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Lectures Overview

I. The Einstein Equations
(Formulations and Gauge Conditions)

II. Analysis Methods
(Horizons and Gravitational Waves)

III. Numerical methods
(Cactus and Mesh Refinement)



CCT

• Interdisciplinary research 
centre at LSU, about four 
years old

• Computer science, physics, 
mathematics, biology, 
music, ...

• Including a numerical 
relativity group (E. Seidel)

• http://www.cct.lsu.edu/

T. Sterling

http://www.cct.lsu.edu
http://www.cct.lsu.edu


The Einstein Equations:
Formulations and Gauges

1. 3+1 Decomposition, ADM equations

2. The BSSN system and its gauge conditions

3. Handling Singularities:
Excision, Static Punctures, Moving Punctures



Please interrupt and ask 
questions at any time



Part 1:
3+1 Decomposition, 

ADM equations

Or: How to write down the 
Einstein Equations such that a 

computer can solve them



Why solve the Einstein 
equations numerically?

• We want to understand gravity.  The Einstein equations are 
complex, and analytical methods are not enough to understand 
them

• Astrophysical spacetimes have gravity, matter, radiation, magnetic 
fields, etc.  Before we can study everything together, we need to 
understand each ingredient separately

• Gravitational wave detectors (LIGO, GEO600, ...) are taking data.  
Numerical calculations are necessary to understand 
measurements



Vacuum Equations

G = c = 1 (geometric units)

(vacuum)

(spacetime indices)

Gµν = 8πTµν

Tµν = 0
µ, ν, λ, . . . ∈ {0, 1, 2, 3}

“spacetime curvature”   =   “matter density”

Einstein tensor Energy-momentum tensor



Spacetime,
space, and time

• The concept of “spacetime” is very elegant; it 
describes physics very well

• However, current numerical methods exist only 
for space (e.g. finite differencing) and time (e.g. 
Runge-Kutta integration)

• Therefore we want to decompose the 
spacetime into space and time, so that we can 
solve the Einstein equations more easily



4 = 3+1
(spacetime=space+time)

i, j, k, . . . ∈ {1, 2, 3}

16 CHAPTER 2. INTRODUCTION

The general line element introduced in equation (2.8) can now be decomposed in {3+1} fashion:

ds2 = gµνdxµdxν = −α2dt2 + γij(dxi + βidt)(dxj + βjdt) . (2.18)

Here, γij is the 3-metric which is just the spatial part of the 4-metric: γij ≡ gij. The 4-metric now
assumes the following form:

gµν =


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
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

−α2 + βiβ
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, (2.19)

where βi = γijβ
j and the inverse metric reads

gµν =












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−α−2 α−2βi

α−2βj γij − α−2βiβj




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







. (2.20)

For projecting general four-dimensional vectors and tensors that live on M onto Σt, one must use
the projector

⊥µ
ν= g

µ
ν + nµnν , (2.21)

which is naturally orthogonal to n: ⊥ ·n = 0.

2.4.2 Eulerian Observers, Eulerian 3-Velocities, Physical 3-Velocities

It is now convenient to introduce the concept of Eulerian observers (see, e.g., [124]). Eulerian ob-
servers have world lines that are normal to the spacelike hypersurfaces, that is, they are at rest with
respect to the slicing of spacetime along the unit normal n and have n as 4-velocity. For example,
the path AB in figure 2.2 is a portion of the world line of an Eulerian observer and the shift vector βi

represents the 3-velocity of the spatial coordinates with respect to the Eulerian observer. For future
reference in the section on GR hydrodynamics (§2.5), I define the 3-velocity of an object (a fluid, for
example) as measured by an Eulerian observer:

vi =
⊥i

ρ uρ

−n ·u
=

ui

αu0
− ni =

ui

W
+

βi

α
, (2.22)

where the object/fluid-intrinsic 4-velocity u is defined as uµ = dxµ/dt̂ where t̂ is the physical (or
proper) time. I have used (2.16) and the fact that nµnµ = −1 to write −n ·u = αu0. αu0 which is the
Lorentz factor W satisfying

W =
1

√

1 − vivi

. (2.23)

For completeness, the covariant components of the Eulerian coordinate 3-velocity read

vi =
⊥ρ

i uρ

−n ·u
=

ui

W
. (2.24)

In general relativity with a general coordinate basis that is not necessarily orthonormal, the magni-
tude of the Eulerian 3-velocity vector is bounded by the speed of light, but its components, in general,
are not. A trivial example that demonstrates this is Minkowski spacetime in spherical coordinates
where ds2 = −dt2 + dr2 + r2(dθ2 + sin2 θdϕ2) and !v = [vr, vθ, vφ]T . In these coordinates, the angular
velocity components may become arbitrarily large for r → 0. It is now useful to define a physical
velocity as the 3-velocity v̂i measured by an Eulerian observer in a local orthonormal coordinate sys-
tem which can be introduced at any point on the spacelike hypersurface Σ [116]. The components of
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2.4 Numerical Relativity

Einstein’s Theory of General Relativity (GR) [4, 5] describes gravity in terms of the curvature of four-
dimensional spacetime (one temporal, three spatial dimensions). GR is non-linear, since curvature
is created by mass-energy and changed by variations in energy-momentum (including rest-mass
energy, kinetic energy, electro-magnetic field energy etc.), but at the same time curvature governs the
motion of mass-energy at least partly (completely in the case of vanishing other forces: strong, weak,
electromagnetic). Unlike Newtonian theory where gravitational action is instantaneous, changes in
the “gravitational field” described by curvature propagate at the finite speed of light.

The mathematical framework needed to describe GR is differential geometry which mathematically
describes spacetime as a four-dimensional manifold M on which a metric gµν and its inverse gµν

are defined. The invariant differential line element measuring the physical distance between two
infinitesimally separated spacetime events is given by

ds2 = gµνdxµdxν , (2.8)

where dx with components dxα describes the separation vector between the two events. In the
following, I shall assume that the reader is familiar with the basics of differential geometry. An
easy-to-read introduction geared towards the physical aspects can, for example, be found in Schutz’s
book [115].

The Einstein equations describe the non-linear relation between spacetime curvature and the energy-
matter fields and are given (here in dimensionfull units; in the following I assume c = G = M! = 1
unless noted otherwise) by

Gµν ≡ Rµν −
1

2
gµνR =

8πG

c4
Tµν , (2.9)

where all tensors are symmetric. Gµν is the Einstein tensor, Tµν is the stress-energy tensor describing

the matter and electro-magnetic components of spacetime. R ≡ R
ρ
ρ is the Ricci (or curvature) scalar

and Rµν is the Ricci tensor obtained via the contraction Rµν ≡ R
ρ
µρν of the Riemann curvature tensor

which itself is constructed as

Rσ
µρν ≡ Γσ

µν , ρ − Γσ
µρ , ν + Γσ

τρΓτ
µν − Γσ

τνΓτ
µρ (2.10)

from the connection coefficients, the Christoffel symbols, which are defined in terms of the metric

Γσ
µρ ≡

1

2
gστ(

gρτ,µ + gµτ,ρ − gµρ,τ
)

. (2.11)

Note that, even though I have chosen to write them in index notation and not in abstract tensor nota-
tion, equations (2.9) – (2.11) are covariant, that is, they are independent of the choice of coordinates.
In GR, all coordinate systems, and more tersely, all frames of reference, are treated on an equal foot-
ing. There is no such thing as global inertial frames of reference known in Special Relativity and
Newtonian theory.

Despite their superficial simplicity (2.9), the Einstein equations are a complicated set of 10 coupled
non-linear partial differential equations that have closed analytic solutions only for the most ideal-
ized physical settings (e.g. static spherically- or stationary axi-symmetric situations: Schwarzschild
and Kerr solutions. A much more detailed discussion can be found in, e.g., [116]). In any astrophys-
ically interesting scenario it is necessary to solve the Einstein equations numerically.

2.4.1 The Arnowitt-Desner-Misner {3+1} formalism

The Arnowitt-Desner-Misner formalism (ADM) [117, 118], based on the {3+1} splitting of spacetime
first introduced by Lichnerowicz [119], is the basis of most modern formulations of the Einstein
equations for numerical evolutions. In the following, I will only outline the most salient aspects of
ADM. A much more thorough modern derivation and discussion may be found, for example, in
York’s seminal article from 1979 [118] and in the 1998 review article by Baumgarte and Shapiro [120].
Parts of the following discussion have already appeared in similar fashion in the dissertations of
Thornburg [121], Dimmelmeier [18], Herrmann [122], and Baiotti [123].

Line element

4-metric

16 CHAPTER 2. INTRODUCTION

The general line element introduced in equation (2.8) can now be decomposed in {3+1} fashion:

ds2 = gµνdxµdxν = −α2dt2 + γij(dxi + βidt)(dxj + βjdt) . (2.18)

Here, γij is the 3-metric which is just the spatial part of the 4-metric: γij ≡ gij. The 4-metric now
assumes the following form:

gµν =















−α2 + βiβ
i βi

β j γij















, (2.19)

where βi = γijβ
j and the inverse metric reads

gµν =















−α−2 α−2βi

α−2βj γij − α−2βiβj















. (2.20)
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In general relativity with a general coordinate basis that is not necessarily orthonormal, the magni-
tude of the Eulerian 3-velocity vector is bounded by the speed of light, but its components, in general,
are not. A trivial example that demonstrates this is Minkowski spacetime in spherical coordinates
where ds2 = −dt2 + dr2 + r2(dθ2 + sin2 θdϕ2) and !v = [vr, vθ, vφ]T . In these coordinates, the angular
velocity components may become arbitrarily large for r → 0. It is now useful to define a physical
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xµ = [t, xi]
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Σt

A

α n dt

Σt+dt

βidtB C

Figure 2.2: Schematic geometric interpretation of the {3+1} foliation of spacetime. Individual spacelike slices Σ

are connected by (local) unit normal vectors nµ along which time is evolved at rate α. In addition, the coordinate
labels may change. This is expressed by the coordinate shift vector βi. This figure is adapted from Thornburg’s
dissertation [121].

In its non-discretized form, the ADM {3+1} formalism decomposes (or foliates / slices) the four-
dimensional spacetime manifold M into a continuous sequence of three-dimensional t-parametrized
spacelike hypersurfaces (slices) Σt encompassing an entire three-dimensional space. Such a decom-
position singles out “space” from “time”, taking a step backwards from Einstein’s elegant original
formulation that treats time and space on an equal footing, but enabling GR to be viewed as a more
conventional dynamical field theory. In this context, ADM defines a Cauchy problem, that is, if the
appropriate initial data on some slice Σt and boundary conditions for all other Σt′>t are specified,
then the time evolution of the initial data is determined.

I define a future-pointing timelike vector n orthonormal to the slices Σt: n = −α∇t, where α is
the lapse function determining the local evolution of time along the unit normal through the latter’s
normalization constraint n · n = −1. Furthermore, I introduce a coordinate basis for the entire
spacetime manifold M:

{e(µ)} = {e(0), e(i)} , (2.12)

with ei being purely spatial and tangent to the slices Σt at any point (orthogonal to the unit-normal
n of Σt). In these coordinates, an event x has components xµ = (t, xi). The invariant differential line
element connecting two events xµ and x′µ on infinitesimally separated slices Σt and Σt+dt is then
given by

ds2 = −(dt̂)2 + (dx̂)2 , (2.13)

where dt̂ and dx̂ be the changes in physical time and physical distance, respectively. From above
definition of the lapse one already knows that

dt̂ = αdt . (2.14)

In general, for an observer momentarily at rest in Σt at coordinates labeled xi, the same physical
3-location may be relabeled to x′i on Σt+dt via x′i = xi − βidt, where βi is an arbitrary spatial vector,
tangent to Σt. Hence, it is necessary to recover the original coordinate labeling when considering the
coordinate distances needed to measure physical distances from Σt to Σt+dt:

dx̂i = dxi + βidt , (2.15)

where dxi is the coordinate distance and βi represents the coordinate shift.

With the above choice of {e(µ)} and the definitions of α and βi, the coordinate representation of the
timelike contravariant unit vector nµ normal to Σt is given by

nµ =

(

1

α
,−

βi

α

)

. (2.16)

Since arbitrary shifts βi are allowed, the world line of a general coordinate observer does not need to
be normal to Σt. Instead, its tangent is given by the timelike unit vector

tµ = αnµ + βµ . (2.17)

Figure 2.2 schematically depicts the geometrical interpretation of foliation, lapse and shift.

α : lapse
βi : shift
γij : 3-metric

Foliation/Slicing
of the spacetime

spacelike
hypersurface



Foliation / Slicing

• We decompose the 4-metric into a 3-metric, 
lapse, and shift

• The 3-metric is positive definite; it describes a 
3-dimensional (curved) space

• Lapse and shift relate the coordinate systems at 
different times



ADM variables
γij

α

βi

Kij

3-metric

extrinsic curvature

lapse

shift

These variables, if known everywhere, describe the whole 
spacetime.  3-metric and extrinsic curvature describe the 

hypersurfaces themselves, lapse and shift describe the relation 
between hypersurfaces.

Kij = −Dinj

nµ = Dµt
|Dµt|



ADM equations
[Arnowitt, Deser, Misner (1963); York (1979)]

∂0γij = −2αKij

∂0 = ∂t − Lβ

Rij = . . . second derivatives of γij . . .

Rij

Kij extrinsic curvature

3-Ricci (curvature) tensor

∂0Kij = −DiDjα + α
(
Rij + KKij − 2KilK

l
j

)



Conventions

• There are different versions of the ADM 
quantities and ADM equations

• Note: different authors use different sign 
conventions, e.g. for the Ricci tensor or the 
extrinsic curvature

• The form presented here is “standard” in 
numerical relativity



Constraints

• The ADM equations correspond only to 6 (out 
of 10) Einstein equations.

• The other 4 Einstein equations do not contain 
time derivatives, i.e., they are not time evolution 
equations.

• Instead they are constraints which need to be 
satisfied at every time.



ADM constraints

H := R + K2 −KijK
ij = 0

M i := DjK
ij − γijDjK = 0

Hamiltonian constraint

Momentum constraint

Note:  no lapse and shift in constraints



Gauge conditions

• Need to specify lapse and shift in order to 
evolve

• Can do so (almost) freely

• Bad choices lead to bad coordinates, i.e., 
coordinate instabilities



Constraint evolution

• The initial condition needs to satisfy the 
constraints.  That is, one cannot start from 
arbitrary data

• The Einstein evolution equation guarantee that 
the constraints remain satisfied if they are 
satisfied initially

• This allows unconstrained evolution



Monitoring evolutions

• While a computer calculates a spacetime, it is 
necessary to check whether the result is good

• One important method is to examine how well 
the constraints are satisfied

• Another important test is to check for high-
frequency noise (zig-zags) in the solution 
(which should not be there)



Comparison to 
Electrodynamics

• The ADM equations are somewhat similar to 
the Maxwell equations

• The Maxwell equations contain constraints 
which relate charge density to E and B fields

• The Maxwell equations also contain time 
evolution equations which describe waves



Review

• We have decomposed the Einstein spacetime 
equations into spatial and temporal equations

• We have decomposed the 4-quantities into 3-
quantities and scalars

• In principle, we can now solve these equations 
as one solves the Maxwell equations



Caveat

• However, this is not yet so

• The ADM equations are unstable; time 
evolutions do not work: Noise is amplified, 
constraints grow

• Proving or examining this is complex since the 
equations are non-linear

• Years of experiments led to two stable 
formulations: BSSN and Harmonic



Please interrupt and ask 
questions at any time



Part II:
BSSN equations,
gauge conditions

Or: How to write down the 
Einstein Equations such that things 

actually work



BSSN

• The BSSN equations are an extension of the 
ADM equations

• The BSSN equations have a long history; many 
people contributed to this formulation

• BSSN: Baumgarte-Shapiro-Shibata-Nakamura

• Earlier: also Nakamura, Oohara, Kojima

• Later: also Alcubierre and others



Some References

• BSSN equations: [Alcubierre et al., Phys. Rev. D 
62, 044034 (2000)]

• BSSN gauges: [Alcubierre et al., Phys. Rev. D 
67, 084023 (2003); Baker et al., Phys. Rev. Lett. 
96, 111102 (2005)]

• Short overview: [Pollney et al., arXiv:0707.2559 
[gr-qc]]



BSSN variables
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3.3 The BSSN MoL Spacetime Evolution Code

BSSN MOL evolves the {3+1} Einstein equations in the NOK-BSSN [104, 140, 141] formulation with
the Method of Lines (MoL) time discretization scheme which I have discussed in § 3.2 of this disser-
tation. The spatial discretization is performed via standard centered second- or forth-order accurate
finite differences. BSSN MOL is a CACTUS thorn and was developed and is maintained at the AEI.
The original code was written by Miguel Alcubierre and Gabrielle Allen. Code details, tests and
analyses were published in Alcubierre et al. (2000) [144]. Ian Hawke has converted the code to use
MoL and Denis Pollney added fourth-order accurate finite differencing.

My original contribution to the BSSN MOL code is the implementation of a hyperbolic coordinate
shift condition approximating the well-known elliptic minimal distortion condition of Smarr and
York [381]. My implementation is similar to the shift condition proposed by Shibata [381].

In the following, I will briefly introduce the NOK-BSSN evolution system as implemented in the
BSSN MOL code. I will also present an overview of the gauge and boundary conditions used in this
dissertation.

3.3.1 The NOK-BSSN Evolution System

As already mentioned in §2.4.3, the ADM equations have undesirable stability properties that render
long-term stable numerical evolutions nearly impossible, and the numerical relativity community
has invested great effort into finding better formulations of Einstein’s equations for numerical rela-
tivity. One evolution system which is empirically found to behave relatively stable is NOK-BSSN1

(Nakamura-Oohara-Kojima – Baumgarte-Shapiro-Shibata-Nakamura) [104, 140, 141].

NOK-BSSN makes use of a conformal decomposition (see §2.4.4 for a similar conformal-type de-
composition that is, however, primarily used for initial data generation) of the ADM 3-metric and
the trace-free part of the extrinsic curvature 3-tensor. I now follow the discussion in Alcubierre et
al. [144]. The conformal 3-metric γ̃ij is related to the 3-metric via

γ̃ij ≡ e−4φγij , (3.12)

with the conformal factor fixed by

Ψ4 ≡ e4φ = det(γij)
1
3 = γ

1
3 , (3.13)

yielding det(γ̃ij) = 1. The trace-free part of the extrinsic curvature Kij, defined by

Aij ≡ Kij −
1

3
γijK , (3.14)

where K = Ki
i , is also conformally decomposed:

Ãij ≡ e−4φAij . (3.15)

The evolved variables of NOK-BSSN are [144]

φ = ln Ψ =
1

12
ln γ , (3.16)

K = Ki
i = γijKij , (3.17)

γ̃ij = e−4φγij , (3.18)

Ãij = e−4φAij . (3.19)

1Note that I choose to call NOK-BSSN what is in the literature widely known as BSSN. I do this in honor of the original
proposition of a conformal-traceless recast of the ADM equations by Nakamura-Oohara-Kojima [104].
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In terms of these variables, the ADM equations (2.28) and (2.29) are split into
(

∂

∂t
− Lβ

)

γ̃ij = −2αÃij (3.20)

(

∂

∂t
− Lβ

)

φ = −
1

6
αK (3.21)

(

∂

∂t
− Lβ

)

K = −γij∇̃i∇̃iα + α

(

Ãij Ã
ij +

1

3
K2 +

1

2
(ρADM + S)

)

(3.22)

(

∂

∂t
− Lβ

)

Ãij = e−4φ[−∇̃i∇̃jα + α(Rij − Sij)]
TF + α(KÃij − 2Ãil Ã

l
j) , (3.23)

where the evolution equation for the trace of the extrinsic curvature (3.22) is obtained via using the
Hamiltonian constraint to eliminate the Ricci scalar R [144] and TF denotes the trace-free part of
the term in brackets. Note that I am here not using the short notation for covariant derivatives and
instead denote covariant derivatives with respect to the conformal 3-metric γ̃ij by ∇̃i. As shown in
[140, 141], it is desirable to rewrite equation (3.23) using the conformally decomposed Ricci tensor,

Rij = R̃ij + R
φ
ij , (3.24)

where the term involving the logarithm of the conformal factor (φ = ln Ψ) is given by the computa-
tion of the derivatives of φ:

R
φ
ij = −2∇̃i∇̃jφ − 2γ̃ij∇̃l∇̃lφ + 4∇̃iφ ∇̃jφ − 4γ̃ij∇̃lφ ∇̃lφ . (3.25)

The conformal part R̃ij is computed in the standard way from the conformal 3-metric. To simplify
notation, it is convenient to define conformal connection functions [141] as the contraction of the 3-
Christoffel symbols via the conformal 3-metric2:

Γ̃i ≡ γ̃jk Γ̃i
jk = −γ̃

ij
,j , (3.26)

where the latter equality only holds if the determinant of the conformal 3-metric γ̃ is actually unity
(which holds analytically, but possibly not numerically). The conformal Ricci tensor then reads:

R̃ij = −
1

2
γ̃lmγ̃ij,lm + γ̃k(i∂j)Γ̃

k + Γ̃k Γ̃(ij)k + γ̃lm
(

2Γ̃k
l(iΓ̃j)km + Γ̃k

imΓ̃kl j

)

. (3.27)

Alcubierre et al. [144] found it to be advantageous for numerical stability to time-evolve the Γ̃i as in-
dependent variables. An evolution equation is straightforwardly obtained from definition (3.26) and
the evolution equation for the conformal 3-metric (3.20), and writing out the Lie-derivative terms:

∂

∂t
Γ̃i = −

∂

∂xj

(

2αÃij − 2γ̃m(jβi)
,m +

2

3
γ̃ijβl

,l + βlγ̃
ij
,l

)

. (3.28)

However, as demonstrated by Alcubierre et al. [144] it is crucial for stability to eliminate the diver-
gence of Ãij by means of the momentum constraint. Alcubierre et al. [144] then obtain (as imple-
mented in BSSN MOL)

∂

∂t
Γ̃i = −2Ãijα,j + 2α

(

Γ̃i
jk Ãkj −

2

3
γ̃ijK,j − γ̃ijSj + 6Ãijφ,j

)

−
∂

∂xj

(

βl γ̃
ij
,l − 2γ̃m(jβ

i)
, m +

2

3
γ̃ijβl

, l

)

. (3.29)

To summarize: NOK-BSSN rewrites the ADM variables and evolves the set {φ, K, γ̃i j, Ãij, Γ̃i} of inde-
pendent variables with a first-order-in-time, second-order-in-space evolution system. NOK-BSSN’s
greater stability has been determined empirically (see, e.g., [144]). Note, however, that, leaving
the stability issue aside, for the same numerical accuracy (measured in terms of constraint devia-
tion), NOK-BSSN requires finer numerical grid resolution than ADM [144]. A detailed analysis of
the system’s hyperbolicity and stability properties is very involved and has only recently been ap-
proached [143, 383].

2Note that the Γ̃i – like the Christoffel symbols – are not tensors and have a rather complicated transformation behavior, a
derivation of which can be found in Thornburg[382].
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the Method of Lines (MoL) time discretization scheme which I have discussed in § 3.2 of this disser-
tation. The spatial discretization is performed via standard centered second- or forth-order accurate
finite differences. BSSN MOL is a CACTUS thorn and was developed and is maintained at the AEI.
The original code was written by Miguel Alcubierre and Gabrielle Allen. Code details, tests and
analyses were published in Alcubierre et al. (2000) [144]. Ian Hawke has converted the code to use
MoL and Denis Pollney added fourth-order accurate finite differencing.

My original contribution to the BSSN MOL code is the implementation of a hyperbolic coordinate
shift condition approximating the well-known elliptic minimal distortion condition of Smarr and
York [381]. My implementation is similar to the shift condition proposed by Shibata [381].

In the following, I will briefly introduce the NOK-BSSN evolution system as implemented in the
BSSN MOL code. I will also present an overview of the gauge and boundary conditions used in this
dissertation.

3.3.1 The NOK-BSSN Evolution System

As already mentioned in §2.4.3, the ADM equations have undesirable stability properties that render
long-term stable numerical evolutions nearly impossible, and the numerical relativity community
has invested great effort into finding better formulations of Einstein’s equations for numerical rela-
tivity. One evolution system which is empirically found to behave relatively stable is NOK-BSSN1

(Nakamura-Oohara-Kojima – Baumgarte-Shapiro-Shibata-Nakamura) [104, 140, 141].

NOK-BSSN makes use of a conformal decomposition (see §2.4.4 for a similar conformal-type de-
composition that is, however, primarily used for initial data generation) of the ADM 3-metric and
the trace-free part of the extrinsic curvature 3-tensor. I now follow the discussion in Alcubierre et
al. [144]. The conformal 3-metric γ̃ij is related to the 3-metric via

γ̃ij ≡ e−4φγij , (3.12)

with the conformal factor fixed by

Ψ4 ≡ e4φ = det(γij)
1
3 = γ

1
3 , (3.13)

yielding det(γ̃ij) = 1. The trace-free part of the extrinsic curvature Kij, defined by

Aij ≡ Kij −
1

3
γijK , (3.14)

where K = Ki
i , is also conformally decomposed:

Ãij ≡ e−4φAij . (3.15)

The evolved variables of NOK-BSSN are [144]

φ = ln Ψ =
1

12
ln γ , (3.16)

K = Ki
i = γijKij , (3.17)

γ̃ij = e−4φγij , (3.18)

Ãij = e−4φAij . (3.19)

1Note that I choose to call NOK-BSSN what is in the literature widely known as BSSN. I do this in honor of the original
proposition of a conformal-traceless recast of the ADM equations by Nakamura-Oohara-Kojima [104].

(BSSN evolution equations not shown)

conformal factor

trace K

conformal metric

traceless extrinsic 
curvature

Gamma



Meaning of the
BSSN variables

• ϕ: closely related to Hamiltonian constraint

• K: gauge part in extrinsic curvature
(K is determined by choice of lapse α)

• Γ: gauge part in 3-metric
(Γ is determined by choice of shift β)



Why does BSSN
use these variables?

• Historically, the BSSN system was found 
through trial and error.  It is much better than 
the ADM system

• These days we know that the BSSN system is 
well-posed (in a certain sense)

• The BSSN system also damps constraint 
violations created by numerical errors



Additional BSSN 
constraints

In addition to the ADM constraints,
the BSSN system places certain conditions

onto its variables:

These constraints need to be monitored, and 
the first two can also be enforced

γ̃ = 1
Ãi

i = 0
−γ̃ij

,j = Γ̃i



Gauge conditions

• A gauge condition chooses the coordinate 
system for the numerical result

• Bad gauge conditions can lead to instabilities 
and must be avoided

• Often, gauge conditions are specified as choices 
for lapse and shift



Simple gauge conditions

geodesic slicing (unstable)α = 1

K = 0 [∆α = αR] maximal slicing (expensive)

βi = 0 normal coordinates
(problematic near horizons)

”Γi = 0” [∆βi = . . .] minimal distortion
(expensive)

!t = 0 [∂tα = . . .] harmonic slicing



1+log slicing

• Similar properties to maximal slicing

• Similar to harmonic slicing

• Idea: instead of enforcing K=0, only drive K 
towards zero

• Advantages: hyperbolic instead of elliptic (much 
faster)

• Currently best known lapse choice for BSSN



1+log slicing

∂tK = −∆α + α(R + K2)

∂tα = −α2f(α)(K −K0)

K evolution equation for zero shift:

desired behaviour for K:

”∂tK = −C K + · · · ”

1+log slicing:

Other (improved) variants of 1+log slicing exist.



Gamma-driver shift

• Similar properties to minimal distortion (idea: 
choose shift such that metric distortion is 
minimised)

• Drive distortion to zero, same as 1+log drives 
K to zero

• Advantages: hyperbolic instead of elliptic (much 
faster)

• Currently best known shift choice for BSSN



Gamma-driver shift

• B: new variable: time derivative of shift

• η: coefficient for driving time scale

• drives distortion to zero

3

tion equations for the listed variables and are given by

(∂t − Lβ) γ̃ij = −2αÃij , (4)

(∂t − Lβ) φ = −1
6
αK, (5)

(∂t − Lβ) Ãij = e−4φ[−DiDjα + αRij ]TF

+ α(KÃij − 2ÃikÃk
j), (6)

(∂t − Lβ) K = −DiDiα + α(ÃijÃ
ij +

1
3
K2), (7)

∂tΓ̃i = γ̃jk∂j∂kβi +
1
3
γ̃ij∂j∂kβk

+ βj∂jΓ̃i − Γ̃j∂jβ
i +

2
3
Γ̃i∂jβ

j

− 2Ãij∂jα + 2α(Γ̃i
jkÃjk + 6Ãij∂jφ

− 2
3
γ̃ij∂jK), (8)

where Rij is the three-dimensional Ricci tensor, Di the co-
variant derivative associated with the three metric γij and
“TF” indicates the trace-free part of tensor objects. The Ein-
stein equations also lead to a set of physical constraint equa-
tions that are satisfied within each spacelike slice,

H ≡ R(3) + K2 −KijK
ij = 0, (9)

Mi ≡ Dj(Kij − γijK) = 0, (10)

which are usually referred to as Hamiltonian and momentum
constraints. Here R(3) = Rijγij is the Ricci scalar on a three-
dimensional time slice. Our specific choice of evolution vari-
ables introduces five additional constraints,

det γ̃ij = 1, (11)

tr Ãij = 0, (12)

Γ̃i = γ̃jkΓ̃i
jk. (13)

Our code actively enforces the algebraic constraints (11)
and (12). The remaining constraints,H,Mi, and (13), are not
actively enforced, and can be used as monitors of the accuracy
of our numerical solution. See [20] for a more comprehensive
discussion of the these points.

B. Gauges

We specify the gauge in terms of the standard ADM lapse
function, α, and shift vector, βa [28]. We evolve the lapse
according to the “1 + log” slicing condition:

∂tα− βi∂iα = −2α(K −K0), (14)

where K0 is the initial value of the trace of the extrinsic cur-
vature, and equals zero for the maximally sliced initial data
we consider here. The shift is evolved using the hyperbolic
Γ̃-driver condition [20],

∂tβ
i − βj∂jβ

i =
3
4
αBi , (15)

∂tB
i − βj∂jB

i = ∂tΓ̃i − βj∂jΓ̃i − ηBi , (16)

where η is a parameter which acts as a damping coefficient.
The advection terms on the right-hand-sides of these equa-
tions were not present in the original definitions of [20], where
co-moving coordinates were used, but have been added fol-
lowing the experience of [29, 30], and are required for correct
advection of the puncture in “moving-puncture” evolutions.

C. Numerical methods

Spatial differentiation of the evolution equations is per-
formed via straightforward finite-differencing using fourth-
order accurate centered stencils for all but the advection terms
for each variable, which are upwinded in the direction of the
shift. Vertex-centered adaptive mesh-refinement (AMR) is
employed using nested grids [31, 32] with a 2 : 1 refinement
for successive grid levels, and the highest resolution concen-
trated in the neighbourhood of the individual horizons. In-
dividual apparent horizons are located every few time steps
during the evolution [33, 34].

The time steps on each grid are set by the Courant condi-
tion and thus the spatial grid resolution for that level, with the
time evolution being carried out using fourth-order accurate
Runge-Kutta integration steps. Boundary data for finer grids
are calculated with spatial prolongation operators employing
5th-order polynomials, and prolongation in time emplyoing
2nd-order polynomials. The latter allows a significant mem-
ory saving, requiring only three time levels to be stored, with
little loss of accuracy due to the long dynamical timescale rel-
ative to the typical grid time step.

In the results presented below we have used 8 levels of
mesh refinement with finest grid resolutions of h/M = 0.030,
0.024, and 0.018; we will refer to these resolutions as “low”,
“medium” and “high” respectively. We find that the medium
(i.e., h = 0.024 M ) fine-grid resolution is typically good
enough to accurately represent the dynamics which we are
studying here and will be used hereafter as our fiducial res-
olution. In this case, the wave-zone grid has a resolution of
h = 1.536 M . In addition, when measuring the convergence
order (see discussion in Sect. II E), we have also used a “very-
high” resolution of h/M = 0.012 which therefore gives a
factor of 2 refinement with respect to the “medium” resolu-
tion; this should be contrasted with similar convergence tests
recently discussed in the literature and in which the refinement
factor is much smaller.

The finest grids are centered on each black hole, with a
radius about 50% larger than the apparent horizon. A sin-
gle grid resolution covers the region between r = 20 M and
r = 80 M , in which our wave extraction is carried out. The
outer (coarsest) grid extends to a spatial position which is
large compared with the evolution time of the system. In
particular, it ranges from 256 M in each coordinate direction
for the binaries which merge rapidly, up to 768 M for the bi-
naries which inspiral more slowly because of the spin-orbit
interaction. In all cases, artificial wave-like boundary condi-
tions are used, and although these are not explicitly constraint-
preserving, they do not introduce major violations of the con-
straints as long as they are placed sufficiently far away from



Important 1+log and
Γ-driver properties

• Symmetry seeking: Coordinates become 
stationary in stationary spacetimes

• Hyperbolic, not elliptic, i.e., require only 
additional time evolution equations

• Driver conditions which act on a certain time 
scale (determined by a parameter)



Review

• ADM equations don’t work, but BSSN 
equations do

• Need to specify gauge condition (prescription 
for lapse and shift) before evolution

• There are well-known good gauge conditions 
for the BSSN system



Please interrupt and ask 
questions at any time



Part III:
Singularities: excision and 

moving punctures

Or: How to handle black holes



Black Holes

• Black holes are interesting since they are 
stationary solutions of the Einstein equations

• Unfortunately, black holes have singularities

• We need numerical methods to handle these 
singularities

• Fortunately, these singularities are hidden (?) 
behind and event horizon



Possible singularity 
handling methods

1. Use a foliation which avoids the singularity

2. Place an internal boundary around the 
singularity (excision)

3. Factor out the singularity analytically (static 
punctures)

4. Accept constraint violations inside the horizon 
(moving punctures)



Singularity avoiding 
foliations

• Probably earliest attempt

• Choose initial data which do not contain the 
singularity (e.g. a collapsing star before a 
singularity has formed)

• Choose a slicing condition which avoids the 
singularity (e.g. maximal slicing, 1+log)

• Does not work well in practice (end state is 
not stationary)



Excision

• One of the two working methods

• Idea: Information from inside the black hole 
does not influence the exterior, hence we don’t 
need to know the interior -- cut it away

• The boundary is outgoing, i.e., there is no 
boundary condition needed



Excision

• Need to locate horizon to know where to 
excise: use apparent horizon instead of event 
horizon (see Lecture II)

• See e.g. [Sperhake et al., Phys. Rev. D 71, 
124042 (2005); Pretorius, Phys. Rev. Lett. 95, 
121101 (2005)]



Kerr-Schild with excision

5. Boundary conditions
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Figure 5.1.: Left: Schematic picture of an excision region. The circle
depicts the apparent horizon. The grey grid cells are ex-
cised. The excision boundary has to follow the grid cell
boundaries. Right: A cut through the equatorial plane
for an M = 1, a = 1 black hole in Kerr–Schild coordi-
nates. There is not much coordinate space between the
event horizon and the ring-shaped singularity.

shape leads to problems when implementing the excision boundary
condition.

It is generally assumed that excision is the most promising way
to treat singularities, and that it will be widely used as soon as good
boundary conditions are known for the excision region.

I will only consider excision boundaries in the remainder of this
chapter. I will not consider punctures at all, and in order to use
maximal slicing, one needs of course no special treatment of the
singularity.

5.2.1. Location and shape of the excision boundary

In order to excise a region of space, one generally has to find a closed
two-surface that is guaranteed to be both within the event horizon,

48

rotating black hole, M=1, a=1

grid cell layout horizon and singularity



Problems with excision

• In Cartesian coordinates, the boundary has an 
irregular shape

• Near the boundary one needs to use one-sided 
derivatives or extrapolation

• “Simple excision” excises a regular-shaped box, 
but cannot handle large black hole spins

• If the black hole moves, the excision boundary 
has to move with it



Static Punctures

• Precursor to moving punctures

• Idea: Factor out the singularity analytically and 
evolve only the regular remainder numerically

• Requires a gauge that keeps the singularity at a 
fixed location

• See e.g. [Alcubierre et al., Phys. Rev. D 67, 
084023 (2003)]



Static Punctures

• Choose initial data with singular metric

• Decompose metric:

• Keep Ψ constant in time, evolve only rescaled 
metric

• Set α=0 at puncture to ensure that ψ remains 
static there

• Stagger singularity between grid points

γij = Ψ4γ̃ij



Why static punctures 
work

• ψ and its derivatives are calculated analytically 
and are therefore accurate

• This even increases the overall accuracy of a 
simulation

• Everything else remains well-behaved near the 
singularity and therefore accurate



Disadvantages

• Requires special initial data

• Need to re-write all evolution equations

• Gauge conditions need to be updated

• Requires comoving coordinate systems



Moving Punctures

• The other working method

• An extension of static punctures

• Idea: Instead of handling the singular conformal 
factor ψ analytically, handle it numerically

• See e.g. [Campanelli et al., Phys. Rev. Lett. 96, 
111101 (2006); Baker et al., Phys. Rev. Lett. 96, 
111102 (2006); Brown et al., arXiv:0707.3101 
[gr-qc]]



Problems with
moving punctures

• Not obvious why this should work (but it does)

• Conformal factor becomes inaccurate near 
singularity due to numerical errors (but this is 
inside the horizon)

• Constraints are violated near the puncture (but 
this does not affect the exterior)



Advantages of
moving punctures

• Uses standard BSSN equations and gauges

• No restrictions on initial data or coordinate 
systems

• “Just works”



Review

• Singularities are “everywhere” and need to be 
handled correctly

• The (currently known) two working methods 
are excision and moving punctures

• Excision introduces inner boundary conditions

• Moving punctures accept constraint violations 
in the horizon



Please interrupt and ask 
questions at any time



Part IV:
Movies

Or: How it looks when put together



Movies

• [show binary black hole collision movie]

• [show gravitational wave movie]



Sources for this 
presentation

• Some equations and figures taken from:

• C. D. Ott, PhD thesis, Universität Potsdam

• E. Schnetter, PhD thesis, Universität Tübingen

• D. Pollney et al., arXiv:0707.2559 [gr-qc]


