̄ = t − αz = v − r (1 + α cos θ) , (4)

where t = v− r is the standard Vaidya time, and the con-
stant α determines how much the slice is boosted in the
z direction. We chose α = 10/11. We have also exam-
ined other more complicated foliations, but the results
presented below do not change qualitatively.

The results are shown in figures 2 and 3. Figure 2
shows the t-z section of the Cauchy surfaces for a range
of t̄ values, and the distorted MSs on these sections. This
clearly shows that the MSs extend outside H and can
also extend into the flat region. Figure 3 shows the MS
on the t̄ = −0.3 and t̄ = 0 slices. The MS at t̄ = 0 is
a future marginally trapped surface, i.e., Θ(n) < 0. At
t̄ = −0.3, the MS extends into the flat portion, and this
part of S is planar, with Θ(n) = Θ(!) = 0. On the rest



Apparent and
event horizons

• EH is 3D null surface, AH is 2D spacelike 
surface

• In stationary situations AH and EH coincide

• AH depend on the foliation (i.e., the choice 
of time coordinate)



Mass and spin

2Mirr = R =
√

A

4π

J = − 1
8π

∮
Kijξ

isj dΩ

M =

√

M2
irr +

(
J

2Mirr

)2

irreducible mass
(areal radius)

angular momentum

total mass

ξ: (generalised) Killing vector field on 2-surface



Mass and spin
• [Dreyer et al., Phys. Rev. D 67, 024018 

(2003); Ashtekar and Krishnan, Living Rev. 
Relativity 7, 10 (2004); Cook and Whiting, 
arXiv:0706.0199 [gr-qc]]

• Angular momentum requires (generalised) 
Killing vector field on horizon

• Angular momentum is quasi-local, valid on 
every 2-surface (not just horizons), has 
correct ADM limit at infinity



Isolated/dynamical 
horizons

• If apparent horizons form a smooth world 
tube, then this is:

• isolated horizon if world tube is null 
(stationary)

• dynamical horizon if world tube is 
spacelike everywhere

• marginally trapped tube if world tube is 
(partly) timelike
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highly dynamical. This situation is formalized by the
notion of an isolated horizon [11, 12, 13, 14, 15]. Us-
ing isolated horizons, it has been possible to derive the
laws of black hole mechanics, use it as a basis for the
quantum black hole entropy calculations and find unex-
pected properties of hairy black holes in Einstein-Yang-
Mills theory; see [19] and references therein. Most im-
portantly for our purposes, isolated horizons have also
proved to be useful in numerical relativity. For exam-
ple, isolated horizons provide a coordinate invariant
method of calculating the angular momentum and mass
of a black hole [35]. They can be used to obtain bound-
ary conditions for constructing quasi-equilibrium initial
data sets [36, 37, 38, 39]. They might have a role in wave-
form extraction [15]. A pedagogical review of isolated
horizons from the numerical relativity perspective can
be found in [21].

In this paper, we are more interested in the dynamical
regime when the MTT is not null. A spacelike MTT con-
sisting of future-marginally trapped surfaces is called
a Dynamical Horizon (DH). Thus, a dynamical horizon
is a spacelike 3-surface equipped with a given foliation
by FMOTSs. The properties of a dynamical horizon are
studied in detail in [9, 10, 40]. The case when the horizon
is very close to being isolated but still evolving dynam-
ically has been studied in [41, 42] and its Hamiltonian
treatment is considered in [43]. Note that the local ex-
istence of DHs follows from the local existence of MTTs
because if Θ(n) < 0 at any given time, it will continue
to be strictly negative for at least a short duration. We
elaborate on the spacelike property below.

A timelike MTT will be called a timelike membrane
(TLM). A TLM cannot be considered to represent the
surface of a black hole since a time-like surface is not
a one-way membrane, and both ingoing and outgoing
causal curves can pass through it. In some instances, we
shall use the term “horizon” loosely to refer to a generic
marginal surface or a MTT without any further quali-
fiers. The exact meaning should hopefully be clear from
the context.

An explicit example of a dynamical horizon is pro-
vided by the Vaidya spacetime which describes the
gravitational collapse of null dust [44, 45, 46]. (See
also [47] for further examples in spherically symmetry).
More generally, figure 1 depicts a dynamical horizon H
bounded by two MOTSs S1 and S2. S is a typical mem-
ber of the foliation. The vector τ̂a is the future directed
unit timelike normal to H, r̂a is tangent to H and is
the unit outward pointing spacelike normal to the cross-
sections. A fiducial set of null normals is

!
a =

1√
2
(τ̂a + r̂a) , na =

1√
2
(τ̂a − r̂a) . (2.7)

As before, Θ(!) = 0 and Θ(n) < 0. The area of a cross-
section S will be denoted by AS and its radius by RS :=
√

AS/4π. A radial coordinate on H will be denoted by
r; the cross sections of H are the constant r surfaces. The
3-metric and extrinsic curvature of H will be denoted

τ̂a

S1

S2

nar̂a

!a
H

S

Ta

RaΣ

FIG. 1: A dynamical horizon H bounded by MOTSs S1 and S2.
!a is the outgoing null normal, na is the ingoing null normal, r̂a

is the unit spacelike normal to the cross-sections, and τ̂a is the
unit timelike normal to H. Σ is a Cauchy surface intersecting
H in a 2-sphere S. Ta is the unit timelike normal to Σ and Ra

is the unit space-like outward pointing vector normal to S and
tangent to Σ.

respectively by qab and Kab, and q̃ab is the 2-metric on S.

Figure 1 shows also a Cauchy surface Σ intersecting
a dynamical horizon H. This intersection S will always
be assumed to be one of the given cross-sections of H.
The unit timelike normal to the horizon is Ta and the
unit outward pointing spacelike normal to S within Σ
is Ra. The three metric and extrinsic curvature of Σ are
denoted by q̄ab and K̄ab respectively. The fiducial set of
null normals to S arising naturally from Σ are

!̄
a =

1√
2
(Ta + Ra) , n̄a =

1√
2
(Ta − Ra) . (2.8)

A boost transformation of the form of equation (2.2) con-
nects (!a, na) and (!̄a, n̄a):

!
a = f !̄a , na = f−1n̄a . (2.9)

When the horizon settles down and becomes null, an
infinite boost ( f → ∞) is required to go from (!̄a, n̄a) to
(!a, na).

We conclude this sub-section with a short summary of
some basic properties of a dynamical horizon:

Topology: The cross-sections of a DH can be either
spherical or toroidal [9, 10, 16, 34]. Toroidal topol-
ogy is possible only in exceptional cases when
σ(!)ab, the scalar curvature R̃ of S, L!Θ(!), Rab!

b,
and ζa (defined in section III) all vanish on S [10].
We shall therefore always take the cross-sections to
be spherical. There are no similar results for cross-
sections of TLMs. However, we use an apparent
horizon tracker which can only locate spherical
AHs [48] and therefore all observed MOTSs have
spherical topology.

Second Law: The area of the cross-sections of a DH in-
creases along r̂a [9, 10]. Thus, if we choose a time
evolution vector field ta for which t · r̂ > 0, then
the area of the dynamical horizon will increase
in time, and this result can be called the second



Fluxes on
dynamical horizons

• DHs have well-defined energy and angular 
momentum fluxes due to matter and 
gravitational radiation

• These fluxes have corresponding quasi-local 
energy and angular momentum balance laws

• Such fluxes cannot physically be defined for 
event horizons (since EHs grow even in flat 
space)



Please interrupt and ask 
questions at any time



Part III:
Gravitational wave 

extraction



Why look at 
gravitational waves?

• Gravitational waves can be observed from 
far away, i.e., without sending a space probe 
to a black hole

• They carry information about the strong 
field region

• Can be detected by LIGO, GEO600, Virgo, 
Tama, etc.



Definition

• The concept of a gravitational wave is 
difficult to define in general

• Things are clear in a linearised or 
perturbative regime

• Things are also well-defined at future null 
infinity, from where we “observe” what 
happens in the spacetime



Methods

1. Perturbative extraction: Regge-Wheeler-
Zerilli formalism
e.g. [Pazos et al., Class. Quantum Grav. 24, 
S341 (2007)]

2. Extraction based on Weyl scalars
(most commonly used in numerical 
relativity)



Weyl tensor

• Riemann tensor contains complete 
curvature information (20 components in 
4D)

• Ricci tensor (Einstein tensor) is determined 
by energy/momentum content (10 
components in 4D)

• Weyl tensor (10 components) is determined 
by initial and boundary conditions



Weyl scalars

• Weyl tensor can be decomposed into 5 
complex scalars

• Scalars are coordinate independent, but 
depend on a choice of (null) tetrad

• Far away, and with a good tetrad choice, 
these Weyl scalars have certain meanings



Null tetrad

na
!a

ma, m̄a

outgoing null direction
ingoing null direction

tangential (complex) null directions

Ψ4 = Cabcdm̄anbm̄cnde.g.



Interpretation
lim

r→∞
Ψn ∼

1
r5−n

If peeling property holds:

Ψ0

Ψ1

Ψ2

Ψ3

Ψ4

incoming gravitational radiation

incoming gauge wave

outgoing gravitational radiation

outgoing gauge wave

Coulomb field (mass and spin)

Then:



Implementation

• Extract waves on spheres “far away” from 
the source, typically 30M to 80M (only multi-
domain codes do much better)

• Spheres are typically coordinate spheres

• Extract waves on several spheres at different 
radii and compare results

• Choose a tetrad aligned with foliation and 
extraction spheres



Remarks

• Extracting on several spheres allows 
determining whether far enough away, and 
allows testing peeling property
(note light travel time between detectors)

• Using coordinate spheres is bad, since it 
makes the results gauge dependent

• Waveforms are typically decomposed into 
spherical harmonics



Problems

• Extracting far away is expensive:

• Need to simulate longer (light travel time)

• Need sufficient resolution at detector

• No obvious coordinate-independent tetrad 
choice on extraction spheres

• Everything is slicing dependent (may need 
change of time coordinate)



Proposed solutions

• Tetrad choice: use Kinnersley tetrad

• Surface choice: use constant expansion 
surfaces (gauge invariant)



Examples
7

FIG. 2: Convergence of the fiducial waveform Q+
22 for the binary sys-

tem r0 before and after the time-shift defined in Eqs. (A1)–(A3). In
the upper graph we show the difference between Q+

22 when computed
at different resolutions, scaled for fourth-order convergence and us-
ing raw data (i.e., without time-shifting). The overlap between the
curves is rather poor indicating an over-convergence (i.e., the trunca-
tion error appears to be smaller than expected). In the lower panel we
show the same data but after time-shifting. The very good overlap of
the scaled curves on the indicates that the time-shifting is essential
for obtaining properly scaling differences between runs of various
resolutions.

medium and high resolution runs by the time interval needed
to produce an alignement of the maxima of the emitted radia-
tion. Details on how to do this are discussed in Appendix A,
and we report in the lower panel of Fig. 2 the same data
shown in the upper panel, but after the time-shifting. Clearly,
the overlap is now extremely good suggesting that the time-
shifting is essential for obtaining the expected fourth-order
convergence in the waveforms. In accord with the conver-
gence in the waveforms we also see fourth order convergence
in the final kick value.

As a final note we remark that besides validating a proper
convergence of the code, it is also important to assess the ac-
curacy of any measurable quantity at the relevant resolutions
considered here. As a representative and physically mean-
ingful quantity we have considered the accuracy of the fidu-
cial waveform Q+

22 for the binary system r0. This is shown
in Fig. 3, where in the upper graph we report the waveforms
at the three different resolutions: very-high (continuous line),
high (dashed line) and medium (dotted line). Already with
the lowest of these resolutions the accuracy is sufficiently high
so that the curves are essentially undistinguishable from each

FIG. 3: Accuracy of the fiducial waveform Q+
22 for the binary sys-

tem r0. In the upper graph we show the waveforms at the three dif-
ferent resolutions: very-high (continuous line), high (dashed line),
medium (dotted line). The accuracy is very good already with the
lowest resolution and the curves cannot be distinguished. The lower
panels show magnifications of some relevant portions of the wave-
form, with the lower-left panel concentrating on the initial transient
radiation produced by the truncation error. The lower-right panel, on
the other hand, refers to the quasi-normal ringing and shows that it is
well-captured at all resolutions.

other by eye. The lower panels show magnifications of the
relevant portions of the waveform, with the lower-left panel
concentrating on the initial transient radiation produced by
the truncation error. The latter clearly is rather large at the
medium resolution, but it nicely converges away when the
grid spacing is decreased. The lower-right panel, on the other
hand, refers to the quasi-normal ringing and shows that it is
well-captured at all resolutions.

III. LINEAR MOMENTUM OF BLACK HOLE
SPACETIMES

In radiating spacetimes where the radiation is emitted
asymmetrically, there will be a net linear momentum imparted
to the system. In particular, in the case of a binary black hole
merger, the final black hole receives a “kick” which causes
it to move off at a given velocity. This velocity can be de-
termined by an analysis of the emitted radiation. In ADM-
type numerical simulations, this is typically done by evalu-
ating some scalar quantity which can be associated with the
wave energy at some large radius within the computational

[Pollney et al., arXiv:
0707.2559 [gr-qc]] 5
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Fig. 2.— Recoil velocity V x and V y computed from different de-
tector locations for S0.10 with resolution h = M/40. The detectors
were located at rdet/M = (30, 40, 50).

for the R1 run in Baker et al. (2006a) and found res-
olution ranges that yield between 3rd- and 4th- order
convergence. Also as a code test, we carried out a non-
spinning, unequal mass simulation for η = 0.23. The kick
obtained from this run (∼ 130km s−1) matches that by
Gonzalez et al. (2006). Because the BBH setups in our
present work have no symmetries, the computational cost
of each simulation is high (for our h = M/40 resolution
runs the cost is ∼ 44 hours on 32 CPU cores for a total
of about ∼ 1400 CPU hours on a supercomputer), so to
demonstrate convergence our runs were limited to reso-
lutions h ≤ M/40. We present convergence results for
the S0.10 case; the other cases have similar behavior.

Figure 3 shows the amplitude of the dominant " =
2, m = 2 mode of Ψ4. The top panel of the fig-
ure displays the mode at the three different resolutions
(h/M = 1/32, 1/35, 1/40). The bottom panel shows the
coarse-medium (“c-m”) differences and the medium-fine
(“m-f”) differences rescaled for 2nd, 3rd and 4th order.
As the plot shows, this mode converges between 3rd and
4th order. In our convergence studies for other systems
(e.g. equal mass BHs) getting closer to 4th-order con-
vergence required at least a factor of two between the
coarsest and finest resolution. Given the range of reso-
lutions that we are able to do for the present study, the
deterioration of our convergence should not be surprising.
Nonetheless, we believe that the observed level of conver-
gence in our simulations will not affect the astrophysical
implications of the magnitude of our kick estimates.

As a check of our implementation of the kick extrac-
tion, Figure 4 compares the recoil velocity computed
from equation (11) and equation (13) for the case S0.10
with resolution h = M/40. For equation (13), we include
up to " = 4 modes. It is evident from this plot that with
the modes " ≤ 4 one can reconstruct most of the total
recoil velocity.

5. RESULTS

First, we present the main results of our work, namely
the kick estimates together with the radiated energy and
angular momentum, followed by a discussion of conver-
gence and a mode analysis of the kicks.

5.1. Kicks and Radiated Energy and Momentum

The core results of our work are summarized in Ta-
ble 2. Table 2 lists the values for the total recoil V , en-
ergy ∆E and angular momentum ∆J radiated for each of
the cases considered. The reported values were obtained
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TABLE 2
Radiated Quantities

Model a V (km s−1) ∆E(%) ∆J(%)

S0.05 0.2 96 ± 7 3.24 26.82

S0.10 0.4 190 ± 10 3.30 27.05

S0.15 0.6 285 ± 12 3.33 27.12

S0.20 0.8 392 ± 33 3.34 26.83

with resolutions h = M/40 and extracted at rdet = 40 M .
For reference, we include also the dimensionless spin pa-
rameter a. Figure 5 displays the recoil velocity V as a
function of the dimensionless spin parameter a for all the
resolutions used in our simulations. Solid circles denote
resolutions h = M/40, diamonds resolutions h = M/32
and inverted triangles resolutions h = M/30. The error

[Herrmann et al., Astrophys. J. 
661, 430 (2007)]



Alternatives

• Cauchy-characteristic matching (CCM): 
extract metric information at finite radius, 
then evolve along characteristics up to 
future null infinity

• Cauchy-perturbative matching (CPM): 
extract metric information at finite radius, 
then evolve perturbatively to very far away

• Could also be used for boundary conditions



Please interrupt and ask 
questions at any time


