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Preface

In 1963, Max Mathews wrote that the “numbers which a modern digital computer

generates can be directly converted to sound waves. The process is completely gen-

eral, and any perceivable sound can be so produced” [106]. Since roughly this time,

composers have been able to synthesize an amazing variety of sounds using diverse

techniques [134]. However, compared to the development of traditional music over

several centuries, the development of computer music has been so quick and so eager

that the quality of the physical interaction between the performer and the instrument

has deteriorated, both to the detriment of the performance and its reception by the

audience.

By now laptops have become computationally powerful yet relatively inexpensive

and portable. It is no surprise that many computer music performers experiment

with the sound synthesis and sensing capabilities offered to them by laptops. In-

deed, this approach is the easiest and most cost effective approach. Let us consider

a typical live performance of modern computer music. A performer might cause a

loudspeaker to emit a musical sound wave by alternatively pressing the keys, shaking

the accelerometer, and/or sliding his or her finger across the trackpad of a laptop.

Yet the relationship between these small movements and the sound may not be imme-

diately obvious. As a consequence, the members of the audience or other performers

on stage may not build an accurate conceptual model describing the musical inter-

action. What do they perceive about the quality of the performance? How can they

judge the degree of virtuosity of the performer? How quickly is the performer able to

improve his or her own playing level? How can we make it easier for people to build

a conceptual model of a novel musical interaction?
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I argue that we need to search for satisfying answers to these big questions now

that we have harnessed the power of computation and sensing. Any arbitrary pro-

grammed interaction involving sensors, computers, and loudspeakers will not neces-

sarily be immediately comprehensible because there is an overabundance of design

freedom. Rather than being haunted by this overabundance, known by some as “pro-

grammability is a curse” [53], we should develop designs that promote the performers’

and audience’s forming of accurate conceptual models that describe the musical in-

teraction.

At present, I cannot provide general answers to all of the questions posed above.

However, I would like to point out that Physical Interaction Design presents us with a

design method that addresses these questions adequately. Physical Interaction Design

is predicated on the fact that humans are physical beings, and we are accustomed

to interacting with objects in the physical environment [165][111]. We frequently

build and refine internal conceptual models for these interactions [169], and we can

construct higher order models out of more basic models that we have already de-

veloped [139]. We can use these models to transfer skills between virtual and real

environments [86]. When we design musical instruments that incorporate meaningful

physical interactions, whether these interactions are implemented in the real world

or in a virtual world, these instruments promote the formation of rich conceptual

models.

Some computer music performance paradigms are beginning to reflect Physical

Interaction Design and in particular Newton’s third law, which states that “for ev-

ery action there is an equal and opposite reaction.” We can re-interpret Newton’s

third law rather loosely and abstractly as follows: when a performer manipulates a

sensor to cause a sound to be synthesized, the resulting sound wave should emanate

from an actuator near the sensor. For example, laptop orchestras are already widely

adopting the concept that each musician’s sound source should be collocated with

the musician’s physical actions [159]. This approach requires more cables and am-

plifiers; however, it makes it easier for performers and audience members alike to

understand where sounds are coming from and why they are being synthesized. As

a consequence, this approach helps the performers and the audience form accurate
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conceptual models.

I did not plan for the instrument designs outlined in this thesis to conform to the

notions of Physical Interaction Design. I merely set out with the idea of enhancing the

musician’s interaction with the instrument by providing improved force feedback. In

other words, my goal was to study how to make electronic musical instruments more

tangible, so that the performance of electronic music would seem less artificial, “dry,”

“synthetic,” and “mechanical” [29]. Starting out from an engineer’s point of view, I

studied classes of controllers for generating force feedback. Positive real controllers

were guaranteed to result in a stable control system when connected to any dissipative

acoustic musical instrument. To my great surprise, I discovered that any positive real

controller is equivalent to a passive mechanical system. In other words, a large set of

controllers that are guaranteed to be stable when applied to any dissipative acoustic

musical instrument, correspond to physical analog models!! From this point onward,

I repeatedly found that physical analog systems provided solutions to the practical

control problems I studied. As a consequence, I have become an unexpected fervent

proponent of Physical Interaction Design.

I would like to push the idea of applying Physical Interaction Design to Newton’s

third law a bit further. Let’s consider a more strict interpretation of Newton’s third

law. We assume now that a sensor and an actuator are perfectly collocated in the

mathematical sense described in Section 2.3.2. Now when the performer pushes on the

sensor, the collocated actuator pushes back on the musician. In other words, while the

performer is in contact with the musical sounding object, he or she feels the natural,

structural vibrations of the object that he or she is inducing. The physical interaction

is collocated with the result—the sound wave emanates from the position of the

collocated sensor and actuator. I argue that sound and touch should be collocated.

I discuss two paradigms for designing these types of musical sounding objects.

In chapters 1-4, I explain feedback controlled acoustic musical instruments, which

enable a musician to interact with a traditional, acoustic musical instrument, whose

acoustical properties are modified by collocated feedback. The performer interacts

directly with the physical medium responsible for sound production.
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Haptic musical instruments are presented in chapters 5-7. A large class of collo-

cated haptic musical instruments enable the performer to interact with virtual musical

instruments. These instruments promote natural physical interactions and motivate

the guidelines I provide in Chapter 8.
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Chapter 1

Introduction

1.1 Musical Instruments

Modern musical instrument design stems from a rich history, which is too long and

varied to summarize here. Suffice it to say that traditional musical instruments were

designed to provide a human with intimate control over mechanical elements used to

induce audible sound vibrations [85][62]. In this thesis, we refer to these instruments

as acoustic musical instruments. In contrast, modern technological developments

in sensing, electrical engineering, and computer engineering have freed musical in-

strument designers from traditional limitations, paving way for the development of

radically different, new musical instruments. Because these instruments are develop-

ing so quickly and provide so much design freedom [53], it is important that we step

back from the musical instruments that are possible and focus on those instruments

that promote a rich interaction between the musician and the instrument.

The most basic interaction model for a musician playing a musical instrument is

often the following: a musician presents a musical instrument with a mechanical ex-

citation while receiving a response in the form of auditory feedback. This interaction

model is shown in Figure 1.1, where we assume for convenience that the musician uses

his or her hands to provide the mechanical excitation. We acknowledge that a wide

range of other excitations can of course be provided using the mouth, the remainder

of the body, etc. Figure 1.1 is drawn according to Bill Verplank’s physical interaction

1
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Mechanical excitation

Musical
Instrument

Auditory

Figure 1.1: Most basic human-musical instrument interaction model

Mechanical excitation

Musical
Instrument

BRAIN
Visual

Auditory

Haptic

Figure 1.2: Human musical-instrument interaction model with all feedback loops
completed
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design schema [165][111], except that the labels emphasize physical parameters. Other

researchers in the field of computer music employ diagrams that emphasize the sep-

aration of the musical instrument interface from the sound synthesizer [110][164][40];

however, we prefer our more general depiction because it emphasizes the musical

interaction. It is particularly important to draw the musician’s hand [46].

To make the depiction of the musical interaction more precise, we need to include

additional feedback channels that the musician uses. For example, besides auditory

feedback, a musician uses visual and haptic feedback, for instance to orient his or

her hands on a piano keyboard. A musician also uses his or her brain to control the

mechanical excitation of the instrument. Accordingly, Figure 1.2 includes the brain

as the closing link in the composite feedback system, which includes visual, auditory,

and haptic feedback. The internal loop between the brain and the hand illustrates

the brain governing the human motor control system [139].

1.2 Importance Of Haptic Feedback

There is a general consesus within the research community that auditory and visual

feedback are helpful for a musician performing in a live scenario. Auditory feedback

is necessary for the musician to ensure that the musical outcome is what he or she

expects. Visual feedback is widely known to be useful for completing tasks in general.

However, the importance of haptic, tactile, vibrotactile, and mechanical feedback is

sometimes underestimated, and it tends to be neglected in the design of new musical

instruments.

Many traditional musical instruments provide musicians with haptic feedback.

For instance, most traditional acoustic instruments vibrate significantly, allowing the

musician to receive information relating to the state of the instrument. Even in-

struments such as the pipe organ, where the musician is not directly coupled to the

mechanically vibrating elements, have keys that the musician touches and feels while

playing. The Theremin is a notable exception. It is played by a musician moving

his or her hands about in free space, hence it does not really provide any significant

mechanical or haptic feedback [156]. The Theremin is also known to be difficult to
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play accurately [120].

Besides work in this thesis (see Chapters 5-7), other studies have indicated that

haptic feedback for musical instruments is vital. For instance, studies of reaction

times have indicated that humans can react faster to haptic stimuli than to auditory

and visual stimuli [128]. Some studies have focused specifically on musical instru-

ment performance. In 1993, Chris Chafe attached an accelerometer to the fingernail

of a cellist’s left index finger. The finger was used to terminate the string and mea-

surements were made suggesting that the cellist player should be able to distinguish

various vibrotactile cues describing the motion of the bowed string [47]. In other

words, a cellist should be able to use haptic feedback to distinguish string transients

from other string states. Birnbaum completed an even more extensive study describ-

ing the roll of vibrotactile feedback in musical instruments [30]. In 2000, O’Modhrain

published results from an experiment suggesting that haptic feedback enables musi-

cians to perform more accurately compared to a condition with no haptic feedback

at all [120].

1.3 Feedback Controlled Acoustic Musical Instru-

ments

In this thesis, we study how the musical interaction can be altered by adding new

feedback loops to the diagram shown in Figure 1.2. For instance, chapters 2 through

4 detail how an additional feedback controller can be added to fundamentally change

the acoustics of the musical instrument. Figure 1.3 illustrates the musical interaction

promoted by feedback control of an acoustic musical instrument.

1.4 Haptic Musical Instruments

The final portion of the thesis relates to “haptic” musical instruments, which are

introduced in Chapter 5. The word haptic is derived from the Greek word haphe

meaning “pertaining to the sense of touch” [30]. A haptic musical instrument (HMI)
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Figure 1.3: Musician interacting with a feedback controlled acoustic musical instru-
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Figure 1.4: Musician interacting with a typical haptic musical instrument
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Feedback
Controller
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Position
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Figure 1.5: Musician interacting with an idealized haptic musical instrument (see
footnote 1)

is an electronic musical instrument that provides the musician not only with auditory

feedback but also with haptic (or force) feedback. Figure 1.4 shows a representation

of a musician interacting with a typical haptic musical instrument. The instrument

consists of a musical instrument interface, which could for example be a robotic arm,

whose dynamics are specified by a feedback controller.1 In contrast with Figure

1.3, the primary forms of visual and auditory feedback are provided by the feedback

controller, generally by way of a graphical display and a loudspeaker. The connection

from the musical instrument interface to the visual and auditory feedback paths are

shown dashed (see Figure 1.4) since depending on the application, they may play a less

important role in affecting a musician’s interaction with a haptic musical instrument.

Ideally the dynamics of the musical instrument interface are negligible (also known

as “transparent”) compared to perceptual capabilities when the power for the musi-

cal instrument is turned off. In this case, the feedback controller can have a much

1 In this example instrument, the feedback controller senses position and actuates force. However,
alternate configurations exist where the controller would sense velocity, acceleration, or some other
function of position as an input variable. In addition, admittance controllers are also possible, which
often take force as an input variable and output velocity [2].
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greater effect on the dynamics of the musical instrument interface when the power

is turned on. In fact, in many cases, the feedback controller has so much authority

over the dynamics of the musical instrument interface that we can imagine that the

musician is directly connected to the feedback controller as depicted in the idealized

representation shown in Figure 1.5. In other words, ideally the musician is directly

coupled to a feedback controller that implements some dynamical system, which can

be employed to implement a virtual reality system.

1.5 Contributions

This thesis contributes in two major areas.

1.5.1 Feedback Controlled Acoustic Musical Instruments

Positive Real Controller Design Framework (Section 2.4.3)

The dynamic behavior of acoustic musical instruments can be modified by feedback

control. Many different sensor, actuator, and controller designs are possible. We argue

that positive real controllers are fundamentally important because every mechanical

system corresponds to a positive real controller. Consequently, in a control system

with ideal sensors, actuators, and positive real controller, the loop gain can be made

arbitrarily large without destabilizing the control system, as long as the acoustic

musical instrument is dissipative. This implies that in practice, loop gains can be

made relatively large, resulting in effective control of the acoustic musical instrument.

In addition, the positive real controller design philosophy places requirements on

sensors and actuators that greatly aid in designing viable hardware. In particular,

each actuator should correspond to a collocated and matched sensor.

New Positive Real Controllers

We employ the positive real framework to design new positive real controllers for

changing the dynamics of acoustic musical instruments. Where convenient, we also

introduce the mechanical analogs of these controllers. To the field of the feedback
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control of acoustic musical instruments, we introduce bandpass control (Section 3.1.5),

notch filter control (Section 3.1.6), control using combinations of bandpass and notch

filters, alternating filter control (Section 3.1.7), teleoperator-based control (Section

3.1.8), as well as some multiple-input multiple-output controllers including the gyrator

(Section 3.1.9).

Integral Control Of The Displacement (Section 3.2.4)

Collocated Proportional-Integral-Derivative (PID) control of the velocity [28], which

is positive real, suggests that feeding back signals that are proportional to the dis-

placement, velocity, and acceleration can be useful. We introduce the concept of

feeding back the integral of the displacement, which can be employed to change the

decay times primarily of resonances at relatively low requencies. It should be noted

that the integration of the displacement must be computed in a “leaky” fashion in

order to prevent destabilizing the acoustic musical instrument at 0Hz.

Generalized Predictions Of The Single Resonance Model (Section 3.1.3)

We introduce the term musical resonance, which is a resonance whose decay time is

relatively long compared to its period. Acoustic musical instruments typically have

a large number of musical resonances. We show that for relatively small loop gains

for collocated, linear control of an acoustic musical instrument, the single resonance

model of Section 2.2.1 predicts the general behavior of musical resonances subject

to control. This is a consequence of an acoustic musical instrument being a passive

mechanical (positive real) system. In the computation of the departure angles of the

poles associated with a musical resonance, it turns out that the departure angles are

largely independent of the other musical resonances because their departure angle

contributions cancel out approximately. This new result implies that we can use a

simple model to predict the complex behavior of an acoustic musical instrument when

subject to collocated, linear feedback control with relatively small gains.
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Control Power For Changing A Resonance Frequency (Section 3.1.2)

A number of effects limit the efficacy of feedback controllers for acoustic musical

instruments in practice. Consider controlling a single musical resonance with quality

factor Q. We show that if the amount of control power is held constant, the maximum

decrease in the decay time of a musical resonance is about 2Q times larger than the

maximum increase in resonance frequency. In other words, a relatively large amount of

control power is required for changing the resonance frequency of musical resonances

using collocated linear control. As a consequence, we argue that, if a controller is to

significantly adjust the fundamental frequency of an acoustic musical instrument, the

controller should be able to directly actuate the wave speed of the medium.

Termination-Based Control and Matched Termination Control

We introduce and analyze a number of novel schemes for changing the fundamental

frequency of a waveguide without actuating the wave speed directly. These schemes

require a relatively large amount of control power (see previous point). Termination-

based control requires only a single sensor and actuator. They can be placed near a

termination of the waveguide. Controllers are designed by requesting specific waveg-

uide termination reflectances (Section 3.3.2). In contrast, in matched termination

control, the waveguide has a matched termination at one end, which allows waves to

dissipate without reflection. A controller is designed which synthesizes a returning

wave to induce musical resonances in the waveguide (Section 3.3.4). Unfortunately,

it is difficult in practice to perfectly terminate an acoustic waveguide.

Control Bandwidth Limitations (Section 3.3.3)

Besides relatively large amounts of control power, relatively large loop gains are re-

quired for termination-based control. We argue that control bandwidth limitations

prevent us from achieving such large loop gains at high enough frequencies in our

laboratory. This implies that we cannot implement termination-based control of a

plucked string in our laboratory without making significant improvements to our

sensors, actuators, and digital controller.
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Limitations On Non-Collocated Control Due To Sensor Nonlinearity (Sec-

tions 3.3.1 and 3.3.4)

In non-collocated control, there is not a sensor placed at the same location as every

actuator. One of the inherent difficulties of non-collocated control is that the control

system cannot typically rely strongly on any self-correction due to the time delays

between sensors and actuators. We argue that, as a consequence, sensor nonlinearity

(see Appendix F) can destabilize non-collocated control of musical resonances. Ac-

cordingly, sensors would have to have very low harmonic distortion in order to be

employed successfully for non-collocated control of a plucked string. Since matched

termination control is non-collocated, it is limited in the same sense by sensor nonlin-

earity. We hypothesize that Guérard was able to implement non-collocated traveling

wave-based control of a recorder instrument because it has resonances with relatively

short decay times [73].

Event-Based Control (Section 4.3)

In this context, self-sustaining oscillations describe oscillations in an acoustic musical

instrument that sustain themselves. In event-based control, the controller repeatedly

waits until an event has been detected and then actuates the acoustic musical instru-

ment with a predetermined control signal in response. For example, when a pulse

is injected into an acoustic waveguide-based instrument, it will eventually arrive at

a sensor, which can cause another pulse to be triggered. We provide an analysis

of how event-based control can be employed to specify the spectral envelope of the

self-sustaining oscillations. In contrast with the aforementioned control techniques,

event-based control offers a unique advantage for digital control configurations. It can

shape the bandwidth of the musical instrument vibrations up to half of the sampling

rate, even if there are anti-imaging filters.

RMS Level-Tracking Controllers (Section 4.4)

We introduce the formalization of RMS level-tracking controllers. These controllers

monitor the RMS level of a signal in the feedback loop and use this information to
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adjust control gains in real time. RMS level-tracking controllers are employed for

implementing self-sustaining control of a waveguide using a variety of techniques. An

important special case of these controllers is the dynamic range limiter. A dynamic

range limiter can generate a control force signal by receiving state information that

is processed by an audio effect.

1.5.2 Haptic Musical Instruments

Enabling The Musician To Make New Gestures (Section 6.3.2)

Feedback control can be employed to exert control over the gestures that a musician

makes. For example, we demonstrate that feedback control in haptic musical instru-

ments can enable the musician to make new gestures that would otherwise be difficult

or impossible. To do so, we introduce two novel percussion instruments. The Haptic

Drumstick is a haptically augmented drumstick that strikes a virtual surface, and the

Haptic Drum is a haptically augmented but entirely physical drum pad. For both

instruments, the drumstick is actuated with a pulse of energy each time that it strikes

the druming surface, enabling the musician to single-handedly play drum rolls. In

contrast with traditional drumming interfaces, the Haptic Drum allows rolls to be

played at speeds as fast as 70Hz. The feedback controller can adjust the strength of

the pulses to alter the complexity of the drum rolls.

Dynamics Of The Haptic Drum (Section 6.2.4)

The haptic drum control algorithm aids the musician in playing drum rolls by promot-

ing the formation of self-sustaining oscillations in the drumstick. These oscillations

are known as limit cycles in the field of feedback control. We introduce a simple me-

chanical model describing the impedance of the musician’s hand and the drumstick,

and we employ a Poincarè map to study the dynamics of the haptic drum. We show

that if each actuated pulse has the same intensity, then the limit cycle is stable.



12 CHAPTER 1. INTRODUCTION

Assisting Musicians In Making Gestures More Accurately (Chapter 7)

Feedback control, and haptic assistance in particular, can be employed to help musi-

cians make gestures more accurately. O’Modhrain previously demonstrated that any

haptic feedback was better than none at all for a simple pitch selection task [120]. We

demonstrate that haptic assistance that is specific to the task can help further increase

accuracy in comparison with more general kinds of haptic feedback. In particular, we

believe it is important that the musician can regulate the degree of haptic assistance

in real-time. The haptic assistance condition that we call FRC, for force-sensitive

detents, provides detent-like feedback, where the strength of the detents is regulated

by the downward pressure that the musician applies. It aids musicians in selecting

pitches accurately when they press downward with at least some mildly large force.

However, it does not prevent the musician from playing large intervals or glissani

when pressing downward only lightly.

Assistive Haptic Interfaces (Section 8.6)

Assistive haptic interfaces aid a user in completing tasks. Relying on prior research

as well as our own, we provide guidelines for designing assistive haptic interfaces:

1. The most effective type of haptic assistance depends on the task (Section 7.8).

2. It can be helpful to allow the user to regulate the degree of haptic assistance in

real time (Section 7.7.5).

3. If haptic assistance is deterministic and relatively simple, then it is more likely

to be useful (Section 5.4.6).

4. Effective haptic assistance should never take an unexpected action so fast that

it surprises the user, which could prevent him or her from responding appropri-

ately (Section 5.4.6).

5. Many useful haptic assistance systems are not passive (Section 8.4).
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Interfacing A Haptic Device With A Virtual, Digital-Waveguide Based

Musical Instrument (Appendix A)

Other researchers have previously designed haptic musical instruments that mimic

real acoustic instruments. The feedback controllers employed for this have been im-

plemented using finite difference and (approximate) hybrid digital waveguide models.

We present a novel method for constructing haptic musical instruments in which a

haptic device is directly interfaced with a conventional digital waveguide model by

way of a junction element, improving the quality of the musician’s interaction with

the virtual instrument. We prefer digital waveguide models because only a small

number of multiply-adds are required, large portions of memory can be factored into

simple digital delay lines, digital waveguide models are very accurate, and there is an

extensive literature on calibrating them for realistic sound.



Chapter 2

Background: Feedback Controlled

Acoustic Musical Instruments

2.1 Outline

2.1.1 Overview

Traditionally, the typical musician has owned many different kinds of instruments.

The advantage has been that he or she could achieve a certain characteristic sound

by playing the corresponding instrument. However, transporting the multitude of

instruments to performances has been onerous, and musicians have required large

amounts of space to store all of the instruments.

Rather than requiring different instruments in order to achieve different charac-

teristic sounds, a musician might prefer to have a single instrument whose acoustics

are programmable. To achieve different or new sound characteristics, the musician

could simply load a different instrument program. Similarly, to construct a novel

instrument, the musician could write a new “acoustical” program rather than going

through the time-consuming process of mechanically constructing a new instrument

from scratch. Furthermore, besides obviating the need to store large numbers of musi-

cal instruments, the interface to the instrument would remain similar despite changes

in the acoustical behavior. This interface constancy would alleviate the musician

14



2.1. OUTLINE 15

of the time-consuming process of learning to play via different interfaces merely to

obtain different characteristic sound qualities.

Finally, acoustic musical instrument interfaces are tangible and allow the musician

to develop a special kind of intimacy. Perhaps interface constancy combined with a

wide array of possible acoustic-like instrument sounds present the strongest arguments

for the utility of a feedback controlled acoustic musical instrument.

In the first half of this thesis, we study the problem of making the acoustics

of an acoustic musical instrument programmable by way of feedback control. We

could design a series of analog controllers, but digital control allows more freedom

in controller implementation, so we design digital controllers. Nevertheless, in many

instances, the digital controller approximates physical behaviors, so it is more conve-

nient to mathematically derive analog controllers. The discretization from analog to

digital controller form is equivalent to numerous well-studied filter design problems

[122]. Hence, we do not specifically study the discretization problem in this thesis.

Readers interested in the implementation details may consult the source code for the

digital controllers (see Appendix G).

A feedback controlled musical instrument bears some resemblance to haptic mu-

sical instruments in that a feedback controller affects the interaction between the

musician and the instrument [41]. However, feedback controlled acoustic musical in-

struments remain closer to the real world than the virtual world because the majority

of the instrument is real rather than virtual. A feedback controlled acoustic musical

instrument might nonetheless be considered a haptic musical instrument whose haptic

interface is the whole acoustical medium.

2.1.2 Musical Acoustics Review

The field of musical acoustics for traditional acoustic musical instruments is quite

mature, so we cannot hope to cover it here in any detail [62]. However, to ensure that

this document remains accessible to readers in other fields, particularly electrical,

mechanical, and aeronautical engineering, we briefly mention a few points here.

Many acoustic musical instruments can be described as nearly linear vibrating
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structures, although some important exceptions are outlined in Chapter 4. Conse-

quently, the usual modal analysis techniques are useful for studying the modal shapes,

and eigenvalues [62]. In contrast with many other vibrating structures, especially the

lower frequency modes of musical instruments tend to have long decay times on the

order of seconds (see Table 3.1). In addition, a relatively large number of modes

(e.g. > 20) may participate significantly in typical vibrations. These facts are com-

mensurate with the observation that while most structural engineers seek to prevent

structural vibrations, instrument builders seek to create sustained structural vibra-

tions.

A large number of acoustic musical instruments are harmonic. Then the significant

resonant frequencies of vibration are a subset of the harmonic series f0, 2f0, 3f0, ....

The fundamental frequency f0 is the lowest significant resonant frequency. However,

the pitch is defined to be the listener’s perception of the fundamental frequency. In

many instruments, the modal frequencies may become slightly misaligned or inhar-

monic. In this case, a listener will often perceive the pitch to be different than f0. In

more complicated situations, the concept of pitch may even be ambiguous: different

listeners will perceive significantly different pitches [59].

2.1.3 Problem Description

Figure 2.1 depicts how a musician interacts with a feedback controlled acoustic mu-

sical instrument [28]. The upper part of the block diagram shows the same type

of interaction that arises with a traditional acoustic musical instrument. The musi-

cian hears the acoustic output from the instrument and feels the vibrations of the

instrument. In response, the musician applies an excitation force to the instrument.

For example, the musician might blow air across a reed or pluck a vibrating string.

Over time, the musician also alters parameters of the musical instrument, such as the

fundamental frequency.

The lower part of the block diagram in Figure 2.1 depicts how feedback control

changes the acoustical properties of the instrument. v represents the controller’s

observation of the instrument state, such as the velocity. The control output signal
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Figure 2.1: Musician interacting with a feedback controlled acoustic musical instru-
ment

from the controller u is negated and applied as the force F to the instrument by an

actuator. G(s) is the mechanical mobility of the instrument as seen from the sensor

and actuator.

Figure 2.2 shows a simplified version of Figure 2.1, which focuses on the role of the

controller. r represents the excitation force exerted by the musician. The form of the

diagram is perhaps slightly misleading in that different modes may be controllable

from the point of view of the musician and the actuator. For instance, if the actuator

is placed on the node of a certain mode, feedback control will not be able to affect

this mode. These controllability differences between the actuator excitation and the

musician’s excitation, however, turn out to be of minor importance in the upcoming

development of the controllers, chiefly because many of the analyses assume that

r = 0.

The musical instrument’s dynamics usually change with time according to param-

eters dictated by the musician, such as fundamental frequency. Ideally the closed loop

performance should not be too sensitive to instrument parameters such as fundamen-

tal frequency, as the musician may vary these over time. This requirement may seem

overly restrictive, but we will still show that many controllers can be made insensitive

to the resonance frequencies of the instrument modes. For other controllers that are
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Figure 2.2: Simple block diagram for feedback control of an acoustic musical instru-
ment

sensitive to the instrument’s modal frequencies, we suggest augmenting the instru-

ment with sensors such that these parameters can be sensed accurately in real-time

without being disturbed by the acoustic feedback loop.

2.1.4 Challenges

• Perhaps the foremost challenge lies in designing useful controllers that are min-

imally dependent on G(s), which changes as a function of the fundamental

frequency. We choose this approach because estimating the fundamental fre-

quency of an acoustic musical instrument can be nontrivial, especially when the

estimate needs to be calculated quickly [132].

• Control engineers often employ one sensor per mode to be controlled. Since most

musical instruments have a large number of significant modes, applying one

sensor per mode becomes unrealistic. In addition, feedback control applications

typically involve adjusting a small number of significant resonances. However,

the large number of resonances in typical acoustic musical instruments can

complicate controller design, especially when applying methods such as pole

placement [65].

• The modes for acoustic musical instruments typically have long decay times (see

Table 3.1), and in many cases we wish to preserve the long decay times under

control to create musical dynamics. Hence perturbations and nonidealities in
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the feedback controller, plant, sensors, and/or actuators are more likely to result

in unstable closed loop behavior.

• There are no commercially available sensors or actuators that are optimal for

feedback control implementations. We need to design and construct our own

sensors and actuators. These designs need to minimize non-ideal effects such as

mismatching, noise, and nonlinearity.

2.1.5 Prior Examples

Various forms of actively controlled musical instruments have already been designed.

For instance, musicians have investigated the problem of indefinitely sustaining string

vibration, which amounts to inducing a stable limit cycle in a vibrating string so that

a single note lasts as long as desired. To this end, musicians have used acoustic

feedback from power amplifiers to actuate their electric guitar strings in an ad-hoc

manner; however, due to acoustic delays and the nonlinear nature of the amplifiers,

this approach has been difficult to control precisely. The commercially available

EBow [82] and Sustainiac [84] have mitigated this problem using electromagnetic

actuators. Similarly, Weinreich and Caussé have electromagnetically induced the

Helmholtz “stick-slip” bowing motion in a vibrating string [168].

Active control has been applied to the body structures of acoustic guitars. For

example, in order to suppress tendencies toward acoustic feedback in amplified situa-

tions, Griffin actively damped the first plate mode in an acoustic guitar [71]. Hanagud

boosted the second plate mode in an inexpensive acoustic guitar to make it sound

more like an expensive acoustic guitar [78]. Chollet, Aeberli, and Charles Besnainou

actively tuned the Helmholtz body resonant frequency of a guitar [48].

Besnainou also applied active control to a violin, a snare drum, a pipe organ, and a

marimba bar [28]. Boutin has changed the damping time, fundamental frequency, and

gain of a xylophone bar using Proportional-Integral-Derivative (PID) control [33][34].

Boutin has also applied PID control to control the physical behavior of a violin bridge

[35]. Other researchers have actively controlled drums as well [92][163].
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Figure 2.3: Damped harmonic oscillator with mass m, damping parameter R, spring
constant k, and external force F (t)

2.2 Basic Models

2.2.1 Single Resonance Model Of Instrument

In the following chapters, we attempt to analyze each controller in the framework of

the simplest applicable model. The simplest possible model of a musical instrument

is that of a single resonance. For instance, a mass m, damper with damping constant

R, and a spring with stiffness k sharing the same velocity form a damped harmonic

oscillator as shown in Figure 2.3. If an external force F is applied to the oscillator,

then a differential equation describing the dynamics of the forced, damped harmonic

oscillator may be written:

mẍ+Rẋ+ kx = F = −u (2.1)

The decay time τ for a musical oscillator is generally relatively long.

τ = 2m/R (2.2)

See Table 3.1 on page 82 for some sample values. If the decay time is long, then the

oscillator is considered lightly damped, and the fundamental frequency

f0 ≈
1

2π

√
k

m
. (2.3)
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Figure 2.4: Digital waveguide model of a vibrating string with one sensor and one
actuator

2.2.2 Waveguide Model

In other cases, it is important to consider all of the instrument modes. Then we

employ a waveguide model, which models vibrations of a one-dimensional waveguide

with inverting reflections at the terminations [149]. For most controllers, we have

one sensor and one actuator, so this is the case we consider for the digital waveguide

model in Figure 2.4. The model can easily be extended to have multiple sensors and

actuators using the superposition principle.

We use the delay element z−1 to model a propagation delay of 1/fs seconds, where

fs is a sampling rate. Multiple delay elements can be combined to model longer delays

[149]. The top three delay lines z−S/2, z−A/2, and z−(N−A−S)/2 model waves traveling

to the right, and the bottom three delay lines z−(N−A−S)/2, z−A/2, and z−S/2 model

waves traveling to the left. fs/N is approximately equal to the fundamental frequency

f0. Figure 2.5 shows the proportionality relationship between S, A, and N and sensor

distance, sensor-to-actuator distance, and the total string length, respectively. Hlp(z)

is a linear-phase low-pass filter that causes higher resonances to decay more quickly.

If Hlp(z) were not linear phase, then the digital waveguide model would model a

vibrating string with dispersion [62].

Now we make the model specific to displacement waves in a vibrating string,

although the model could be easily adapted to many other one-dimensional waveguide

instruments [149]. The displacement x[n] measured by the sensor (see Figure 2.4) is

the sum of the two traveling displacement waves at the sensor position. The traveling

waves change sign at the string ends due to the boundary condition that the string

displacement is zero at the ends. ∆xact[n] is the change in displacement due to the
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ActuatorSensor

S NA

Figure 2.5: Relative dimensions of string model

actuator. It may be computed by digitally integrating the change in velocity ∆vact[n].

Finally, since F [n] is the force signal to be actuated,

∆vact[n] =
F [n]

2R0

, (2.4)

where R0 is the string’s wave impedance [149].

2.3 Passive Control

2.3.1 Definition

On average, passive controllers do not add any energy to the instrument. For this

reason, they are guaranteed to result in stable closed-loop behavior, irrespective of the

instrument [138]. This property implies that the exact modal frequencies and decay

times of the uncontrolled instrument do not affect the closed loop stability as long

as the instrument is dissipative—hence passive controllers will be stable regardless

of the instrument’s fundamental frequency. The musician can change notes without

worrying that the system may become unstable.

For similar reasons, passive control plays a key role in haptics, where a human

interacts directly with actuators and sensors. The human’s impedance may vary over

time, so haptic controllers are often passive, ensuring theoretically that the system

remains stable [56]. Practical considerations always prevent controllers from being

completely passive, so the analysis of closed loop behavior under extreme conditions

becomes more complicated (see Section 2.5.3 and [56]). Nevertheless, the positive

real formulation accurately predicts behavior in many situations. In the next few

sections, we introduce the positive real formulation of passivity for linear systems,

and we provide a stability proof for feedback control of a dissipative acoustic musical
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Driving point
of system

F(s) V(s)

Figure 2.6: Driving point of a system

instrument under positive real control.

2.3.2 Positive Real Functions

Before defining positive real functions, we first introduce the Laplace transform. Let

L {g} = G be short hand for the following definition of the unilateral Laplace trans-

form [65]:

L {g(t)} = G(s) =

∫ ∞

0−
g(t)e−stdt. (2.5)

g(t) is the impulse response of the acoustic musical instrument, and G(s) is the

Laplace domain representation of the impulse response [65]. Often the complex vari-

able s = jω + σ is decomposed into the real part σ and the imaginary part jω.

Figure 2.6 depicts the concept of the driving point of a system. If the force F (s)

is exerted on a system at a single point and the velocity V (s) is measured at the

same point, then the driving point impedance is defined to be F (s)
V (s)

. The driving point

mobility is defined to be V (s)
F (s)

.

A rational function G(s) is positive real if [161]

1. G(s) is real when s is real.

2. Re{G(s)} ≥ 0 for all s such that Re{s} ≥ 0.

A rational function L(s) is strictly positive real if

1. L(s+ ε) is positive real for all real ε > 0.

Now we note some of the properties of positive real and strictly positive real functions

[161][149]:1

1Note: The bilinear transform preserves s-domain and z-domain sense positive realness [149].
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1. |∠G(jω)| ≤ π
2

for all ω.

2. |∠L(jω)| < π
2

for all ω.

3. 1/G(s) is positive real.

4. 1/L(s) is strictly positive real.

5. If G(s) represents either the driving point impedance or driving point mobility

of a system, then the system is passive as seen from the driving point.

6. If L(s) represents either the driving point impedance or driving point mobility

of a system, then the system is dissipative as seen from the driving point.

7. G(s) and L(s) are stable.

8. G(s) and L(s) are minimum phase.

9. The relative degrees of G(s) and L(s) must be less than 2.

10. If a point sensor and a point actuator operate on a structure and are collocated,

then both V (s)/F (s) and F (s)/V (s) are strictly positive real because there

must be some damping at all frequencies.

11. If a matched sensor and actuator operate on a structure and are collocated, then

both V (s)/F (s) and F (s)/V (s) are strictly positive real because there must be

some damping at all frequencies (see Section 2.5).

12. No matter what causal time-domain function f(t) is used to excite the driving

point, the velocity response v(t) will be such that
∫∞

0
f(t)v(t)dt ≥ 0.

2.4 Control System Stability

The controller has the ability to continuously add energy to the acoustic musical

instrument since the controller is active and has a power supply. This characteristic

implies that the control system is capable of becoming unstable, which is highly
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undesirable. In the following, we provide and prove a sufficient condition for the

stability of the control system assuming that the controller is linear.

2.4.1 Revised Bode Stability Criterion

Many engineers are familiar with the Bode stability criterion, which is commonly used

for analyzing the stability of simple systems [65]. However, the criterion is a sufficient,

but not necessary condition for system instability. For this reason, we present the

less well-known but more general “revised Bode stability criterion” [76]:

A closed-loop system is stable if the open-loop system is stable and the

frequency response of the open-loop transfer function has an amplitude

ratio of less than unity at all frequencies corresponding to an angle of

−π − n(2π), where n = 0, 1, 2, ...,∞.

The revised Bode stability criterion can be derived from the Nyquist criterion by

observing that the above statement means that no encirclements of the (-1,0) point

can exist on the Nyquist diagram.

2.4.2 Stability Proof

In this section, we employ the revised Bode stability criterion to argue that the control

system must be stable if the controller K(s) is positive real and the acoustic musical

instrument model L(s) is strictly positive real. Due to property 7 from Section 2.3.2,

K(s) and L(s) are stable, and so the open-loop system K(s)L(s) is stable. The

criterion requires only a further analysis along the frequency axis, so we consider

the transfer functions evaluated at s = jω. Figure 2.7 serves as a reminder of the

configuration.

Properties 1 and 2 from Section 2.3.2 imply that

|∠(L(jω))|+ |∠(K(jω))| < π ∀ω, (2.6)

so the absolute value of the angle of the products must also be upper bounded by π
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R(jw)
+

−
Musical Instrument

Controller

V(jw)
G(jw)

K(jw)

Figure 2.7: Simple block diagram of control system with s = jω

[147]:

|∠(L(jω)K(jω))| < π ∀ω. (2.7)

Consequently, the revised Bode stability criterion implies that the control system is

stable.

2.4.3 Implications

In summary, if L(s) accurately models the acoustic musical instrument and is strictly

positive real, then any positive real controller K(s) applied to it results in a stable

closed-loop system. Furthermore, the proof still holds if we change the controller

to K0K(s) for some real constant K ≥ 0, implying that the system remains stable

even for infinitely large loop gains. This amazing property is known as unconditional

stability [154][10], and it implies that the control system will be endowed with a large

amount of control authority over the acoustic musical instrument.

In summary, the control system is unconditionally stable, regardless of the par-

ticular parameters of the acoustic musical instrument, if

1. the sensors and actuators are collocated and matched and the acoustic musical

instrument is dissipative (implying that G(s) is strictly positive real) and

2. the controller K(s) is positive real.

The most important consequence here is that when designing a feedback controlled

musical instrument, the sensors and actuators should be collocated, and they should
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be matched as well as possible.

2.5 Practical Collocation Considerations

The results from the previous section are quite impressive; however, they are only

theoretical. In practice there are several effects that can prevent G(s)2 from being

perfectly positive real, thus limiting the maximum stable loop gain. Besides noncollo-

cation and mismatching effects, sensor and actuator nonlinearity, inductive coupling

between sensors and actuators (see Appendix F), and controller delay can limit the

maximum stable loop gain.

2.5.1 Matched Sensor and Actuator

Neither a real sensor nor a real actuator operates precisely at a point. Instead, a

real sensor and a real actuator operate over finitely sized spatial sensitivities of the

medium being controlled. If the sensor and actuator geometry are the same, in other

words, if they both operate over the same spatial sensitivity, then G(s) is still positive

real, and we can make use of the convenient properties described in Section 2.4. An

example of a perfectly matched sensor and actuator would be a pair of identical ideal

piezoelectric bending patches on either side of an infinitely thin membrane. With

the membrane held horizontally, the patch on top of the membrane would be placed

directly over the patch on the underside of the membrane [94].

Marty Johnson and Stephen Elliott proved that G(s) is positive real if a sensor

and an actuator are matched. They used a modal decomposition, which we extend

here to our variable and resonance model conventions [94]. Consider a surface that

vibrates transversely at position (x, y) according to the complex Laplace variable s

with velocity Ṽ (x, y, s). The velocity can be decomposed into the sum of the (real)

modal shapes φn(x, y) multiplied by the (complex) amplitudes an(s), where n denotes

2We choose to lump the sensor and actuator nonidealities into G(s) rather than the controller
transfer function K(s).
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the modal number:

Ṽ (x, y, s) =
∞∑

n=1

an(s)φn(x, y). (2.8)

We assume that the sensor and the actuator both operate with the spatial sensitivity

η(x, y), then an(s) can be written as follows:

an(s) = F (s)An(s)

∫ ∫
φn(x, y)η(x, y)dxdy, (2.9)

where F (s) is the control force input and An(s) is a second-order resonance term.

For instance, if we use the multi-resonance model given in Section 3.1.3 and we find

equivalent masses mn > 0, damping parameters Rn ≥ 0, stiffnesses kn > 0, and

scaling contants γn > 0, then

An(s) =
γns

mns2 +Rns+ kn
, (2.10)

analogously to (3.25). Note that An(s) is positive real. Now let the sensor measure

velocity V (s).

V (s) =

∫ ∫
Ṽ (x, y, s)η(x, y)dxdy (2.11)

By applying (2.8) and (2.9), we can write

V (s) = F (s)
∞∑

n=1

An(s)
[ ∫ ∫

φn(x, y)η(x, y)dxdy
]2

. (2.12)

As a consequence, we can write the mechanical “driving surface” mobility G(s) of the

musical instrument as seen by the controller as the following:

G(s) =
V (s)

F (s)
=
∞∑

n=1

An(s)Cn, (2.13)

where each Cn ≥ 0 is given by the brackets-squared term in (2.12). Since An(s) is

positive real and Cn ≥ 0, (2.13) implies that G(s) must also be positive real. On the

other hand, if the sensor and the actuator do not share the same spatial sensitivity

η(x, y), then some of the Cn will become negative for some n, possibly causing G(s)
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to no longer be positive real. For the cases involving a vibrating string that we have

investigated numerically, any mismatch in the spatial sensitivities prevented G(s)

from being positive real [21]. An extreme case is when the sensor and the actuator

spatial sensitivities do not overlap at all. Then there is a pure delay in between them,

preventing G(s) from being positive real as explained in Section 2.5.3.

Nevertheless, collocating a sensor and an actuator in practice in other contexts can

be challenging. First of all, the geometric constraints can be prohibitive. In addition,

placing a sensor and an actuator in close proximity to one another may result in direct

inductive coupling (see Section F.4). For more details on the non-ideal characteristics

of our guitar string sensor and actuator in the laboratory, please see Section 2.1.9 of

Technical Report STAN-M-120 [21].

2.5.2 Sensoriactuators

A sensoriactuator is a single transducer device that is concurrently employed as both

a sensor and an actuator. If the sensoriactuator operates ideally, then the sensor and

actuator are perfectly collocated and matched. Sensoriactuators have been studied

since 1961 at the latest for feedback control of loudspeakers [103][55]. Their applica-

tion to piezoelectric transducers has been studied as well [6][75][4].

Unfortunately, perfect sensoriactuators tend to be difficult to realize in practice.

One of the chief problems is that the same pair of wires is used for sensing and ac-

tuation, so it is difficult to electrically isolate the sensing and actuation signals from

each other. Typically a bridge circuit is used to provide a subtraction signal from a

model of the transducer; however, effects such as temperature drift, hysteresis, and

other nonlinearities complicate the implementation of the model. Efforts at adap-

tive compensation of sensoriactuators have attempted to overcome these limitations

although only with limited success [49].

Ierymenko has investigated using time multiplexing to implement an approximate

electromagnetic sensoriactuator. At each instant in time, the pair of wires is either

used to communicate a sensing signal or an actuation signal [90]. This configuration

appears to solve many of the problems described above, but is nevertheless subject
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to a control system delay, whose nonideal effects are described below. Some re-

searchers have applied a related technique to controlling switched reluctance motors

[88][133][12][9].

2.5.3 Digital Control System Delay

When a digital controller is employed to close the feedback loop, there will always

be some controller delay of D seconds. The delay is due to the analog-to-digital

converter (ADC), processing time, the digital-to-analog converter (DAC), and output

signal reconstruction in the digital controller (see Appendix G).

With delay D, the controller transfer function becomes K(s)e−sD. The delay

contributes to significant phase lags at higher frequencies, preventing the controller

from implementing a truly positive real impedance in practice. For example, at

infinite frequency, the phase delay is ∞ even if the desired K(s) is positive real.

lim
ω→∞

∠(K(jω)e−jωD) = −∞ (2.14)

This phase lag can limit the maximum achievable loop gain, which limits the degree

by which the control system can affect the musical instrument. Consequently, if

especially large loop gains are required, a digital delay can prevent them from being

achievable even if 1/D is much larger than the system bandwidth (see Section 3.3.3).

This property implies that depending on the particular control application, control

system designers should consider implementing analog controllers instead.

2.6 Organization

In chapters 3 and 4, we develop both linear controllers and self-sustaining controllers

with application to acoustic musical instruments. Since the passivity-based controllers

apply to all dissipative acoustic musical instruments, we discuss them in the most

general context. However, we test our controllers in the laboratory on a vibrating

string, so it is sometimes more convenient to consider controllers specific to one-

dimensional waveguides or even vibrating strings themselves. To make this document
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Table 2.1: Classification of acoustic musical instrument types

Stringed instruments

One-dimensional waveguide instruments

Dissipative acoustic musical instruments

as readable as possible, we place an icon at the beginning of each section of controllers

to identify to which instruments the controller derivations and discussions apply.

Table 2.1 outlines the meaning of the icons. The class of stringed instruments,

the most specific class, lies at the top of the table. Examples of the more general

class of one-dimensional waveguide instruments include not only stringed instruments,

but also clarinets, flutes, oboes, trumpets, etc. Finally, drums, cymbals, and other

instruments with more complicated dynamics belong to only the most general class

of dissipative acoustic musical instruments, which is placed at the bottom of Table

2.1.

Figure 2.8 provides an overview of the controller classes covered in chapters 3

and 4. Positive real controllers, the first class, are stable in theory for any dissipa-

tive acoustic instrument G(s); however, they may not be applied easily in prac-

tice to change the fundamental frequency of the instrument. In contrast, non-

collocated traveling wave-based controllers can control the fundamental frequency

of wind and bowed-string instruments, but they are sensitive to sensor nonlineari-

ties. Furthermore, arrays of sensors are required for estimating the traveling wave

states. Termination-based controllers are also capable of changing the fundamental

frequency, but relatively large loop gains are required, preventing these controllers

from being applied to plucked string instruments in practice. This is unfortunate

because the termination is the only point along the string where all of the modes are

controllable and observable.
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As discussed in Chapter 4, passive nonlinear controllers are guaranteed to be sta-

ble when applied to dissipative musical instruments (see Figure 2.8). Self-sustaining

control may be applied to sustain the vibrations of a musical instrument for an arbi-

trarily long time. The self-sustaining characteristic allows the musician to concentrate

on shaping the timbre of the sound rather than concentrating on preventing vibrations

from decaying.
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Chapter 3

Changing the Linear Dynamical

Properties of Acoustic Musical

Instruments

Linear control is most useful for changing the linear properties of acoustic musical

instruments. Besides altering the damping of modes, it may for example be applied to

change the resonant frequencies of modes. In this chapter, we first describe positive

real linear controllers. Then we move on to discuss a few lower order controllers that

are not positive real as well as higher order controllers and their limitations.

3.1 Passive Control

Passive control is important because in theory, a passive controller cannot

drive a dissipative acoustic musical instrument unstable, no matter how high the

loop gain is. This statement implies that passive controllers have considerable control

authority over acoustic musical instruments because relatively large loop gains can be

applied even in practice. Figure 3.1 shows an example configuration for controlling a

vibrating string with a single sensor, which is depicted as a microphone, and a single

actuator, which is depicted as a loudspeaker. In order to implement passive control,

34
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−K(s)

Figure 3.1: Collocated control of a vibrating string with a single sensor and actuator

the sensors and actuators must be collocated (see Section 2.4). Consequently, the

sensor and the actuator in Figure 3.1 are shown to operate at the same point along

the string.

Passive linear controllers satisfy the positive real property, which also implies

that mechanical analogs exist for them (see Section 2.3.2). As a consequence, each

passive linear controller has a mechanical interpretation. The low-order positive real

controllers are particularly easy to implement in practice, so we describe them first,

and we explain what effect they have on the closed-loop instrument behavior. Before

we jump into all the details, we provide a summary in Figure 3.2 of the positive real

controllers that we will investigate in Section 3.1. Each controller name corresponds

to the name of a section in Chapter 3.
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3.1.1 Proportional-Integral-Derivative (PID) Control

Proportional-Integral-Derivative (PID) control is employed in many applica-

tions because of its simplicity. The feedback force is a sum of the scaled versions of a

measured variable (P), its integral (I), and its derivative (D) [65]. If we measure the

velocity and the actuator is collocated with the sensor, then the controller does not

change the model order. In fact, it allows the mass, damping parameter, and spring

constant to be adjusted directly by the control variables. However, since we measure

the displacement in the laboratory, we write the feedback equation (3.1) in terms of

the displacement x instead. There is a term proportional to the displacement (PP ), a

term proportional to the derivative of the displacement (PD), and a term proportional

to the acceleration of the displacement (PDD):

u
∆
= PDDẍ+ PDẋ+ PPx. (3.1)

The feedback control law can also be expressed in the Laplace domain assuming

zero initial conditions, where ẋ(t)←→ V (s):

KPID(s) =
U(s)

V (s)
= PDDs+ PD + PP/s. (3.2)

We analyze the dynamic behavior assuming that the acoustic musical instrument

can be modeled as having a single mechanical resonance. We show in Section 3.1.3

that these results generalize to acoustic musical instruments with multiple modes

if they all have long decay times. Substituting (3.1) into the dynamics of a single

resonance plant (2.1), we obtain a differential equation describing the closed-loop

system [28].

(m+ PDD)ẍ+ (R + PD)ẋ+ (k + PP )x = 0 (3.3)

When the new equivalent mass, damping parameter, and spring constant are

substituted into (2.2) and (2.3), we obtain the decay time constant with control τ̂
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and the resonance frequency with control f̂0:

τ̂ =
2(m+ PDD)

R + PD
(3.4)

f̂0 ≈
1

2π

√
k + PP
m+ PDD

(3.5)

Differentiating the displacement twice to obtain an estimate of the acceleration is

often too noisy in practice [65], but we notice we can adjust τ̂ and f̂0 independently

even if PDD = 0. Then PD adjusts the decay time, and PP is useful for changing the

resonance frequency.

In our laboratory, we apply the controller to a vibrating string, as depicted in

Figure 3.3 (top), where K(s) represents the controller. The microphone symbol rep-

resents the sensor, and the loudspeaker symbol represents the actuator. Figure 3.3

(bottom) illustrates the mechanical analog of the controller. In theory, the controller

is equivalent to attaching a point mass PDD, damper PD, and spring PP to the string

at the point where the sensor and actuator are collocated. The existence of a me-

chanical analog is proof that PID control is positive real and therefore passive [161].

Given the positive real interpretation from Section 2.3.2, we know that veloc-

ity and force are fundamental variables from an energy perspective that describe

structural vibrations. The control term adjusted by PD relates these two quantities

without memory, and is in this sense the most fundamental controller. Furthermore,

the term PD can only be responsible for damping. In fact it damps of all of the

controllable/observable modes simultaneously [154].

In contrast, the PP term has a low-pass characteristic with respect to the PD

term. Therefore, PP affects the low frequency modes more than the high frequency

modes. In practice, the PP term brings about a noticeable resonance frequency shift of

primarily the lowest mode. Thus, PP changes the pitch of the instrument, but it also

detunes the harmonic series, which can be undesirable in some contexts. Considering

the mechanical analog of PP , the detuning is not a surprise. The normal practice of

changing a vibrating string’s fundamental frequency is to change its length, tension,

or linear mass density, but not to attach a spring to it as in Figure 3.3 (bottom).
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PDPP

PDD

−K(s)

Figure 3.3: Collocated control of a vibrating string with a collocated sensor (depicted
as microphone) and and actuator (depicted as loudspeaker) (top);Mechanical analog
of PID control (bottom)

Higher order controllers are required to change the pitch of the instrument without

detuning the harmonic series.

We have further simulated PID control for the digital waveguide model and made

it available on the Internet in a tutorial format [25]. Although a single sample of

delay is present in the controller model, this delay is similar in magnitude to the

delay inherent in our hardware controller (see Section G).

3.1.2 Changing The Resonance Frequency Is Difficult

Consider a resonance with a long decay time relative to its period. We will call this

a musical resonance. In this section, we show that changing the resonance frequency

of a musical resonance requires significantly more control energy than changing the

decay time. Let us consider controlling the resonance modeled by the mass, spring,

and damper from Section 2.2.1. For a second-order system such as this, the quality
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factor

Q
∆
=

k

R(2πf0)
=
m(2πf0)

R
, (3.6)

where f0 is the uncontrolled frequency of vibration. For musical resonances, the

decay time is approximately Q periods [147]. We will show that if the amount of

control power is fixed, the maximum decrease in the decay time is about

2Q times larger than the maximum increase in resonance frequency!

We present an example using displacement (PP ) and velocity (PD) feedback to

independently control the resonance frequency and the decay time. Without loss

of generality, we assume an impulse δ(t) is added to the force signal to find the

impulse response of the controlled system. In other words, the force signal F (t) is

the following:

F (t) = −PDẋ(t)− PPx(t)− δ(t), (3.7)

where the first two terms are the feedback terms and the third term is due to an

external excitation causing the system to vibrate. Consequently, the system begins

to move with displacement x(t) = − 1

m2πf̂0
e−t/τ̂ sin(2πf̂0t) for t > 0. The velocity is

as follows:

ẋ(t) =
1

mτ̂2πf̂0

e−t/τ̂ sin(2πf̂0t)−
1

m
e−t/τ̂ cos(2πf̂0t); (3.8)

however, the expression for the velocity can be simplified because the decay time is

long relative to the period of vibration. In other words, τ̂(2πf̂0)� 1, and so for t > 0

ẋ(t) ≈ − 1

m
e−t/τ̂ cos(2πf̂0t). (3.9)

The feedback control signal u(t), which does not include the impulse excitation δ(t),

is

u(t) = PDẋ(t) + PPx(t) ≈ −PD
m
e−t/τ̂ cos(2πf̂0t)−

PP

m2πf̂0

e−t/τ̂ sin(2πf̂0t). (3.10)
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Calculating The Control Energy

We calculate the unitless energy E of the control signal u(t) where A
∆
= − PP

m2πf̂0
and

B
∆
= −PD

m
:

E =

∫ ∞

0

u2(t)dt =

∫ ∞

0

(
Ae−t/τ̂ sin(2πf̂0t) +Be−t/τ̂ cos(2πf̂0t)

)2

dt. (3.11)

E is proportional to the energy that would be dissipated in the coil of an electrody-

namic actuator since the current would be proportional to u(t). Multiplying out the

terms we obtain the following expression for the energy:

∫ ∞

0

A2e−2t/τ̂ sin2(2πf̂0t) +B2e−2t/τ̂ cos2(2πf̂0t) + 2ABe−2t/τ̂ sin(2πf̂0t) cos(2πf̂0)dt.

(3.12)

However, the last term under the integral can be written as ABe−2t/τ̂sin(4πf̂0t),

which time-averages approximately to zero because the decay rate is long compared

to the period of oscillation.

E ≈
∫ ∞

0

A2e−2t/τ̂ sin2(2πf̂0t) +B2e−2t/τ̂ cos2(2πf̂0t)dt. (3.13)

E ≈ A2

2

∫ ∞

0

e−2t/τ̂
(

1− cos(4πf̂0t)
)
dt+

B2

2

∫ ∞

0

e−2t/τ̂
(

1 + cos(4πf̂0t)
)
dt (3.14)

Equation (3.14), which makes use of the power reduction law from trigonometry, can

be simplified again using the fact that the decay rate is long compared to the period

of oscillation, so again the sinusoidal terms time-average approximately to zero.

E ≈ A2

2

∫ ∞

0

e−2t/τ̂dt+
B2

2

∫ ∞

0

e−2t/τ̂dt (3.15)

Finally solving the integrals we see that the control energy EP due to changing the

resonance frequency and the control energy ED due to changing the decay time are
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approximately orthogonal:

E ≈ A2τ̂

4
+
B2τ̂

4
=

P 2
P τ̂

4m2(2πf̂0)2
+
P 2
Dτ̂

4m2
≈ EP + ED. (3.16)

Perturbation Analysis

We still need to consider how large PP and PD need to be in order to change the

resonance frequency and the decay time. The constant (1+ηP ) describes the increase

in the resonance frequency:

2πf̂0 ≈
√
k + PP
m

∆
= (1 + ηP )

√
k

m
≈ (1 + ηP )(2πf0), (3.17)

and (1 + ηD) describes the decrease in the decay time:

τ̂
∆
=

τ

1 + ηD
. (3.18)

Solving (3.17) and (3.18) enables us to find the appropriate control gains PD = RηD

and PP = 2ηPk assuming that ηP � 1. Making use of (3.16), we can obtain the ratio

between the control energies:

EP
ED

=
1

(2πf̂0)2

(PP
PD

)2

=
1

(2πf̂0)2

(2ηPk

RηD

)2

≈ 4Q2 η
2
P

η2
D

. (3.19)

We can now set the control energies equal with EP
∆
= ED and solve for ηP :

ηP ≈
ηD
2Q

. (3.20)

In other words, if the amount of control power is fixed, the maximum decrease in the

decay time is about 2Q larger than the maximum increase in resonance frequency!

To help put this result in perspective, we provide another equation relating the decay

time τ , the fundamental frequency f0, and the Q, which holds for Q� 1 [147]:

Q ≈ πτf0. (3.21)
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Concrete Example

We consider a concrete example from a low G (G2) note on an acoustic guitar whose

frequency is about 100Hz. A perfectly reasonable decay time for the uncontrolled

string is τ = 2.5s. The resonance is musical, so its Q � 1, and by (3.21), Q ≈ 800.

To decrease the decay time by a factor of 8, we would choose (1 + ηD) = 8. Applying

(3.20), we have

ηP ≈
ηD
2Q

=
7

2(800)
≈ 0.0044. (3.22)

Hence, using the same amount of control energy, we can only increase the resonance

frequency by only
0.0044

21/12 − 1
≈ 0.0044

0.0595
≈ 7cents, (3.23)

which is 7/100 of the logarithmic distance in frequency between two adjacent notes.

In an approximate sense, this is on the order of the smallest perceptible change in

fundamental frequency [59].

Using the same amount of control energy, the decay time can be changed signifi-

cantly, while the resonance frequency can be changed by only a small amount. This

will be a recurring theme throughout this chapter. In general, it is more difficult to

change the frequency of a musical resonance than to change its decay time.

3.1.3 Single Resonance Model Predicts General Behavior

It may surprise the reader that we employ the single resonance model of Section

2.2.1 to predict the behavior of collocated control on acoustic musical instruments,

which typically have many resonances. Readers with backgrounds in control engi-

neering may be especially surprised since it is well known that the movement of poles

can be complicated in general, even for positive real control. In the present section,

we explain why the single resonance model is a sufficient control model for predicting

the linear control dynamics of positive real musical instruments whose models consist

of high Q resonances. It is assumed that the sensor and actuator are collocated.
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Example Behavior

We do so by first showing that PID control results in the same behavior as predicted

by the single resonance model used in Section 3.1.1. We transform (2.1) into the

Laplace domain to represent the transfer function of the musical instrument where

X(s) is the displacement and F (s) is the force:

X(s)

F (s)
=

1

ms2 +Rs+ k
. (3.24)

Now we extend the model to include multiple resonances. For the purpose of creating

a suitable, positive real model, we assume that the multiple resonances share the

force and that their output velocities sum. Hence, to model N resonances we can sum

(3.24) for multiple modes represented by various mechanical parameters.

XMULTIPLE(s)

F (s)
=

N∑

n=1

1

mns2 +Rns+ kn
. (3.25)

In the following example, we use N = 5 resonances total lining up in a harmonic

series. We choose the fundamental frequency
√
k1/m1 = 1000 radians/s for the con-

venience of graphically representing the pole positions. Equivalently, the fundamental

frequency is about 160Hz. The time constants for the resonances range from 3.3s for

the lowest mode to 0.1s for the highest mode. We consider feedback of the form

U(s) =
(
PDDs

2 + PDs+ PP − PI
a

s+ a

)
X(s), (3.26)

or equivalently considering the velocity V (s) = sX(s) as the sensed variable,

U(s) =
(
PDDs+ PD + PP

1

s
− PI

a

s(s+ a)

)
V (s), (3.27)

where a = 10 radians/s. The term a/(s + a) functions much like an integrator

except that the gain is limited for frequencies beneath 10 radians/s. (3.26) is useful

for considering how to implement control given a displacement measurement and to

suggest also considering the PI term. Conversely, (3.27) is more useful for directly
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analyzing the positive realness of each control term (see Section 2.3.2). We study the

180 ◦ locus for each of the terms independently, assuming that the other gains are set

to zero.

PP > 0 Proportional to displacement control

The locus for this case is shown in Figure 3.4 on the left. Since the poles remain

near the imaginary axis, their decay times remain long, the imaginary axis can be

thought of the “frequency axis” of the poles in radians/s, whereas the real axis can

be thought of the “decay time axis.” As is the case for all root loci, as the locus

parameter is increased from zero, the closed-loop poles slowly depart from the x’s,

which represent the open-loop poles, and approach the o’s, which represent the open-

loop zeros. Figure 3.4 (left) shows that as PP is increased from zero, the poles increase

in frequency. Since there are two more poles than zeros, the two extra poles approach

the asymptotes along the imaginary axis. Conversely, if PP were to be decreased

beneath zero, then the poles would move in the opposite direction, decreasing in

frequency (not shown). This behavior is the same as predicted qualitatively by the

single resonance model in (3.5).

PD > 0 Derivative of displacement control

The locus for the case PD > 0 is shown in Figure 3.4 on the right. As PD is increased

from zero, the poles move to the left. In other words, PD > 0 decreases the decay

time of the poles, and to first approximation for relatively small PD, the frequency of

the poles does not change. Since there is only one more pole than there are zeros, the

single extra pole approaches the asymptote to the left along the real axis. Conversely,

if PD were to be decreased beneath zero, the decay time of the poles would increase

until at least one pole would become unstable (not shown). This behavior is the same

as predicted qualitatively by the single resonance model in (3.4).
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Figure 3.4: Root locus for PP > 0 proportional to displacement control on left and
root locus for PD > 0 derivative of displacement control on right
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PDD > 0 Second derivative of displacement control

The locus for the case PDD > 0 is shown in Figure 3.5 on the left. As PDD is increased

from zero, the poles decrease in frequency (see Figure 3.5). The decay times of the

poles increase slightly, although this effect is minimal and cannot be observed on the

scale of Figure 3.5. The number of poles and zeros is equal, so there are no pole

trajectory asymptotes. Conversely, if PDD were to be decreased beneath zero, the

poles would increase in frequency and their decay times would decrease slightly (not

shown). This behavior is the same as predicted qualitatively by the single resonance

model in (3.4) and (3.5).

PI > 0 Integral of displacement control

The locus for the case PI > 0 is shown in Figure 3.5 on the right. Although this

controller is technically not positive real, we introduce it here to drive home the

advantages of positive real controllers. As PI is increased from zero, the resonant

poles move to the left, causing their decay times to decrease significantly (see Figure

3.5, right). The integral of displacement can in some sense be thought of as a low-

pass estimate for the velocity, explaining why this controller behaves like a damper.

However, due to its low-pass characteristic, the low frequency poles are more strongly

affected by the controller (see Section 3.2.4).

This controller clearly has some utility; however, because it is not positive real,

the closed-loop system is not unconditionally stable: the controller becomes unstable

if PI is increased too far. The controller has too many excess poles to be positive real.

As a consequence, there are three more poles than zeros on the root locus, so at least

one of these poles must enter the right half plane: the pole near the origin due to the

leaky integrator moves rightward as PI is increased and eventually enters the right

half plane, destabilizing the closed-loop system (see Figure 3.5, right). Choosing a

larger can prevent the pole near the origin from entering the right half plane for small

|PI |, but if a is chosen too large, then this pole can adversely affect the fundamental

frequency mode.
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3.1. PASSIVE CONTROL 49

In summary, the departure angles of the poles in the cases considered above show

that the behavior of PID control for small gains as applied to an acoustic musical

instruments with many modes is the same as the effect of PID control when applied

to a single musical resonance. We generalize this result for all linear controllers in

the following section.

Generalization

Note first that the multi-resonance model given by (3.25) does not directly specify the

zeros of the acoustic musical instrument. However, the musical instrument zeros are

aligned with the musical instrument poles with respect to the real axis in Figures 3.4

and 3.5. We argue first that this must be the case in general. Consider that we could

just as well implement a controller which controls the velocity of the acoustic musical

instrument at a point, while the sensing variable would be the force of the acoustic

musical instrument on the control actuator. Then the musical instrument plant would

become 1/G(s). Intuitively, the decay times of the modes would have to be similar

because we are controlling an acoustic musical instrument, which is designed to be

highly resonant. In other words, when considering impedance control of an acoustic

musical instrument instead of admittance control, the poles and the zeros of the plant

are reversed; hence, they must have similar decay times. Consequently, the alignment

of the poles and zeros of G(s) along the real axis must be similar.

We consider now the departure angle criterion for 180 ◦ loci for positive real con-

trol. The feedback conforms to the negative feedback convention (see the minus sign

in Figure 2.2) since we are implementing positive real control. We wish to investigate

the departure angle of the lth open-loop pole pl. At the lth open-loop pole, we have

G(s)K(s)|s=pl = −1. Consequently, ∠(G(s)K(s))|s=pl = −π. None of the poles are

repeated, so the departure angle criterion for the root locus is that the departure

angle φl of the lth pole is given by

φl =
∑

∀i
ψi −

∑

∀i6=l
φi − π, (3.28)

where ψi is the angle between a line parallel to the real axis and the line segment
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from the ith open-loop zero to the lth open-loop pole, and φi is the angle between

a line parallel to the real axis and the line segment from the ith open-loop pole and

the lth open-loop pole [65].

The root loci shown in Figures 3.4 and 3.5 are shown for an acoustic musical

instrument with N = 5 resonances; however, these results generalize for any number

of musical resonances. For each resonance added to the instrument, an additional pole

and zero must be added to the root loci. Furthermore, since the sensor and actuator

are collocated, G(s) is positive real, and hence the poles and zeros must be interlaced,

and they cancel each other out when evaluating G(s) at the other open-loop poles.

Let O be the set of indices corresponding to open-loop poles and zeros of resonances

other than the lth open-loop pole currently under consideration. Hence, O does not

include any of the poles or zeros due to the controller K(s). We can rewrite (3.28) as

follows:

φl =
(∑

∀i∈O

ψi −
∑

∀i∈O

φi

)
+
∑

∀i/∈O

ψi −
∑

∀i/∈{O∪{l}}
φi − π. (3.29)

The contribution to φl due to each pair of angles in the parenthesis cancels approxi-

mately, and so we have the result that when calculating the departure angle for the

lth pole, we do not need to consider the other musical resonances:

φl ≈
∑

∀i/∈O

ψi −
∑

∀i/∈{O∪{l}}
φi − π. (3.30)

The essential consequence to be gleaned is that we can consider each musical

resonance independently of the others because the departure angle con-

tributions due to the poles and zeros of the other resonances cancel each

other out. These departure angle contributions are also independent of those due

to the poles and zeros of K(s). Hence, for relatively small loop gains, the single reso-

nance model predicts the general behavior of feedback control of an acoustic musical

instrument for any linear controller K(s) if the sensor and actuator are collocated.
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3.1.4 Controller Phase Response

From the behavior of the previous controllers, we can already draw some con-

clusions [28]. Consider an acoustic musical instrument with a resonance at frequency

fi.

1. If at frequency fi the control signal u lags the velocity ẋ by π/2,

then the resonance frequency frequency fi increases under control. If

the magnitude of the feedback signal at fi is increased, then fi will

increase further. We know this fact from PID control with PDD = 0 and

PD = 0. Then KPID(s) = PP/s with PP > 0, so ∠KPID(jω) = −π/2 for ω > 0.

2. Similarly, if at frequency fi the control signal u leads the velocity ẋ

by π/2, then the resonance frequency fi decreases under control. This

behavior will be demonstrated by the “negative spring” in Section 3.2.1. In that

case, PP < 0, so ∠KPID(jω) = π/2 for ω > 0.

3. If the control signal u is precisely in phase with the velocity ẋ, then

the resonance is damped. This case corresponds to the PID damping with

PD > 0 while PP = 0 and PDD = 0.

4. If at frequency fi, ∠K(2πjfi) does not match any of the preceding

cases, both the resonant frequency and damping of fi will be changed.

The above criteria in conjunction with the positive real approach can be used

to design many more controllers such as leads and lags, bandpass filters, notch fil-

ters, feedforward comb filters, and alternating filters. Many of these controllers are

discussed in the next few sections.

3.1.5 Bandpass Control

A bandpass filter can be effectively employed as a controller. It has the

advantage that only the frequency region of interest will be affected, so the controller is
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less sensitive to nonidealities in other frequency bands. We use the following bandpass

filter as a controller because it is positive real:

Kbp(s) =

ωcs
Q

s2 + ωcs
Q

+ ω2
c

. (3.31)

The frequency response of the bandpass filter with center frequency wc = 2π(200Hz)

and Q = 20 is shown in Figure 3.6. The effect of the controller can be determined

chiefly by looking at the phase response (see Figure 3.6, bottom). Any instrument

resonances located very near ωc will be damped because ∠Kbp(jωc) = 0 rad. Instru-

ment resonances located somewhat near to ωc will be damped, but also shifted some

in pitch. Resonances far away from ωc will be chiefly unaffected by the controller.

If we instead invert the sign of the loop gain, then we can selectively apply negative

damping at ωc using this controller.

The mechanical analog of (3.31) is shown in Figure 3.7 in the context of control-

ling a vibrating string. The existence of the mechanical analog proves that Kbp(s)

is positive real [161]. Multiple bandpass filters can be placed in parallel in the sig-

nal processing chain. They can be tuned independently to affect separate modes

concurrently. For instance, a bandpass filter could be tuned to the 1st, 3rd, 5th,

etc. harmonics of a vibrating string. Then the controller would make the instrument

sound as if it were being played an octave higher. The multiple bandpass filter con-

figuration corresponds to multiple analogs of the type in Figure 3.7 being applied to

the instrument such that they are collocated and share the same velocity. Hence, the

multiple bandpass filter configuration is also positive real.

3.1.6 Notch Filter Control

A notch filter controller performs the opposite function of the bandpass

controller—it applies damping over all frequencies, except for those in the region near
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Figure 3.6: Frequency response of the bandpass controller given by (3.31) with Q = 20
and wc = 2π200Hz

m

Figure 3.7: Mechanical analog of the bandpass controller given by (3.31)
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Figure 3.8: Frequency response of the notch filter controller given by (3.32) with
wc = 2π(300Hz), Q = 1, and α = 10

the center frequency ωc. To ensure positive realness, we use the following controller:

Knotch(s) =
s2 + ωcs

αQ
+ ω2

c

s2 + ωcs
Q

+ ω2
c

. (3.32)

The frequency response is shown in Figure 3.8 for ωc = 2π(300Hz), Q = 1, and

α = 10. Q is no longer the quality factor as defined in Section 3.1.2, but it still has

the same qualitative interpretation. Larger Q’s correspond to “tighter” notches as

viewed on the frequency response. The location of the poles and zeros is depicted in

Figure 3.9 (right) in the s-plane. Restricting α > 1 ensures that the poles lie behind



3.1. PASSIVE CONTROL 55

om

o

o

x

x

jw

Figure 3.9: Mechanical analog of the notch controller given by (3.32) (left); Pole-zero
plot of (3.32) (right)

the zeros with respect to the imaginary axis of the s-plane (see Figure 3.9).

The notch filter controller can generally be employed to make most of the reso-

nances of the instrument decay quickly, with the exception of any resonances lying

significantly far inside the notch. The controller causes somewhat unnatural closed-

loop sounding behavior as musicians are not used to musical instruments having a

small number of dominant resonances. Note that multiple notches can be created

at different frequencies by placing multiple instances of (3.32) in series in the signal

processing chain.

3.1.7 Alternating Filter

We now consider how to design a positive real controller that

approximates shifting the fundamental frequency of a waveguide, rather than shifting

primarily the lowest resonance as with PID control. In other words, what we call the

alternating filter should change the pitch while still mostly preserving the harmonicity

of the waveguide. In light of the design criteria in Section 3.1.4, we deduce that in

order to decrease the fundamental frequency, the controller phase response should

lead by π/2 radians at the waveguide resonances. However, the magnitude response

should not decrease at higher frequencies, so a frequency response of the type shown
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Figure 3.10: Frequency response of Kaf (z) where the x’s mark where the transfer
function overlaps with the resonances of the waveguide instrument with fundamental
frequency f0 = 100Hz

in Figure 3.10 for the controller Kaf (z) is needed. The x’s mark the locations of

the harmonics for an instrument with fundamental frequency f0 = 100Hz. Note that

the phase response should be nearly constant in the neighborhood of the harmonics

so that for small fundamental frequency shifts, the controller phase response is still

about π/2 radians (see Figure 3.10, bottom).

Since the controller is complicated, we design it directly in the digital z-domain

rather than first in the s-domain and then applying the bilinear transformation [149].

The definition of z-domain positive realness is similar to the s-domain definition given

in Section 2.3.2 [149].
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Figure 3.11: Pole zero plot of the digital implementation of Kaf (z) (zoomed in)

To create the response shown in Figure 3.10, the controller needs to consist pre-

dominantly of complex pole and zero pairs placed very near the unit circle as shown

in Figure 3.11. Consequently, the controller needs to be implemented using high pre-

cision variables. The poles and zeros need to be interlaced in order to satisfy the

positive real property [149]. That is, one real pole is placed near DC to start the

sequence, and then complex zero and pole pairs are placed along the unit circle as

shown in Figure 3.11. The alternating sequence ends with a pole pair, and finally one

additional zero is placed at 0.5 to serve qualitatively as a digital lead compensator

(see Figure 3.12).

We tested the controller on a digital waveguide simulation of a vibrating string.
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Figure 3.12: Pole zero plot of the digital implementation of Kaf (z)
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The single sensor and actuator were collocated, and the sampling rate fS = 44.1kHz

was chosen so that the single sample of controller delay in the simulation would be

similar to the controller delay of our laboratory’s digital controller (see Appendix

G). A zoomed-out version of Kaf (z)’s frequency response is shown in Figure 3.13.

The dashed black lines in Figure 3.13 (bottom) placed at the positive real phase

boundaries ±π/2 reveal that we have sacrificed positive realness of the controller in

order to obtain phase lead at higher frequencies. Figure 3.14 shows the frequency

response of Kaf (z)z−1, where the single sample of controller delay inherent in the

simulation is included. The phase response (see Figure 3.14, bottom) remains within

the ±π/2 boundaries until comparatively high frequencies. Although the controller

becomes nonpassive at these high frequencies, the increased damping in the vibrating

string model at high frequencies allows for stable closed-loop dynamics.

We evaluate the simulated performance of the controller by plotting the Fast

Fourier Transform (FFT) of the windowed open-loop response in solid blue and the

windowed closed-loop response in dash-dotted red (see Figure 3.15). The controller

clearly has the effect of decreasing the resonance frequencies of the modes. The modes

that have nodes near the location of the modeled sensor and actuator are shifted less

than the other modes. According to informal listening tests, we have determined that

the closed loop instrument tends to sound more harmonic than the pitch shifting using

PID control.

To shift the resonance frequencies more precisely, a more elaborate controller

design technique such as pole placement would be required. However, pole placement

methods require very accurate models of the instrument. In contrast, the alternating

filter controller can be designed to be positive real, making it is less sensitive to

musical instrument modeling error and other practical nonidealities. For example,

in simulation we found the controller still functioned effectively given sensor and

actuator nonlinearity on the order of -20dB THD.
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Figure 3.13: Frequency response of the alternating filter Kaf (z)
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Figure 3.14: Frequency response Kaf (z)z−1 incorporating the controller delay
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Figure 3.15: Fourier transform of windowed open loop response (solid blue) and closed
loop response (dash-dotted red)
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Figure 3.16: Teleoperator-based control of a vibrating string

3.1.8 Teleoperator-Based Control

The previous controllers have the disadvantage there is no direct mapping be-

tween the desired closed loop system and controller parameters. However, it would be

convenient in musical contexts to be able to specify directly what the dynamic model

of the instrument should be [41]. These considerations motivate the development of

teleoperator-based control for the feedback control of acoustic musical instruments.

Figure 3.16 shows the mechanical analog for teleoperator-based control of a vi-

brating string although the idea could be extended to any dissipative acoustic musical

instrument. The digital delay does not have a mechanical analog, so it is not shown;

however, we assume that the digital control delay is so small that it is negligible. The

instrument is linked to the driving point of a virtual dissipative musical instrument

by way of the spring k and damper R, which bind the physical and virtual elements

together (see Figure 3.16).

The controller depicted in Figure 3.16 is a position-position controller, where the

physical instrument is known as the master and the virtual instrument is known

as the slave. Such controllers are frequently used in teleoperation, where a human

operator manipulates directly a master robot. A spring-damper controller connects

the master robot to a slave robot, which typically completes a task requiring the

human’s assistance [79].

We have tested this controller in the laboratory using a lightly damped harmonic
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oscillator as the virtual instrument. It works sufficiently well; however, the effects of

k and R are somewhat deleterious. The spring k detunes resonance frequencies of the

virtual model, and the damper R shortens the decay time of the virtual instrument.

Nevertheless, the closed loop instrument still behaves qualitatively similarly to the

virtual instrument.

3.1.9 Positive Real Multiple-Input Multiple-Output Controllers

Thus far we have assumed that there is only one actuator and one sensor,

which are collocated. We have seen that many useful controllers have been represented

by mechanical analogs. We noted that increasing the stiffness of the string locally

effectively increased the frequency of the lowest partial (see Section 3.1.1). This is

physically different than increasing the tension of the entire string in a distributed

sense, which directly affects the fundamental frequency [62].

By collocating l sensor/actuator pairs on the acoustic musical instrument, we can

obtain a distributed control configuration. Taking l → ∞ would provide us with

unlimited control—we could essentially control the wave equation directly. However,

in practice we are limited to a finite number of sensors and actuators. In this sec-

tion, we consider positive real controllers for collocated multiple-input multiple-output

(MIMO) geometries.

We now generalize the positive real formulation to higher dimensional impedances

and mobilities. An l × l real coefficient rational function matrix K(s) of a complex

variable s is positive real if the following conditions are satisfied [58]:

1. All elements of K(s) are analytic for Re{s} > 0, which is equivalent to stating

that the elements of K(s) have no poles in the open right half plane.

2. KH(s) + K(s) � 0 for Re{s} > 0, which is equivalent to stating that K(s) is

Hermitian positive semidefinite for Re{s} > 0.

Condition 2 is equivalent to the following, which is sometimes easier to evaluate:

1. If jω is not a pole of any element of K(s), then KT (−jω)+K(jω) � 0, ∀ω ∈ R.
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Figure 3.17: Mechanical analog for the controller described by (3.33)

2. If jω0 is a pole of an element of K(s), it is a simple pole, and the residue matrix

K0 = lims→jω0(s− jω0)K(s) in the case ω0 is finite or K∞ = limω→∞K(jω)/jω

in case ω0 is infinite, is a positive semidefinite Hermitian matrix.

Clearly, we can apply any of the previously discussed positive real controllers to

each of the sensor/actuator pairs to obtain a distributed controller represented by a

diagonal K(s). However, the MIMO positive real formulation allows new configura-

tions due to the nondiagonal elements of K(s). For instance, mechanical elements can

be connected directly between the control points. Figure 3.17 shows one example of a

dashpot with parameter PD and a spring with spring constant PP connected between

two control points. The controller impedance matrix

KPD(s) =
PDs+ PP

s

[
1 −1

−1 1

]
(3.33)

is quite simple. However, in simulation we find that these controllers are not par-

ticularly useful. For example using KPD(s), the parameter PP has an effect on the

modal frequencies, and the parameter PD controls damping; however, we can obtain

qualitatively similar effects using a single actuator pair and PID control.

MIMO configurations also allow implementing fundamentally different positive

real elements such as transformers and gyrators. Multiple instances of these elements

can be combined with other positive real elements to synthesize further positive real

MIMO controllers. The transformer is less likely to be of practical use in this context

because we would need to be able to output a force with one actuator and output a
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Figure 3.18: The gyrator element

velocity with the other, so we do not consider the transformer further here. On the

other hand, the gyrator, as shown in Figure 3.18, has many useful properties [161].

The manner in which it exchanges the effort and flow variables allows a mass (spring)

connected on one of the ports to be seen as a spring (mass) from the other port. Since

the gyrator is memoryless, it applies similar amounts of control power to all of the

instrument modes, so it will affect them all to similar degrees.

The simplest way to prove the passivity of the gyrator for all u ∈ R is to note

that the power added to control point 1 Padded,1 is the same as the power removed

from control point 2 Premoved,2.1

Padded,1 = F1V1 = (uV2)
−F2

u
= −F2V2 = Premoved,2 (3.34)

Equivalently, passivity of the gyrator can be shown starting from

Kgyrator(s) =

[
0 −u
u 0

]
(3.35)

and noting that the elements of Kgyrator(s) are analytic for all s ∈ C and that

KH
gyrator(s) + Kgyrator(s) = 0 � 0 for all s ∈ C . In fact, the gyrator is the ele-

ment that makes it possible for K(s) to be Hermitian asymmetric. Driving point

mobility and admittance matrices for natural passive linear systems are symmetric

because they do not include gyrators [126].

1In fact, this proof shows that u can be chosen more generally to be any transfer function in
order to shape the frequency content of the control.
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Figure 3.19: Block diagram for gyrator connecting two independent second-order
systems

GYRATOR BETWEEN TWO UNCOUPLED HARMONIC OSCILLATORS

We now wish to consider what would happen if we connected a gyrator

between the horizontal and vertical axes of a vibrating string. In reality, there is a

small amount of coupling between the axes [149], but for simplicity, we will assume

that the coupling is zero. We model each axis as a simple second-order system (see

Section 3.1.1). We excite the first system with an additional force Fin(s): is not

unreasonable for initial analysis.

m1s
2 +R1s+K1

s
V1(s) = uV2(s) + Fin(s) (3.36)

m2s
2 +R2s+K2

s
V2(s) = −uV1(s). (3.37)

We arrive at the standard feedback control block diagram shown in Figure 3.19.

Since the feedback is negative for all u ∈ R, no matter what the sign of u, the

poles move according to the 180 ◦ locus shown in Figure 3.20, and no 0 ◦ locus is

applicable. Since there are two excess poles, these must approach the two asymptotic

trajectories along the jω axis as the loop gain approaches infinity. In addition, the

departure angles approach 90◦ and −90◦ as R1 and R2 are taken to be relatively

small, which is the case for the dominant modes of musical oscillators. The gyrator

causes the resonance frequencies of the modes to be pulled apart (see Figure 3.20). In
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Figure 3.20: Root locus for gyrator applied to two independent lightly-damped har-
monic oscillators

the multi-mode case of a real vibrating string, where the horizontal and vertical axes

are weakly coupled, the harmonics of the vertical and horizontal modes are expected

to be driven further away from each other in frequency, resulting in more pronounced

beating effects [149].

GYRATOR BETWEEN TWO (COUPLED) POINTS ON SAME AXIS

The effect of connecting a gyrator between two points of a vibrating string

in the same axis is considered here. In this case, the modes of the two systems coupled

by the gyrator controller are already strongly coupled in open loop, so we must use a

more elaborate waveguide model. Let the gyrator (3.35) be applied between the points

A and B on a vibrating string as shown in 3.21. The reflection coefficient for velocity

traveling waves impinging on the physically almost completely rigid terminations
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Figure 3.21: Gyrator connected between the points A and B along a vibrating string

is assumed to be −p. Figure 3.21 also shows the labeling of the traveling wave

components infinitesimally small distances away from the junctions A and B to the

left (L) and right (R). Let τA be the wave propagation delay between the leftmost

termination and the point A, let τB be the wave propagation delay between points A

and B, and let τC be the wave propagation delay between point B and the rightmost

termination.

Let q = u
2R0

to simplify the following. The transfer function between a wave

entering point A from the right and the wave exiting A to the right is

V +R
A (f)

V −RA (f)
=
−pe−j4πfτA + qej2πfτB(1− pe−j4πfτA)

1− qe−j2πfτB(1− pe−j4πfτA)
, (3.38)

and the transfer function between a wave entering point B from the right and the

wave exiting B to the right is

V +R
B (f)

V −RB (f)
=

−pe−j4πfτA+qej2πfτB (1−pe−j4πfτA)

1−qe−j2πfτB (1−pe−j4πfτA)

(
e−j2πfτB − q

)
− q

ej2πfτB + q + q−pe
−j4πfτA+qej2πfτB (1−pe−j4πfτA)

1−qe−j2πfτB (1−pe−j4πfτA)

. (3.39)

Taking the limits of (3.38) and (3.39), we obtain the following for the case of infinite

control gain, which causes the points A and B to effectively become rigid terminations:

lim
|u|→∞

V +R
A (f)

V −RA (f)
= lim
|u|→∞

V +R
B (f)

V −RB (f)
= −1. (3.40)
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Furthermore by symmetry, we also have the following, which in conjunction with

(3.40) imply that the system becomes three isolated vibrating string segments at

infinite control gain:

lim
|u|→∞

V −LA (f)

V +L
A (f)

= lim
|u|→∞

V −LB (f)

V +L
B (f)

= −1. (3.41)

Finally, we find the velocity of point B if an external force is exerted on the point

B. This is the mobility of the controlled string at junction B be YB(f):

YB(f) =
1

2R0

(
1− pe−j4πfτC

1 + p
(
V +R
B (f)

V −RB (f)

)
e−j4πfτC

)(
1 +

V +R
B (f)

V −RB (f)

)
. (3.42)

We now present an example configuration where τA = 1.7ms, τB = 1.4ms, and

τC = 1ms. The open-loop fundamental frequency is 1
2

1
τA+τB+τC

= 122Hz. p = 0.9 is

chosen artificially small so that the plot is easier to inspect visually; however, it does

not alter the qualitative results: the gyrator causes the resonance frequencies

of some of the modes to increase and that of other modes to decrease

(see Figure 3.22). The decay times of some of the modes increase, while the

decay times of other modes decrease. If the measurements at both points A and

B are in phase for a given mode, then the gyrator increases the resonance frequency

of that mode. If the measurements at both points A and B are NOT in phase for a

given mode, then the gyrator decreases the resonance frequency of that mode. Thus,

the effect generally causes the waveguide to become inharmonic. We have verified

the behavior qualitatively in simulation using the digital waveguide string model

introduced in Section 2.2.2. In some contexts, it might be more desirable to focus the

control energy on specific frequency ranges. This could be accomplished by replacing

u with a linear filter, represented in the Laplace domain as U(s).
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3.2 Positive Real Controllers Motivate The Design

Of Nonpassive Controllers

We briefly consider some nonpassive controllers that bear resemblance to

some of the positive real controllers that we have developed so far.

3.2.1 Negative Spring Constant

Passive PID control with PP > 0 while PD = 0 and PDD = 0 causes the pitch

of the controlled instrument to increase (see (3.1)). We now consider PID control

with PP < 0, which implements a negative spring. For a given displacement in a

direction, the controller exerts a force in the same direction as the displacement. This

controller is clearly nonpassive. Consider the controller acting upon a simple mass. If

perturbed from the position x = 0, the mass would accelerate off to infinity. However,

in practice, the controller has utility in controlling acoustic musical instruments since

these instruments have some innate stiffness, which cannot be overcome by a negative

spring with spring constant sufficiently small in magnitude. By (3.4) and as observed

in the laboratory with a vibrating string, PP < 0 causes the pitch of the controlled

instrument to decrease.

3.2.2 Negative Damping

We may similarly consider the case of implementing negative damping where

PD < 0 while PP = 0 and PDD = 0. The controller exerts a force on the instrument

in the direction of the velocity, so it is clearly nonpassive. In practice, small amounts

of negative damping may often be compensated for by positive damping inherent in

the instrument, so by (3.5), negative damping may be employed to increase the decay

time of instrument resonances.
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3.2.3 Negative Mass

Similarly, a negative mass may be placed at the collocated sensor and actuator

on the instrument by choosing PDD < 0 while PD = 0 and PP = 0. As long as the

net mass is positive, then the resonance’s characteristics change according to (3.4)

and (3.5).

3.2.4 Integral Control

After investigating the effect of feeding back displacement, velocity, and ac-

celeration in the framework of PID control, we consider feeding back the integral of

displacement. However, this controller is unstable, so we use the following similar

controller:

Kint(s) = PI
a

s(s+ a)
, (3.43)

where a > 0. If f0 is the resonance frequency of the lowest open-loop musical instru-

ment mode, then

a� 2πf0. (3.44)

Consequently, the control force is proportional to a filtered quantity that is pro-

portional to the integral of displacement over the audible frequency range. To apply

damping with integral control, we choose PI < 0 so that for all frequencies sufficiently

far enough away from DC, the controller simulates a sort of “low-pass damper.” That

is, for ω � a, ∠Kint(jω) ≈ 0. Nevertheless, Kint(s) is not positive real because the

relative degree of Kint(s) is two. We investigate the closed-loop stability of this con-

troller applied to the resonance model from Section 2.2.1 with the help of the root

locus diagram shown in Figure 3.23. The real axis corresponds to σ and the imaginary

axis corresponds to jω where s = jω+ σ. The pole starting from −a that eventually

moves into the right half plane causes the closed-loop system to become unstable for

more negative loop gains PI , for instance if the controller causes the stiffness of the

closed-loop system to become negative at DC. Therefore a should be chosen such that

strong enough stable control can be obtained for the application while nevertheless
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Figure 3.23: Root locus over PI < 0 for Kint(s) applied to a lightly damped harmonic
oscillator

satisfying (3.44).

Employing a pole perturbation analysis for small |PI |, we obtain a formula for the

new decay time constant assuming that (3.44) holds [24]:

τ̂ ≈ 2m

R + PI/(4π2f 2
0 )
. (3.45)

Note that (3.45) is essentially the same as (3.4) except that the PI term adjusting

τ̂ rolls off at 12dB/octave in frequency. This is because the control signal is roughly

speaking integrated twice in comparison with the control signal for damping via ve-

locity feedback. That is, the integral of displacement is the same as the velocity

integrated twice.
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3.3 Higher Order Control Schemes

We investigated the performance of a series of controllers in

the previous sections of this chapter. We found that changing the decay time of a

musical resonance is relatively straightforward, but changing the resonance frequency

requires more control power (see Section 3.1.2 in particular). In other words, changing

the resonance frequency is difficult. In addition, the controllers we have investigated

so far affect the resonance frequencies of modes by different amounts. The alternating

filter introduced in Section 3.1.7 has the ability to shift the resonance frequencies of

modes by similar amounts, and is in fact a fairly high-order controller. Nonetheless,

it detunes the modes of an acoustic musical instrument when shifting them. We shift

our focus now to idealized controllers that are capable of changing the resonance fre-

quencies of the modes of a waveguide-based musical instrument without significantly

detuning them.

3.3.1 Non-Collocated Traveling Wave-Based Control

Waveguide models, as described in Section 2.2.2, suggest an-

other method for controlling musical instruments. Rather than controlling the phys-

ical state, such as the position of the vibrating medium, we may consider controlling

the traveling waves propagating within that medium. Consider the linear waveguide

string illustrated in Figure 3.24. Let this represent a physical waveguide such as a

vibrating string or column of air where the wave variable changes sign at the termi-

nations. For simplicity, we have eliminated the loop filter Hlp(z) so that the partials

are perfectly harmonic and have the same exponential decay time constant τ [149]2:

τ = − 1

f0 ln(|g|) . (3.46)

The fundamental frequency f0 = fS/(A+B+C+D), where fS is the sampling rate

2If instead one end of the waveguide is inverting and the other non-inverting, for example in the
case of a flute, then actually τ = − 1

2f0 ln(|g|) .
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Figure 3.24: Representation of a physical waveguide

in Hz. Since the traveling waves cannot be sensed directly, we must estimate them

using arrays of sensors [18][151]. In this section, we consider how sensor nonlinearity

prevents this control approach from being implemented for waveguides with long

decay time constants. The main point to take away is that the sensor nonlinearity

can skew the effective loop gain of the waveguide, which is particularly problematic

for long decay time constants. With this meaning in mind, we state that traveling

wave-based control is “not robust” to sensor nonlinearity, and we explain further in

detail below.

Actuating a traveling wave in a single direction requires either an array of actua-

tors or a single actuator and knowledge of a termination reflection transfer function.

Since an analogous statement also holds for sensing a traveling wave, traveling wave-

based control cannot be implemented in a perfectly localized fashion at an interior

point [18][151]. Nevertheless, to explain this control approach, we initially assume

that we can measure the traveling wave exactly in between waveguide portions A and

B and that we can actuate the wave variable in between waveguide portions C and D.

This structure suggests that we need merely cancel the physical reflection from the

right termination and induce an artificial reflection with gain gcntrl as illustrated in

Figure 3.25. In this case, the controlled fundamental frequency is f̂0 = fS/(A+D+N).

Jean Guérard implemented this type of controller for the recorder [73]. He used an

array of five microphones placed along the tube to estimate the rightward traveling

wave, and then he used a loudspeaker driver at the end of the tube to actuate the

leftward traveling wave from the termination (i.e., he chose C = 0). We have inves-

tigated various methods for estimating traveling wave components based on sensor

arrays [18].
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Figure 3.25: Configuration for non-collocated traveling wave-based control

To truly bring a virtual waveguide instrument to the physical world, it must be

possible to change the fundamental frequency by a significant amount. Then N and

B + C must differ considerably. Except for perhaps the lowest mode of vibration,

the phase of the injected wave modes will diverge significantly from what they would

have been in the open-loop case. The large phase shifts imply that the amount of

control power required is relatively large. We may as well damp the physical reflection

passively so that g becomes smaller. In practice given a vibrating string, it is hard

to make g smaller than 0.8 using passive methods.3

Consider the waveguide shown in Figure 3.26, where the physical reflection has

already been damped. In the following, we will argue that inducing an artificial

reflection is not robust given sensor nonlinearity. Since we cannot robustly induce

an artificial reflection, and we save little control power in general whether we choose

3We typically do this in the laboratory by wrapping felt around the end of the string or placing
batting underneath the end of the string. It helps to make the impedance of the damping material
increase gradually from a small value to a large value (see [91] p. 175 for an analogous example of
a transmission line termination with varying impedance). We have considered further alternatives
involving dampers and viscous liquids, but we have never tested these.
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Figure 3.26: Configuration after physical reflection has already been damped.

active or passive damping of the physical reflection, we can argue that traveling wave-

based control of a vibrating string cannot be robust in practice given typical vibrating

string sensor nonlinearity.

We extend the model to include sensor nonlinearity in Figure 3.27. The coefficient

grequested models the loop gain implemented directly by the controller as a standard

gain block. Let vR be the rightward traveling wave component, which is shown

exiting z−A and entering z−B in Figure 3.25, and let vL be the leftward traveling

wave component at the same physical location, so as shown in Figure 3.25, it lies

within z−C . The physical, measurable velocity v = vR + vL. v̂R is the estimate of

the rightward traveling wave as corrupted by nonlinear distortion. Hence, ∂v̂R
∂vR

models

how the linearized loop gain is skewed by the sensor nonlinearity, and this term is

incorporated into the model shown in Figure 3.27. To keep the models consistent, we

have gcntrl = grequested
∂v̂R
∂vR

. In essence, grequested is the loop gain we are requesting, but

gcntrl is the loop gain we achieve.
∂v̂R
∂vR

depends on the particular sensor nonlinear characteristic curve, on the par-

ticular traveling wave estimator employed, and also on the string velocity itself. The

exact expression for ∂v̂R
∂vR

is especially complicated because the traveling wave estimator

has memory. However, we assume that ∂v̂R
∂vR

is the same as ∂v̂
∂v

to first order:
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Figure 3.27: Configuration where sensor nonlinearity is modeled by ∂v̂R
∂vR

∂v̂R
∂vR

=̇
∂v̂

∂v
. (3.47)

This assumption is one of the two reasons why we are making an argument in

this section rather than a proof. This assumption is nonetheless reasonable because

we are taking the traveling wave estimator to be linear and time invariant. Hence,

if for some particular waveguide state, the estimator happens to compensate for the

gain skews of the weakly nonlinear sensors, then we can scale the gain of the state

such that the estimator is unable to compensate since superposition does not hold in

general for nonlinear systems.

Now we make the argument more specific by choosing a particular sensor nonlinear

characteristic. This is the second reason why we are making only an argument and

not forming a proof in this section. We now assume that we are measuring the velocity

directly, and that the measurement is subject to odd-order harmonic distortion. We

further assume that the sensor is operating in a region where the nonlinearity is weak

so we approximate the distortion with a single third order term scaled by α > 0 in

(3.48). v̂ is the distorted sensor measurement of the actual velocity v.
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v̂ = v + αv3 (3.48)

The only nonlinearity we are modeling in the entire control system is sensor non-

linearity. We find ∂v̂
∂v

by differentiating with respect to v.

∂v̂

∂v
= 1 + 3αv2 (3.49)

Next we relate α to the total harmonic distortion parameter k (see Section F.1).

For all signals v in general, this is not possible, so we choose the signal that is

commonly used in measuring harmonic distortion:

v = A cosωt, (3.50)

where A > 0 is the amplitude and ω is the frequency of vibration in radians per

second. We can then determine k.

v̂ = A cosωt+ αA3 cos3 ωt (3.51)

v̂ = A cosωt+
α

4
A3(3 cosωt+ cos 3ωt) (3.52)

v̂ = (A+
3

4
αA3) cosωt+

α

4
A3 cos 3ωt (3.53)

From Equation (3.53), we see that the distortion can either interfere constructively

or destructively at ω rad/sec, depending on the sign of α. Given most other nonlinear

characteristic functions in place of (3.48), the dependency is much more complicated.

We continue by applying the definition of total harmonic distortion (see Section F.1).

k =

√
1
2
(α

4
A3)2

1
2
[(A+ 3

4
αA3)2 + (α

4
A3)2]

(3.54)

Since we are assuming the nonlinearity is weak, we can take αA2 � 1 to simplify

the expression for k.
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k =

√
1
2
(α

4
A3)2

1
2
(A)2

=
α

4
A2 (3.55)

We complete the argument by developing a bound on |grequested| such that the

system never enters a state where the linearized loop gain is unstable. That is, we

require that

|gcntrl| < 1. (3.56)

To ensure that |gcntrl| < 1, we must have the following:

|gcntrl| = |grequested|
∣∣∣∂v̂R
∂vR

∣∣∣ < 1 (3.57)

Then (3.47) and (3.49) imply the following bound:

|grequested|<̇
1

|1 + 3αv2(x, t)| (3.58)

A sufficient condition for (3.58) can be developed by substituting the maximum

value of v2(x, t) for v2(x, t).

|grequested|<̇
1

1 + 3αmax{v2(x, t)} (3.59)

Finally, we substitute k into the above inequality by applying (3.50) and then

(3.55):

|grequested|<̇
1

1 + 3αA2
(3.60)

|grequested|<̇
1

1 + 12k
(3.61)

The value of k that we currently achieve in the laboratory is kvelocity, as given

in Table 3.1. That means that given our laboratory setup, assuming that ∂v̂R
∂vR

=̇∂v̂
∂v

,

and assuming that the nonlinearity is of the form (3.48),4 we can guarantee that the

4Take careful note of how kvelocity is determined in Section F.3.1. One additional difference is that
the argument assumes we are making a distorted velocity measurement (see 3.48). In contrast, in our
laboratory, we are actually making a distorted displacement measurement, which we differentiate
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Table 3.1: Relation between distortion and maximum safe waveguide loop gain

Maximum Decay
k Value of k grequested τ Description

kvelocity -26dB 0.62 3ms
kdisplacement -33dB 0.79 6ms

-40dB 0.89 14ms pizzicato pluck
-60dB 0.988 120ms normal guitar pluck
-80dB 0.999 1200ms very long guitar pluck

linearized loop gain will never become unstable, as long as we choose |grequested|<̇0.62.

This is a large price to pay to ensure closed-loop stability. Choosing |grequested| =
0.62 is equivalent to requesting a system with time constant τ = 3ms at f0 = 100Hz.

According to informal listening tests, this is long enough to tell what pitch the note is;

however, it is considerably shorter than a typical pizzicato pluck, and it is far shorter

than a normal guitar string pluck (see Table 3.1). However, the sensor nonlinearity

will cause some partials to decay much more slowly since their effective loop gains

will be closer to 1. We also cannot rule out the possibility that some partials will

become unstable as a result of nonlinear modal coupling.

We see the same behavior in simulations where sensor nonlinearity is modeled.

gcntrl must be chosen small to prevent various harmonics from becoming unstable due

to sensor nonlinearity; however, once gcntrl is chosen small enough to ensure stability,

the other harmonics decay too quickly to make for a good musical instrument. Clearly

such an actively controlled musical instrument would be difficult to use in practice.

Similar arguments to the above could be made for different sensor nonlinearity

curves. The above argument suggests that there will be significant stability problems

when implementing such a control system, so we believe the non-collocated traveling

wave-based approach is not feasible given even minor (e.g. -40dB) sensor nonlinearity

as in our laboratory. On the other hand, the method could likely be used for synthe-

sizing tones with fairly long decay times on the order of 0.8 seconds given excellent

sensor THD of -60dB or even better (see Table 3.1, line 4).

to obtain a velocity estimate. Strictly speaking, the differentiation and memoryless nonlinearity
operators may not have their order reversed in the signal chain, yet we do so in order that this
argument remain simple and more easily applicable to other systems.
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In contrast, if we allow the traveling wave estimator to be nonlinear, then we can

solve the problem trivially in theory. We simply invert the nonlinear characteristic of

each sensor and then pass the inverted signals to a linear traveling wave estimator.

We decided not to pursue this approach for two practical reasons. On the one hand,

each sensor’s gain is dependent on conditions such as its temperature. Since a high-

power infrared LED is shining directly at the sensor, we assume that the temperature

of the sensors will vary over time. To make matters worse, inductive coupling from

the actuator corrupts the measurement (see Section F.3.1), further frustrating any

sensor nonlinear characteristic inversion.

One may ask how Guérard successfully implemented a non-collocated traveling

wave-based controller [73]. First, the microphone sensors he used were likely much

more linear than our guitar string sensors. Second, he was not controlling a linear

waveguide, but rather a recorder with a saturating nonlinearity at the mouthpiece.

The saturating nonlinearity serves to help stabilize the controlled system. Third,

recorders have much shorter decay times τ than guitar strings. Nevertheless, Guérard

states that some instability problems remained even at the end of his study [73]. It is

possible that microphone sensor nonlinearity was one of the factors detracting from

the stability of the controlled recorder.

3.3.2 Termination-Based Control

We now consider what we call termination-based control,

which involves one sensor and one actuator. This control method is attractive in

that it allows specification of any termination reflection function. It allows a physical

waveguide to be controlled according to linear digital waveguide virtual instrument

synthesis techniques [149].

We remind the reader that higher-order controllers are only necessary for chang-

ing the fundamental frequency of a waveguide. If instead the goal is to change the

damping of the modes, then velocity feedback (see Section 3.1.1), or bandpass filter

control (see Section 3.1.5), or notch filter control (see Section 3.1.6) can be applied

using a collocated sensor and actuator pair. If the sensor and actuator are placed near
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the termination, then the control system implements a special kind of termination-

based control. However, in the following, we consider how to apply termination-based

control to change the fundamental frequency of a waveguide.

The sensor and actuator do not need to be collocated, although we will see that

collocation has desirable properties in this control application. Consider the configu-

ration for a one dimensional waveguide as shown in Figure 3.28, where the sensor is

depicted with a microphone symbol, and the actuator is depicted with a loudspeaker

symbol. The controller implements a transfer function with Fourier transform K(f).

The ideal sensor and actuator are assumed to operate at points along the waveguide.

The impinging rightward-going velocity wave (see Figure 3.28, right) has Fourier

transform R(f) at the position an infinitesimally small distance to the left of the ac-

tuator. An infinitesimally small distance to the right of the actuator, the rightward-

going wave includes the actuated wave A(f) and is thus R(f)+A(f).5 L(f) is defined

to be the leftward-going velocity wave an infinitesimally small distance to the left of

the actuator, so it is directly affected by the actuator. Hence, the leftward-going wave

an infinitesimally small distance to the right of the actuator must be L(f) − A(f).

T (f) is the reflection transfer function for the physical termination. For an idealized

perfectly rigid vibrating string, T (f) would be equal to -1. The propagation delay

between the sensor and actuator is τA = dA/c, where dA is the distance between the

sensor and actuator, and c is the wave speed. The distance between the sensor and

termination is dS (see Figure 3.28).

The emerging leftward-going wave L(f) can be expressed as the sum of the ac-

tuated wave A(f) and a delayed version of the incoming rightward-going wave and

actuated wave as filtered by the termination reflection function.

L(f) = A(f) + e−j4πf(τA+τS)(R(f) + A(f))T (f) (3.62)

A(f) is a function of the controller K(f), the post-actuator rightward-going wave

(R(f) +A(f)), propagation delays in the system, and the reflection transfer function

5This derivation would have been simpler if we had represented the state of the waveguide using
force waves rather than velocity waves.
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R(f)+A(f)

d

T(f)

dA S

K(f)

R(f)
L(f) L(f)−A(f)

Figure 3.28: Configuration for controlling the termination’s transfer reflection func-
tion

T (f).

A(f) = K(f)(R(f) + A(f))(e−j2πfτA + e−j2πf(2τS+τA)T (f)) (3.63)

Solving (3.63) for A(f) we arrive at the following:

A(f) = K(f)R(f)e−j2πfτA
1 + e−j4πfτST (f)

1−K(f)e−j2πfτA(1 + e−j4πfτST (f))
. (3.64)

Now we can solve for the induced reflection due to the active termination by

substituting (3.64) into (3.62) and solving for L(f)/R(f):

L(f)

R(f)
=
K(f)e−j2πfτA(1 + e−j4πfτST (f))(1 + e−j4πf(τA+τS)T (f))

1−K(f)e−j2πfτA(1 + e−j2πf2τS)
+ e−j4πf(τA+τS)T (f).

(3.65)

The combination of the physical string termination, the sensor, and the actuator

can be considered to be an “active” termination. The following derivation is in the

spirit of some derivations involving (typically feedforward) control of sound in ducts

[115]. However, the derivation differs in that we consider broadband feedback control.

The design goal is to choose K(f) such that velocity waves reflect off of the active

termination in a desired way. We now solve (3.65) for K(f), and we discover that

K(f) can be noncausal if we do not choose L(f)/R(f) carefully.
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K(f) = ej2πfτA
L(f)
R(f)
− e−j4πf(τA+τS)T (f)

(1 + L(f)
R(f)

)(1 + e−j4πfτST (f))
(3.66)

We can come up with an easier design method by allowing specification of a

controlled reflection transfer function with an inherent delay of τA seconds. To this

end we define the reflection transfer function Λ(f) as follows:

Λ(f)e−j2πfτA
∆
=
L(f)

R(f)
(3.67)

Now when we solve for K(f) we obtain a more convenient expression.

K(f) =
Λ(f)− e−j2πf(τA+2τS)T (f)

(1 + e−j2πfτAΛ(f))(1 + e−j4πfτST (f))
(3.68)

ACTIVE DAMPING

We first consider how well we can damp vibrations in the waveguide. To have no

reflections at all from the active termination, we would need Λdamping(f) = 0.

Kdamping(f) =
−e−j2πf(τA+2τS)T (f)

1 + e−j4πfτST (f)
(3.69)

For a nearly rigidly-terminated string in the laboratory, T (f) ≈ −0.999 (see Table

3.1), but we see that this will cause the poles of the controller K(f) to be dangerously

close to the jω axis (see (3.69)). Therefore, for the controller filter to have

well-damped damping poles, we need to have a physical termination that

is better damped, for instance T (f) ≈ 0.9. This value can be approximately

achieved by at least partially passively damping the waveguide termination. This

result is analogous to noise-canceling headphone design, where active noise control

and passive noise control elements are combined [11].

INDUCING AN INVERTING TERMINATION, PART I

We now consider how to change the fundamental frequency of the waveguide by

choosing a constant Λinverting over all frequencies. This technique leaves the closed-

loop fundamental frequency a function of the sensor and actuator locations, so it is
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not as general as we would like, but the analysis is quite simple, so we begin with this

special case. We further assume that the physical termination is already perfectly

damped (i.e. T (f) = 0). (3.68) then implies the following:

Kinverting(f) =
Λinverting

1 + e−j2πfτAΛinverting

. (3.70)

The poles of Kinverting(f) are close to the jω axis for Λ(f) ≈ −1, so inducing a

perfectly inverting termination is impossible, and inducing a nearly inverting termina-

tion will cause Kinverting(f) to be poorly conditioned. Consequently, we compromise

in the following example by choosing Λinverting(f) = −0.99, which is capable of re-

sulting in a fairly short but nevertheless musical decaying note (see Table 3.1). It

follows then that K(0) = −99. Figure 3.29 shows |Kinverting(f)| for the collocated

case τA = 0 in thick red. This particular collocated controller simply imple-

ments a damper, which is positive real, so we can implement this special

case using the velocity feedback term PD of PID control (see Section 3.1.1).

Figure 3.29 also shows some controller magnitude responses for τA ∈ (0, 0.25]ms in

thin blue lines. These controllers are well-behaved, and they are even positive real—

this can be checked by applying the definition of positive real functions in Section

2.3.2 to −Kinverting(s/2πj). However, these controllers restrict the placement of the

artificial termination to a specific position.

INDUCING AN INVERTING TERMINATION, PART II

Now we consider what happens if we want to make it possible to adjust the funda-

mental frequency to a value which is not as dependent on the sensor/actuator geom-

etry. That is, we now take Λinverting,f0(f) = Λinverting,f0e
−j2πfτ , where Λinverting,f0 =

−0.99 and τ = 0.5ms. We still retain T (f) = 0.

Kinverting,f0(f) =
Λinverting,f0e

−j2πfτ

1 + e−j2πf(τA+τ)Λinverting,f0

(3.71)

The result is plotted in Figure 3.30 for τA = 0 in thick red and for τA ∈ (0, 0.25]ms

in thin blue. We see that the gain never exceeds |K(0)|, which is about 40dB, so the

controller is fairly well conditioned, but the phase lag from the term e−j2πfτ prevents
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Figure 3.29: |Kinverting(f)| for τA = 0 (collocated, thick red) and τA ∈ (0, 0.25]ms
(thin blue)

the controller from being positive real. Thus, when the waveguide fundamental

frequency is adjustable over a large range, the controller is not positive

real in general.

INDUCING AN INVERTING TERMINATION, PART III

So far we have assumed quite unrealistically that T (f) = 0. Now we consider the

case where the physical termination is modestly damped using passive approaches.

Now we take T (f) = −0.9e and τS = 1ms. This case reflects the situation in the

laboratory better. We retain Λinv,practical(f) = −0.99e−j2πfτ , where τ = 0.5ms. In

Figure 3.31, we plot the magnitude response of the controller for τA = 0 thick red

and for τA ∈ (0, 0.25]ms in thin blue. The controller’s magnitude response is more

complicated, but it is still fairly well conditioned because the maximum magnitude

is limited. The controller is not positive real due to τ 6= 0.

INDUCING A NON-INVERTING TERMINATION

We consider the case of inducing a non-inverting termination. Again for simplic-

ity we assume that the physical termination has already been perfectly damped, so

T (f) = 0. In this example, we take Λnonvinvert(f) = 0.99. From (3.68), we see now

that at low frequencies, the resulting controller operates in the positive feedback mode

rather than the negative feedback mode, so it is clearly not positive real. In fact, for

τA = 0, the controller implements a negative damper. Inducing a non-inverting



3.3. HIGHER ORDER CONTROL SCHEMES 89

0 5000 10000 15000
−10

0

10

20

30

40

Frequency [Hz]

M
ag

ni
tu

de
 [d

B
]

Figure 3.30: |Kinverting,f0(f)| for τA = 0 (thick red) and τA ∈ (0, 0.25]ms (thin blue)
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Figure 3.31: |Kinv,practical(f)| for τA = 0 (thick red) and τA ∈ (0, 0.25]ms (thin blue)
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Figure 3.32: |Knoninvert(f)| for τA = 0 (thick red) and τA ∈ (0, 0.25]ms (thin blue)

termination is not positive real.

SUMMARY

Termination-based control can theoretically be applied for creating an active string

termination (see Figure 3.28). In the preceding subsections we determined that

1. For the controller filter to have well-damped damping poles, we need the physical

termination to be partially damped passively.

2. Inducing a non-inverting termination is not positive real.

3. When inducing an inverting termination using collocated control, the termination-

based controller implements a simple damper using PID control.

4. Inducing an inverting termination over a range of positions, and hence making

the fundamental frequency adjustable by active control, is not positive real in

general.

It is thus not possible to implement positive real control of a one-dimensional

waveguide’s fundamental frequency using a single wave sensor, single wave actuator,

and a single physical termination. Hence, we will not be able to take advantage of

the robustness of positive real control (see Section 2.3.2). To make matters worse,
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relatively large control gains are required over some frequency regions. In the fol-

lowing section, we show that we cannot achieve large enough loop gains in the lab-

oratory to induce a nearly lossless inverting reflection using the most robust of the

termination-based controllers, the damper with damping coefficient much larger than

the waveguide’s wave impedance. This reasoning explains why we have never tried

implementing termination-based controllers in the laboratory, although we believe

that some controllers resulting in modestly short decay times could be implemented

in practice.

3.3.3 Loop Gain Limitations In The Laboratory

From the previous section, we see that some formulations

of termination-based control could be implemented in practice if it were possible to

increase the loop gain far enough. In this section, we consider a fundamental special

case described in the previous section: the sensor and actuator are collocated, and

they implement a damper. Note that this controller is positive real, meaning it should

be easier to implement in practice and work better for systems where the natural pole

locations are not known.

For small levels of damping, vibrations of the waveguide will be damped, much

like how holding a finger against a vibrating string causes it to quickly cease vibrat-

ing. However, for larger levels of damping, the controller essentially implements an

inverting termination, causing string to split into two more or less independent string

segments, each having its own length and fundamental frequency. Given some pa-

rameters in practical situations, we estimate how much larger the damping control

gain must be to change the fundamental frequency in this manner.

FUNDAMENTAL FREQUENCY

Consider a vibrating string with wave impedance R0. Let waves reflect off of the

left rigid termination losslessly, and let a dashpot with damping coefficient RC be

attached to the string as shown in Figure 3.33.6 Since we are considering velocity

6The waveguide could also be from any other one-dimensional waveguide-based instrument, but
in this section we assume it is a string so that we can easily consider mechanical analogs of the
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−1
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Figure 3.33: Dashpot attached to a rigidly-terminated semi-infinite vibrating string

0

R0

−1
g

 RC + R

Figure 3.34: Equivalent mechanical configuration to Figure 3.33 where the impedance
of the right-hand string segment is lumped into the dashpot

waves, the velocity traveling wave components reflect off of the rigid termination with

reflection coefficient -1 (see Figure 3.33). We assume that the dashpot is implemented

using feedback control. The dashpot has coefficient large enough to cause a significant

reflection with coefficient g off of the dashpot. We do not concern ourselves with what

is far to the right of the dashpot, since our goal is to create a rigid termination for

the leftmost string segment. Consequently, for convenience we assume that the string

continues off to the right-hand side forever supporting zero reflections.

Because we assume no reflections or other waves to arrive on the right-hand seg-

ment of the string, we can lump the wave impedance of the string into the dashpot

as shown in Figure 3.34. The impedances sum because the string endpoint and the

dashpot share the same velocity. For velocity waves, the reflection coefficient g is the

controllers. Other analogs exist for other waveguide-based instruments.
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ratio of the impedance step and the impedance sum [149]:

g =
R0 − (RC +R0)

R0 + (RC +R0)
= − RC

RC + 2R0

. (3.72)

We then solve for RC .

RC = −2R0g

1 + g
(3.73)

By substituting in for g using (3.46), we arrive at the following expression:

RC,change f0

∆
= RC =

2R0e
− 1
f0τchangef0

1− e−
1

f0τchangef0

(3.74)

for RC,change f0 as a function of the fundamental frequency f0 of the segment and

the decay time constant τchangef0 . In general, the impedance of the dashpot must

be much larger than the impedance of the string to cause a strong enough reflection

so that the modes with the new fundamental frequency f0 do not decay too quickly.

For instance, for τchangef0 = 120ms and f0 = 100Hz, RC,change f0 = 23R0. This

approximately models the low G2 note on an acoustic guitar. For more information

on relating decay times to musical plucked string sounds, see Table 3.1.

DAMPING

To analyze pure damping using a dashpot, we need to consider a right termina-

tion as well (see Figure 3.35). g is the reflection coefficient off of the dashpot, so a

wave approaching the dashpot continues on to the other segment with gain (g + 1)

[91]. Without loss of generality, we assume that the dashpot is closer to the right

termination. Now we assume that g is small enough that we can ignore the frequency

shifted modes corresponding to the left-hand string segment and right-hand string

segment. This assumption will be justified when we show by the end of the argument

that RC,damping � RC,change f0 . Thus, we have that velocity waves reflect off of the

dashpot and right-hand termination with reflection coefficient

geff = −(g + 1)2. (3.75)
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Figure 3.35: Dashpot attached to a rigidly-terminated vibrating string with reflection
coefficients labeled for damping analysis

g =
√
−geff − 1 (3.76)

Combining (3.76) and (3.46), we find that

RC,damped = −2R0g

1 + g
= −2R0(

√−geff − 1)√−geff
= −2R0(e

− 1
2f0τdamped − 1)

e
− 1

2f0τdamped

. (3.77)

LOOP GAIN COMPARISON t

In our laboratory, we can damp vibrations using a dashpot controller so that the

decay time of the lowest partials is on the order of τdamped = 15ms. This is the shortest

decay time we can achieve using the current hardware (see Appendix F). This implies

that RC,damped ≈ 0.8R0 � 23R0 = RC,change f0 for f0 = 100Hz.

The difference in dashpot damping coefficients actually depends on frequency, so

we now compare the ratio of the coefficients RC,change f0(f0) and RC,damped(f0) over a

range of frequencies. Kincrease, as given below in (3.78), is plotted for τdamped = 15ms

and τchangef0 = 120ms in Figure 3.36. Kincrease becomes larger as f0 increases. Because

we are implementing the dashpot with a digital controller, RC is proportional to the

control loop gain.

As shown in Figure 3.36), it is easier to shift the fundamental frequency for low
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Figure 3.36: Increase in loop gain needed for changing the pitch rather than the
damping as a function of frequency f0 (τdamped = 15ms and τchangef0 = 120ms)

f0. The cut-off frequency in our laboratory is about 26Hz since Kincrease(26Hz) ≈ 1.

However, this limit is clearly a problem since the majority of notes used in most

traditional music compositions are higher than this. In fact, the mode at 26Hz would

be so low that it would almost be inaudible [59].

Kincrease(f0) =
RC,change f0(f0)

RC,damped(f0)
=

2R0e
− 1
f0τchangef0

1−e
− 1
f0τchangef0

−2R0(e
− 1

2f0τdamped −1)

e
− 1

2f0τdamped

(3.78)

LIMITATIONS t

Now we consider whether we might be able to increase the loop gain far enough

to change the pitch in a practical context given the current loop gains we can achieve

in the laboratory. Let us assume that for f0 ≈ 100Hz, so we have Kincrease ≈ 30dB.

We have taken efforts to ensure that the actuator is powerful enough to provide

such large loop gains. The magnets in the actuator are made of neodymium, helping

provide relatively large forces (see Section F.2.1). The main limitations here are the
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amount of current that can be passed safely along the string and the power provided

by the amplifier, but these are not a problem in our laboratory.

In all control systems, the bandwidth of the control loop is limited. This charac-

teristic is a consequence of all physical systems being band-limited. As soon as the

bandwidth becomes limited, the system evidences phase lag [122]. To ensure that the

control system is stable, the magnitude of the gain around the control loop needs to

be less than 1 as soon as the bandwidth limitation causes the phase lag to increase

further and further (see Section 2.4.1). Consequently, the control loop gain needs to

be sufficiently rolled off by the bandwidth limit.

Staying true to our positive real controller philosophy, we are allowed to use only a

first-order lowpass filter to roll off the control loop gain. In other words, the controller

should behave like a spring at high frequencies. Any higher order lowpass filter in the

controller would contribute more than π/2 radians of phase lag, thus preventing the

controller from being positive real. A first-order lowpass filter rolls off the gain by a

factor of 10 (20dB) for every increase in frequency of a factor of 10. In our laboratory,

a bandwidth limitation causes the “dashpot” to become unstable for loop gains much

larger than those needed to achieve RC ≈ 0.8R0.7

It follows that Kincrease further indicates how much smaller we must make the

control system bandwidth in order to ensure stability given larger loop gains. Since

we currently place the dominant roll-off pole around 4kHz to allow as large loop gains

as possible while still damping the audible partials, we would need to place this pole

at 4kHz/Kincrease so that the control system would still be stable after increasing the

control gain by Kincrease. This means that without further fundamental improvements

to the sensor and actuator design, we cannot induce new fundamental frequencies with

a dashpot for partials above approximately 4kHz/Kincrease ≈ 125Hz. This bandwidth

is much too small to be musically useful in our application. For example, if the

fundamental frequency of vibration f0 = 100Hz, then the controller would only have

the prescribed effect on the lowest resonant frequency. The controller would act like

a spring instead of a damper for the higher and clearly audible resonant frequencies.

7We believe that inductive coupling between the actuator and sensor may be responsible for this
limit (see Section F.4).
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We conclude that, in general, it is difficult to obtain large enough loop gains

in the laboratory to change the fundamental frequency of a vibrating string using a

controller that emulates a damper. It is possible to increase the loop gain by rolling off

the damper, turning it into a spring at high frequencies; however, then the bandwidth

of the controller becomes limited.

3.3.4 Matched Termination Control

Given the results from Section 3.3.3, we realize we can only

hope to change the pitch of the string with control if only relatively small control

loop gains are required. In this section, we investigate the possibility of doing so by

using a perfectly-matched termination, which improves the conditioning of the control

problem. However, we show below that, as in Section 3.3.1, controllers of this form

attempting to synthesize long string decay times will suffer from stability problems

due to sensor nonlinearity.

String Terminated By Ideal Dashpot

We now assume that the string has a perfectly-matched termination as shown in

Figure 3.37. The termination is realized in the form of a damper with the same

impedance R0 as the string’s wave impedance. Because the string is perfectly ter-

minated, the termination absorbs all energy from waves impinging on it, reflecting

nothing in the absence of control [91]. d is the distance between the sensor and the

termination. Since c is defined to be the wave speed on the string, the time delay

between the sensor and the termination τ = d/c.

The control system exerts the force fF (t) ←→ FF (s) at the string termination.

Left-going velocity waves induced at the termination are fF (t)
R0

, so the right-going wave

vR(t) at the sensor can be expressed as

vR(t) = v(t)− fF (t− τ)

R0

, (3.79)

where v(t) is the velocity of the string at the sensor. Accordingly, the controller can
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^

R0

−KF(s)

F(s) F

d

v(t)

Figure 3.37: Active termination control using a perfectly-terminated string

deduce an estimate v̂R(t) of the right-going wave at the sensor using the following,

where v̂(t) is the estimated velocity of the string at the sensor position:

v̂R(t) = v̂(t)− 1

R0

fF (t− τ). (3.80)

The physical configuration depicted in Figure 3.37 is difficult to implement in the

laboratory for many reasons. To name a few, the damper’s characteristic constant

must be perfectly tuned to the string’s wave impedance, the damper must be in

contact with the string at an infinitesimally-small point, and the damper must be

able to withstand a large horizontal preload force necessary to tension the string.

String Terminated By Servo-Controlled Piston

We present an alternate configuration using a piston-type collocated sensor and ac-

tuator as depicted in Figure 3.38. The piston has mass m and spring constant k.

An additional damper is placed in parallel with the piston to form the net damping

parameter R, making the string termination’s damping passively approach that of

the string’s wave impedance. See Section F.5 for information on this type of motor

without R.

Next we close an idealized feedback loop around the piston to ensure that it
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k R

d

Figure 3.38: Active termination control using a piston-type collocated sensor and
actuator

behaves analogously to the system shown in Figure 3.37 at low frequencies for suffi-

ciently small string displacements. The controller cancels out the mass and stiffness

of the actuator, and compensates for the damping to result in impedance matching

at sufficiently low frequencies. The pole at −a rolls off the mass cancellation at high

frequencies.

KB(s) = −ms(a/(s+ a))− k/s+ (R0 −R) (3.81)

Effects Of Sensor Nonlinearity

Regardless of how we implement the perfect termination, we have

∂v̂R
∂vR

=
∂v̂

∂v
(3.82)

due to the form of the traveling wave estimator in (3.80). In other words, the sensor

nonlinearity in the velocity estimate v̂(t) corrupts the estimate of the right-going wave

v̂R(t) to the same degree. In this analysis, we can ignore the −1
R0
fF (t − τ) term in

(3.80) because we know it precisely.

Due to (3.82), we can relate the current controller to the one described in Section
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3.3.1. For instance, we may assume the same nonlinearity:

v̂(t) = v(t) + αv3(t). (3.83)

We have also perfectly canceled the reflection off of the physical termination, similarly

to as in Section 3.3.1, using the servo-controlled piston. Consequently, by the same

argument as in Section 3.3.1, we argue the following:

When attempting to provide long decay times, as characteristic for plucked

string instruments, practical implementations of active terminations will

suffer from stability problems, even for piston-type actuators.

3.4 Summary

The theory of positive real functions can be used for deriving controllers that are

guaranteed to result in stable behavior if the acoustic musical instrument is dissi-

pative. Positive real controllers are especially useful for controlling acoustic musical

instruments in performance where an exact model of the musical instrument may

be unavailable. For instance, the fundamental frequency of vibration may even be

unknown in some performance contexts.

We describe a series of positive real controllers in Section 3.1. PID control was

previously used in designing feedback controlled acoustic musical instruments [28]. We

showed that PID control of the velocity is positive real. We introduced several other

positive real controllers to the field of feedback control of acoustic musical instruments:

bandpass controllers, notch filter controllers, combinations of bandpass and notch

filters controllers, alternating filter controllers, teleoperator-based controllers, and

gyrator controllers. We primarily analyzed how they affect only a single musical

resonance; however, we showed in Section 3.1.3 that the change in the behavior of

a musical resonance is independent of the other musical resonances when subject to

linear control.

Positive real controllers are subject to some limitations because they cannot add
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energy to the acoustic musical instrument. However, the form of positive real con-

trollers motivates the design of nonpassive controllers. For instance, inverting the

phase of a positive real controller by 180 ◦ causes the controller to move the poles in

the opposite direction. Several controllers designed according to this method were

introduced in Section 3.2. These controllers have all been previously applied to the

field of the feedback control of acoustic musical instruments except integral control

of the displacement, which was analyzed in Section 3.2.4. It can be applied to change

the decay times primarily of the musical resonances at lower frequencies.

In Section 3.3, we discussed higher order control methods. We analyzed how they

could be used to change the fundamental frequency of one-dimensional waveguide-

based instruments. We believe that Termination-Based Control is novel; however, it

cannot currently be successfully applied in practice in our laboratory to change the

fundamental frequency of a plucked string instrument due to the manner in which

control bandwidth limits the maximum loop gain—see Section 3.3.3 for our analysis.

In contrast, Non-Collocated Traveling Wave-Based Control has been previously ap-

plied to change the fundamental frequency of a recorder [73]; however, as we argued

in Section 3.3.1, sensor nonlinearity can destabilize the controller when attempting

to synthesize musical resonances with especially long decay times. The same argu-

ment prevents Matched Termination Control, which we also believe to be novel, and

Termination-Based Control from being applicable to plucked string instruments in

our laboratory. In general, the higher order controllers for changing fundamental

frequency are aggressive and hence difficult to apply practically to plucked string

instruments due to the destabilizing effects of even minor sensor nonlinearity.

The performance of the controllers described in this chapter is further limited

by the fact that changing the resonance frequency of musical resonances requires

a relatively large amount of control power. Consider controlling a single musical

resonance with quality factor Q. If the amount of control power is held constant, the

maximum decrease in the decay time of a musical resonance is about 2Q times larger

than the maximum increase in resonance frequency (see Section 3.1.2). Hence, in

these control configurations where we do not have explicit control over the wave speed

in the medium, it may not be feasible to change resonance frequencies significantly.
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Successful musical instrument designs will likely focus more on adding or removing

energy from existing modes. This is why we next investigate controllers that primarily

make use of nonlinear strategies for adding energy to existing modes (see Chapter 4)

or removing energy from existing modes (see Appendix D). Instrument designers

seeking to have significant control over the resonance frequencies of the modes should

instead consider directly controlling the wave speed of the acoustic medium.



Chapter 4

Inducing Self-Sustaining Vibrations

in Acoustic Musical Instruments

4.1 Introduction

In this chapter, we consider how certain kinds of nonlinear controllers alter the dy-

namics of acoustic musical instruments in musically appealing ways. In particular,

we focus most of our efforts on designing self-sustaining controllers, which can sustain

instrument vibrations for an arbitrarily long time. The field of nonlinear control in

general is vast, and even simple problems can be hard to solve. To make matters

worse, many nonlinear control techniques are difficult to apply if the plant has many

modes, such as acoustic musical instruments [138]. Finally, there is a huge divide be-

tween nonlinear control theory and how nonlinear control can be applied realistically

in practice [98]. For these reasons, we focus on simple controllers that aim to deliver

a limited amount of control power to the musical instrument.

Because so many different nonlinear controllers exist, most of the controllers dis-

cussed here are motivated by strong nonlinearities present in traditional acoustic

musical instruments. Consequently, we suggest that sensors and actuators remain

collocated so that passive nonlinearities may be implemented by the controller. For

example, this restriction ensures that it is possible to implement nonlinear damping

(see Appendix D).

103
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4.1.1 Self-Sustaining Oscillators

In acoustic musical instruments, the most prevalent kind of strong nonlin-

earity typically gives rise to self-oscillating behavior. At the beginning of play, the

energy in the instrument grows until it reaches some equilibrium level. One of the

simplest and best known self-sustaining oscillators is the Van der Pol oscillator. The

Van der Pol oscillator is not a good model of an acoustic musical instrument because

the model order is so low—it essentially models only a single resonance. Neverthe-

less, it is convenient to start thinking about self-sustaining oscillators in terms of the

Van der Pol oscillator because the behavior is comparatively simple. The oscillator’s

damping parameter a(x2 − 1) is a function of x [62][162]. For small x, the damping

is negative, and for large x the damping is positive.

mẍ+ a(x2 − 1)ẋ+Kx = 0. (4.1)

Note that we could interpret this system as a physically undamped mass-spring os-

cillator with mass m and spring constant K, which is augmented with a nonlinear

velocity feedback term. The velocity feedback term a(x2 − 1)ẋ drives the mass and

spring into a stable oscillation, also known as a limit cycle, at a particular amplitude

[138]. In steady state, the damping must be sometimes positive and sometimes neg-

ative in order to sustain the oscillation. This modulation causes a strong nonlinear

distortion of the velocity feedback.

4.1.2 Sources of strong nonlinearity in acoustic musical in-

struments are often localized

In contrast with a simple mass-spring oscillator, traditional

acoustic musical instruments have many more modes, so they must be modeled us-

ing higher order systems. Basic models for many of these instruments consist of a

local (often even memoryless) nonlinear element coupled to a higher order musical
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resonator.1 McIntyre, Schumacher, and Woodhouse present a model applicable to the

clarinet, the bowed string, and the flute families [108]. For example, a violin string

itself is nearly linear, but the interaction between the bow and the string is local and

strongly nonlinear. Similarly, a clarinet reed behaves nonlinearly, but it is coupled

to a linear waveguide. Rodet and Vergez describe similar models for the clarinet,

recorder, bowed string, and trumpet [135].

The dominant nonlinearity in the aforementioned models, with the exception of

the trumpet, can be modeled approximately with a nonlinear damper. The important

role of the damper should not come as a complete surprise due to its fundamental role

in directly relating the force and the velocity.2 We consider the role of a nonlinear

damper when coupled to a mass and a (nonlinear) spring in Section D.

4.2 Application To Musical Self-Sustaining Oscil-

lators

In this section, we discuss how to design nonlinear controllers

reminiscent of particular traditional acoustic musical instruments. Here the controller

seeks to induce self-sustaining oscillations in an acoustic musical instrument. In the

laboratory, we use a vibrating string to serve as the instrument, although in practice

the acoustic musical instrument could be extended to classes of instruments beyond

one-dimensional waveguides. For example, it seems likely that it should be possible

to bow a cymbal. However, we have not tested instruments beyond the vibrating

string, so for now we will make our arguments specific to one-dimensional waveguide

instruments. Accordingly, Figure 4.1 reminds the reader of the analogy between

controlling a string with a nonlinear damper (Figure 4.1, top) and a vibrating string

coupled to a nonlinear damper at some point along the string (Figure 4.1, bottom).

1Relatively large displacements and velocities can lead to significant distributed nonlinear be-
havior in some practical situations [81][62]. For example, strings with large displacements behave
nonlinearly. Some plates and shells (e.g. cymbals and gongs) also exhibit strong distributed nonlin-
ear behavior even for relatively small displacements [62][158].

2Indeed, in Section 3.3.2, we observed that the damper was also the simplest element that could
be used for changing the fundamental frequency of a waveguide.
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R(x)

F=−R(x)

.

.

Figure 4.1: Nonlinear damping control of a vibrating string (top), and string coupled
to a nonlinear damper (bottom)

Virtual Bow Characteristic

To bow the instrument with a virtual bow, we need merely choose an appropriate

model of a bow-string nonlinear damping curve. The electromagnetically bowed string

bears some similarities to a haptic musical instrument (see Chapters 5 - 7), especially

in that one can consider that the musician is somehow interacting with a virtual bow;

however, the musician is interacting directly with a standard vibrating string element

rather than with a haptic device.

Consider the generalized damping characteristic curve shown in Figure 4.2, which

is similar to the nonlinear friction that a string experiences when it rubs against

a stationary bow. This is an example of nonlinear damping, which is explained in

more detail in Appendix D. Instead, to move the implicit virtual bow sideways

at a constant velocity v0 [168] [140], we horizontally offset the characteristic curve

to obtain the characteristic shown in Figure 4.3. Part of the characteristic curve

now traverses the fourth quadrant, so the damper is no longer passive. That is,

whenever 0 ≤ ẋ ≤ v0, the damper adds energy to the instrument (i.e. damping is

negative). The further v0 is increased, the larger set of states is where the damping

is negative. For many similar characteristic curves and when applied to a waveguide,
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.R(x)

x.

Figure 4.2: Damping characteristic curve due to holding a stationary bow held against
a string

0

R(x)

x.

.

bow velocity v

Figure 4.3: Bowed string nonlinear damping characteristic

the controlled instrument self-oscillates similarly to a bowed string. However, some

sets of parameters can lead to period doubling and chaotic behavior [114].

Other Characteristics

To induce sustained oscillations in the instrument according to the sound of other

instruments’ nonlinearities, we need merely pick the appropriate nonlinear character-

istic curve. For example, Figure 4.4 (left) shows the characteristic curve for a clarinet

reed [108]. p is defined to be the acoustic pressure and U the volume velocity. p0

is the mouth pressure control variable. Analogously to the case of the bowed string,

when the control variable is zero, the characteristic curve is passive, so all oscillations
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Figure 4.4: Clarinet reed nonlinear damping characteristic (left) and trumpet lip
nonlinear damping characteristic (right)

will decay. In contrast, as p0 is increased, the size of the nonpassive state-space grows,

generally contributing to an increase in magnitude of self-oscillations.

Figure 4.4 (right) shows the instantaneous nonlinear damping characteristic of a

trumpet player’s lips [135]. One major difference now is that the amplitude of the

nonlinear characteristic is modulated by the lip position. Nevertheless, the mouth

pressure control variable p0 is still responsible for controlling the size of the nonpassive

state-space.

Alternate Velocity Estimate

In practice, and especially when building real musical instruments, a sensor and an

actuator might be effectively collocated for only the lowest modes of vibration (see

Section 4.7). In this case, nonlinear damper implementations using a velocity estimate

may suffer from stability problems at higher frequencies. For this reason, it is worth

considering how to make use of a low-pass signal that is approximately in phase with

the velocity. Using the methods from Section 3.2.4, we see that we may do so by

integrating the displacement x with a slightly leaky integrator and inverting the sign.

In general, α > 0 for stability (consider the linear case outlined in Section 3.2.4), but

α� 2πf0.
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Controller

Figure 4.5: Configuration for event-based control of a vibrating string

F (t) = R
(
− α

∫ ∞

0

x(t− τ)e−ατdτ
)

(4.2)

4.3 Event-Based Control

4.3.1 Approach

We investigate another approach known as event-based con-

trol, which provides the musician with control over the spectral envelope. Very little

theory is available for event-based control [152], so we consider the approach only in

the context of controlling vibrating strings, not acoustic musical instruments in gen-

eral. The approach could be extended to other kinds of acoustic structures, but we

have not investigated this aspect. The key elements involved in event-based control

are usually an event detector, an observer, and a control signal generator [152]. As

in the preceding chapter on linear control, we assume that we do not have a pre-

cise model of the instrument we are controlling, so employing an observer is difficult.

Instead, we simply measure the velocity at a single position along the string. The

configuration with collocated sensor and actuator is shown in Figure 4.5.

In our application of event-based control, we repeat the following indefinitely:

1. Wait until an event is detected.

2. Actuate the system with a predetermined control signal in response.
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To reduce the space of the possible controllers, we assume that the control signal is

always the same pulse p(t). The goal is to send the pulse into the system periodically

to match the unknown or possibly time-varying period of the string. That is, we

would like the controller to sustain the vibrations in the string, even though the

period of the string may be changing according to what note the musician is playing.

As long as the controller actuates the string with the pulse exactly as the pulse is

arriving with the proper sign, the controller will drive the string at its fundamental

frequency. This property holds because the string is periodic. We illustrate the

property in Figure 4.6, where we assume that the string terminations are memoryless

and that wave propagation is nondispersive. These assumptions hold approximately

for rigidly terminated vibrating strings with negligible stiffness [149]. Figure 4.6 (a)

shows the state of string at rest. Figure 4.6 (b) shows the state of the string velocity

directly after the string has been actuated with a pulse. The beginning of the pulse

is steeper than the end of the pulse. Blue arrows show the direction of the traveling

pulses. Figure 4.6 (c,d,e) show the pulses propagating further over time. The detector

is not triggered when the pulses pass under the sensor with inverted sign. Finally

Figure 4.6 (f) shows the pulses just before one period has elapsed. They arrive at the

collocated sensor in phase. As long as the controller actuates the string with the pulse

exactly as the pulse arrives physically, the interference will be constructive. Then the

state progresses back to Figure 4.6 (b).

We believe that this control method has not been published elsewhere in the liter-

ature. However, Charles Besnainou may have tested a similar method at LAMusicale

in Paris, France.3

The dynamic behavior induced when the detector is tracking well bears some

resemblance to the slip-stick Helmholtz vibration of a bowed string. When bowing

is proceeding according to the Helmholtz string vibration motion, and when the

bow is placed near the bridge, the string sticks to the bow during most of the cycle.

However, when the Helmholtz corner traveling along the string arrives at the bow, the

string begins slipping quickly away from the bow, moving in the opposite direction.

3In personal communication with Adrian Freed, Freed stated that Charles Besnainou had con-
structed an analog control loop that actuated a vibrating string with a pulse every time that a sensor
observed a zero-crossing. Unfortunately, we have not been able to obtain further information.
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d)
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Figure 4.6: Example of traveling velocity waves on a string actuated with a short
pulse
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Soon, the Helmholtz corner arrives back at the string approaching from the opposite

direction. The Helmholtz corner then causes the string to stick to the bow again

[62], and the cycle repeats. The event in this scenario is the arrival of the Helmholtz

corner.

4.3.2 Bandwidth Advantage

Event-based control offers a unique advantage compared to other practical control

techniques described in this thesis. Because of its reliance on event detection, event-

based control allows the controller to shape the frequency response of the instrument

at relatively high frequencies. For instance, if implemented using a digital controller,

event-based control can shape the frequency response up to half the digital sampling

rate even if there are anti-imaging filters. In contrast, classical controllers typically

require that the magnitude response of the controller rolls off significantly by half the

sampling rate in order to retain system stability (see Sections 2.5.3 and 3.3.3).

4.3.3 Analysis

We assume that the string is being actuated with the pulse

p(t) at period T seconds, and we analyze the signal m(t) arriving at the listener’s ear.

We show that the musician can control the spectral envelope of the Fourier transform

of m(t) by choosing the shape of p(t).

Let F{g} = G be short hand for the following definition of the Fourier transform:

F{g(t)} = G(f) =

∫ ∞

−∞
g(t)e−2πiftdt. (4.3)

We define the Shah function III(t) to be the infinite pulse train, where δ(t) is the

delta function.

III(t)
∆
=

∞∑

k=−∞
δ(t− k) (4.4)
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The Fourier transform of the Shah function is the Shah function itself [123].

F{III(t)} = III(f) (4.5)

The scaling theorem, as given in (4.6), is important because it relates time scaling

to frequency scaling.

F{g(ax)} =
1

|a|G(
f

a
) (4.6)

We let v(t) be the net signal with which we are actuating the string. It consists

of the pulse p(t), repeated every T seconds. This can be represented as a convolution

in time with a time-scaled version of the Shah function.

v(t) =
∞∑

k=−∞
p(t− kT ) = p(t) ∗ III(

t

T
) (4.7)

If we then define F{v(t)} = V (f) and F{p(t)} = P (f), then we can find V (f)

using the scaling theorem (4.6) and the fact that convolution in the time domain

corresponds to multiplication in the frequency domain [123].

V (f) = P (f) · T · III(fT ) (4.8)

Finally, there must be some filtering between the velocity induced by the actuator

and the sound pressure heard by the ear M(f). Let this filter’s transfer function be

H(f). The quality of H(f) is primarily due to the resonances of the string and how

the string radiates sound; however, of course the filtering between the sound radiated

from the instrument to the listener’s ear also plays a role. Finally have the following

relation:

M(f) = H(f)V (f) = H(f)P (f) · T · III(fT ). (4.9)

If we define f0 such that T = 1
f0

, then we have that f0 is the fundamental fre-

quency of M(f), where M(f) is a sampled version of H(f)P (f) as given in (4.10).

H(f)P (f) is the spectral envelope of M(f). The math from this section is illustrated
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Figure 4.7: Time domain (left) and frequency domain (right) representation of the
p, v, and m signals for event-based self-sustaining control of a string. (Note that the
illustrated P (f) is not the exact Fourier transform of p(t).)

qualitatively in Figure 4.7.4

M(f) = H(f)P (f) · 1

f0

III(
f

f0

) (4.10)

Since we are driving the string at resonance, and the pulses add constructively

when the event detector is tracking well, control power is used efficiently. Note that

4Figure 4.7 is only qualitative in the sense that P (f) as represented is not the exact Fourier
transform of the p(t) shown; rather, P (f) is a hypothetical Fourier transform, which is then sampled
by T · III(fT ).
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the amplitude of p(t) is proportional to the amplitude of M(f), so the amplitude of

the p(t) should be chosen according to how loud the controlled instrument should be.

Consider the similarity between how M(f) is formed and how the human voice

creates pitched sounds [52]. In the source-filter model, the glottis creates a pulse

train of pulses like p(t), and the throat filters these pulses according to some filter

that takes on the same role as h(t).5

The spectral envelope of a harmonic signal has a strong influence over the per-

ceived timbre of the signal [59]. This controller is especially useful because it allows

great freedom in specifying the spectral envelope of M(f). In particular, if H(f) has

no zeros, then event-based control can completely specify the spectral envelope of

M(f). To achieve the spectral envelope Me(f), we choose P (f) = Me(f)
H(f)

, and then

(4.10) implies that M(f) = Me(f) · 1
f0
III( f

f0
). It follows that Me(f) is indeed the

spectral envelope of M(f).

Even if H(f) is not known, the mapping from p(t) to M(f) is intuitive for control

by the musician. We have implemented this controller in the laboratory for the electric

guitar described in Section 4.7. The graphical user interface allows the musician to

draw whatever p(t) he or she desires while experiencing how various p(t) cause the

controller to induce different self-sustaining vibrations in the electric guitar strings.

4.3.4 Event Detector

The detector observes the string vibration at the sensor and

waits for the pulse pr(t) to arrive. At this time, the string is actuated with the pulse

p(t). Finding the optimal event detector is hard because it depends greatly on the

dynamics of the string. However, the problem statement implies that we do not

even know the period of the string, much less detailed information on the individual

modes themselves. In particular, the detector depends on pr(t), which depends on

the pulse p(t) with which we actuate the system. Since we may want to change p(t)

over time to vary the spectral envelope, pr(t) may also change over time. It can be

5Note that to match the source-filter model, vowels should be specified via h(t), but we cannot
specify h(t) directly using this control method. From (4.10), we see that we may achieve the same
result of shaping the spectral envelope by specifying p(t) instead.
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hard to implement complex real-time detectors that adjust to pr(t) changing on the

fly. For these reasons, we instead explain one simple, although suboptimal, detector

that employs a matched filter.

Let v(t) be the velocity measured by the sensor collocated with the actuator. We

then filter the measurement v(t) with the filter having impulse response z(t) to obtain

y(t).

y(t) = z(t) ∗ v(t) (4.11)

We can choose z(t) to optimize our detector. For instance, from matched filter

theory, we know that we can maximize the pulse-signal-to-noise ratio of y(t) by letting

z(t) = pr(−t+ τ), where pr(t) is the pulse we are waiting to receive [93]. τ is chosen

so that z(t) is causal but still as short as possible in time. z(t)’s simple dependency

on pr(t) allows the detector to easily adapt if pr(t) changes.

For simplicity, we restrict ourselves to a string in which the velocity waves invert

at the terminations. To actuate the string once per period, we should only detect

pulses arriving with the same sign as the pulses we are actuating (see Figure 4.6). Our

detector, which we have tested in the laboratory on a vibrating string, simply waits for

z(t) to exceed a positive threshold. At this time, the string is then actuated with the

pulse p(t). If the system were vibrating according to a limit cycle, the detector worked

ideally, and the string had memoryless terminations, then the actuated pulse p(t)

would perfectly overlap with the arriving pulse pr(t), and so the string would continue

to vibrate perfectly according in a limit cycle. Furthermore, we would then have

p(t) ∝ pr(t). However, in the laboratory, the string terminations are not memoryless,

and so p(t) 6∝ pr(t). Nevertheless, for the sake of designing a simple detector, we

assume that p(t) ∝ pr(t).

Further heuristic measures improve the detector to achieve suitable behavior de-

spite nonidealities. For instance, in the laboratory, we set a lower limit on the amount

of time since a pulse was detected before an arriving pulse can be detected. This limit

corresponds to the shortest allowable string period. In practice, the pulses on the

string may be smeared due to the detector delay. It may help to make the detector

faster by choosing a smaller τ and then truncating z(t) to be causal. Windowing z(t)
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would indeed improve the pulse-signal-to-noise ratio of y(t), but windowing would

cause more delay in the detector, so we do not implement windowing in our detector.

We find that our detector works well enough that, within some limits, we can redraw

p(t) in real-time without controller tracking problems.

We remind the reader that very little theory is available on event-based control

[152]. We have spent some time developing better detectors than the one described

above, but they were so complicated that they would have been difficult to implement

in real-time in the laboratory. We have chosen to focus our efforts instead on devel-

oping other parts of the thesis, but we hope someday we will have the opportunity to

look further into developing an optimal detector for event-based control of a vibrating

string.

4.4 RMS Level-Tracking Controllers

4.4.1 Dynamic Range Limiter Control

So far we have considered nonlinear controllers that were motivated by sources

of nonlinearity in traditional acoustic musical instruments. In this section, we consider

another method for developing nonlinear sustaining controllers, and we show that the

controlled system is not unstable. The controller continually adjusts the feedback

loop gain so that the RMS level of the control signal is approximately constant.

It is important to note that the following controller is not as sensitive to system

delay. In fact the stability proof is completely independent of any system delay. This

means that the dynamic range limiter controller can be implemented with standard

audio hardware, which typically causes system delays longer than the period of the

note played on the instrument (see Section G). Composers such as Robert Hamilton

and Justin Yang are using controllers of precisely this type. Collin Oldham uses

a controller with a limiting nonlinearity to obtain stable behavior despite a system

delay longer than the period [26]. The E-Bow and the Sustainiac products also use

similar approaches [82][84].
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Composers and musicians typically use audio effects to process audio signals. The

large class of audio effect signal processors contains too many types of processors to

list them all. Many of the common effects include filters, reverberators, amplitude

modulators, frequency modulators, distortion generators, and others [149]. Many of

the effects are motivated by real physical systems, so in general the effects may be

nonlinear and/or time varying. Here we restrict ourselves to effects having only one

input and one output. Each of these effects has a particular sound associated with

it, and so composers and musicians desire to place these elements in the feedback

loops of actively controlled musical instruments. Loosely described, the controlled

instrument then generally sounds like some mixture of the uncontrolled instrument

and the effect. However, because the various effects behave so differently, it is not

straightforward to design a general controller that guarantees some specific behavior

for any effect.

We begin with a simple requirement—we wish to prevent the controlled system

from becoming unstable. One way to prevent instability is to cascade the effect with

a dynamic range limiter, as shown in Figure 4.8 [17]. For example, a simple limiter

estimates the RMS level yp of y using

yp =
√
y2 ∗ hLP , (4.12)

where ∗ means convolution and hLP is the impulse response of an (often one-pole)

low-pass filter with unity gain at DC.6 Note that hLP must be non-negative for all

time so that the square root in (4.12) is always defined. The output of the limiter u

is calculated as follows for some constant P :

u = P
y

yp
, (4.13)

where we assume that yp is never precisely zero because y always contains some noise

6In simulation, we use a slightly more complex RMS level estimate, which makes the limiter less
sensitive to noise and small signals. In simulation, we let hLP be a one-pole low-pass filter with
unity gain at DC, and we define yp = max(

√
y2 ∗ hLP , yp,min), where the relatively small constant

yp,min > 0. This change allows the state where the acoustic musical instrument contains no energy
to be a stable equilibrium point. Nonetheless, this more complex limiter behavior would make the
dynamics analysis needlessly complicated.
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in practice. It is generally desirable that yp changes slowly enough that u does not

contain too much harmonic distortion [1] (see (4.43)). However, hLP must allow yp

to change fast enough that the RMS level of u is approximately P .

up =
√
u2 ∗ hLP ≈

P

yp

√
y2 ∗ hLP =

P

yp
yp = P (4.14)

For the simplicity of the following argument, we assume that the RMS level of u

is exactly P . We also assume that the musician cannot add an infinite amount of

energy to the acoustic musical instrument, placing the RMS level bound rRMS on the

input r. Strictly speaking, the musician can input energy at a different point than

the actuator, but for the simplicity of the arguments here, we assume without loss of

generality that the musician excites the acoustic musical instrument at the actuator

point. This means that the maximum RMS level of the signal arriving at the input

to the musical instrument is rRMS + P . Finally, let GMAX be the maximum RMS

gain of G(s).

GMAX = maxωG(jω) (4.15)

GMAX must be bounded because real acoustic musical instruments have some

damping at all frequencies [62]. We now form a bound on the RMS level at the

output of the instrument xp:

xp =
√
x2 ∗ hLP . (4.16)

It follows that the energy in the musical instrument is bounded. This means that

the system is not unstable.

xp ≤ GMAX(rRMS + P ) <∞ (4.17)

4.4.2 RMS Level-Tracking Controllers

Here we design a more general RMS level-tracking controller that in many
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Figure 4.8: Control configuration with dynamic range limiter in the feedback loop

cases induces a stable limit cycle in the system. The controller should adjust the loop

gain L such that xp is driven to the target xt. When xt is held constant, the resulting

stable limit cycle may be considered a form of musical sustain. Sustain provides

the musician with effective control over the sound because the energy in the system

is upper-bounded (assuming observability of all of the modes), yet the instrument

is still vibrating, allowing the musician to manipulate the sound in salient ways by

adjusting instrument parameters.7 In engineering practice, this scenario is unusual

because limit cycles are usually undesired. In some sense, the controller is a gain

scheduler because it adjusts the loop gain L to drive xp to xt; however, the controller

is not a traditional gain scheduler because the instrument’s dynamics do not depend

on xp [153].

We cannot develop a controller directly for the system in Figure 4.9 because we

have not precisely specified the contents of the Effect block. However, by considering

only RMS level signals, we may reduce the model order to form the simple approx-

imate model shown in Figure 4.10. The dynamics of the RMS state of the acoustic

musical instrument are modeled using a single pole ap. Since we do not know the

contents of Effect, we do not know the precise values of ap and bp; however, we at

least know the form of all of the system elements. The max operation enforces that

energy may only be added to the acoustic musical instrument. Technically speaking,

the RMS of the instrument state could be reduced by the controller in Figure 4.9,

7According to personal communication with Julius O. Smith on Nov. 10, 2009, some unpub-
lished experiments were carried out using a similar method for controlling digital waveguide wind
instruments for the Sondius project [127].
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Figure 4.9: RMS level-tracking controller

but this will not be the case in general unless the effect implements damping. The

max operation is in some sense the price we pay for reducing the model order. rp may

be thought of as an excitation corresponding to r. We cause the two controllers to

behave analogously, i.e., enforce

up = Kxp (4.18)

and

up =
√
u2 ∗ hLP = L

√
y2 ∗ hLP = Lyp (4.19)

by selecting L according to

L =
Kxp
yp

. (4.20)

In the following sections, we describe how to complete the controller design, elim-

inating the final degree of freedom. K is specified for the non-adaptive RMS level-

tracking controller in (4.30). L is specified for the adaptive RMS level-tracking con-

troller in (4.49).

Convergence

We now derive the form of RMS level-tracking controllers for which we can

bound the rate at which the tracking error e = xp− xt converges to zero. At first, we



122 CHAPTER 4. INDUCING SELF-SUSTAINING VIBRATIONS

+
rp bp

s−ap

parameters

up

+e _ xp

xt

instrument level

xp

max{0,r + u }pp

K

Figure 4.10: RMS level-tracking controller (RMS signals only)

will assume that the musician is not exciting the instrument (rp = 0). The dynamics

are

ẋp = apxp + bp max {0, up}, (4.21)

where ap < 0. The controller may choose any gain K, and equivalently any up, in

order to drive xp to xt, which is held constant to implement sustain. Consider the

Lyapunov function

V (e) = e2/2. (4.22)

To provide exponential convergence with time constant less than 1/λ, the controller

needs to choose up such that

˙V (e) < −λV (e) (4.23)

for some λ > 0 [138].

CASE up < 0: The controller designed in the RMS domain is requesting a negative

up, which is not possible because up is the RMS level of a real signal (see (4.19)).

Consequently, we have max{0, up} = 0, so the control input signal is effectively zero,

and the energy in the acoustic instrument must begin decaying. We have ẋp = apxp.

Since ap is stable, both xp and e will decrease, meaning that we may allow up < 0

only when e > 0. This constraint implies an additional restriction on λ–the controller

cannot actively reduce the value of xp, and so the dynamics of the system must decay
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fast enough alone to satisfy (4.23). Consider the following where we are taking e > 0:

ẋp = apxp (4.24)

˙V (e) = eė = e(apxp) < −λe2/2 (4.25)

apxp < −λe/2 = −λ(xp − xt)/2 (4.26)

(ap + λ/2)xp < λxt/2. (4.27)

We know that λxt/2 ≥ 0, so it is sufficient that λ < −2ap. In other words, the rate

at which we can bound the error e approaching zero is bounded by the speed of the

pole −ap.

CASE up ≥ 0: Now we have ẋp = apxp + bpup, which leads to the following:

˙V (e) = (xp − xt)(ẋp − ẋt) = (xp − xt)ẋp = (xp − xt)(apxp + bpup). (4.28)

By applying (4.23) and after some manipulation, we arrive at the following conditions

on the controller for exponential convergence with time constant less than 1/λ:

up > −
λ(xp − xt)

2bp
− apxp

bp
for xp < xt

up < −
λ(xp − xt)

2bp
− apxp

bp
for xp > xt (4.29)

up = −apxp
bp

for xp = xt

The light-blue shaded area in Figure 4.11 (left) shows what region valid controller

functions must traverse in order to satisfy asymptotic convergence. The dark blue

dot in the middle emphasizes the fact that the controller function must include the

equilibrium point (xp = xt, up = −apxt
bp

). Qualitatively speaking, the controller must

cause xp to increase if xp < xt and cause xp to decrease if xp > xt. The dotted line

up = −apxp/bp corresponds to the model dynamics. Figure 4.11 (right) shows how the

valid controller region is restricted as λ is increased from zero and faster convergence

is required.
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Figure 4.11: Valid region for convergent controllers (left); Valid region for
exponentially-convergent controllers (right)

The system trajectories for up = −apxt/bp are shown in Figure 4.12 (left) [138].

This controller implements the special case of a dynamic range limiter since up is

held constant [1], so the current work is a generalization of the dynamic range limiter

stability result [17]. The light-blue shaded area is drawn to emphasize that some

controllers are faster and some are slower (see Figure 4.12 (left)). The dynamic range

limiter can be implemented with equivalent controllers according to (4.18) and (4.20):

K =
up
xp

= −apxt
bpxp

(4.30)

L = −apxt
bpyp

. (4.31)

We have solved for the gain K needed to control the model shown in Figure 4.10. More

practically, we have solved for the gain L to control the more general model shown

in Figure 4.9. Other more exotic controllers, such as the one whose trajectories are

depicted in Figure 4.12 (right), can support multiple equilibria (in dark blue, Figure

4.12 (right)).

Harmonic Distortion

One of the consequences of the RMS level estimation is that L can be made

to vary slowly enough that u is only a weakly distorted and scaled version of y. In this

section, we estimate the amount of harmonic distortion introduced under favorable
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Figure 4.12: Trajectories for the dynamic range limiter controller (left); Trajectories
for the controller supporting multiple equilibria (right)

conditions. For the purposes of comparison with the Van der Pol oscillator in section

4.1.1, we assume that the system G(s) describes an undamped mass-spring oscillator.

In particular, we have that

G(s) =
1

ms2 +K
, (4.32)

where the frequency of oscillation ω =
√

K
m

[62]. We further take the low-pass

filter HLP (s) in the RMS level detector to be a one-pole filter with unity gain at DC.

HLP (s) =
a

s+ a
(4.33)

For simplicity we assume that the function up(xp) is constant in the neighborhood of

xt = xp. For example, we could have the special case of the dynamic range limiter

where up = ζ for the constant ζ
∆
= −apxt

bp
, which implies the following:

u =
ζ

xp
x. (4.34)

Next we assume that the system state has converged to the limit cycle, and we

estimate the harmonic distortion of the control input u. We assume that the system

is vibrating approximately sinusoidally with frequency ω radians/sec, phase offset φ1,
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and amplitude c1, which we will verify at the end of this section.

x(t) ≈ c1 cos(ωt+ φ1) (4.35)

x2(t) ≈ c2
1

2
(1 + cos(2ωt+ 2φ1)) (4.36)

hLP (t) ∗ x2(t) ≈ c2
1

2

(
1 +

∣∣∣ a

2jω + a

∣∣∣ cos(2ωt+ 2φ1 + ∠ a

2jω + a
)
)

(4.37)

In order to make use of the Taylor approximation 1√
1+p
≈ 1 − p

2
for p � 1, we

need the low-pass filter to be slow relative to the oscillator’s natural frequency.

2ω � a (4.38)

1

xp
=

1√
hLP (t) ∗ x2(t)

≈
√

2

c1

(
1− 1

2

∣∣∣ a

2jω + a

∣∣∣ cos(2ωt+ 2φ1 + ∠ a

2jω + a
)
)

(4.39)

u =
ζ

xp
x ≈ ζ

√
2

c1

(
1− 1

2

∣∣∣ a

2jω + a

∣∣∣ cos(2ωt+2φ1+∠ a

2jω + a
)
)(
c1 cos(ωt+φ1)

)
(4.40)

u ≈ ζ
√

2
(

cos(ωt+ φ1) −1
4

∣∣∣ a
2jω+a

∣∣∣ cos(ωt+ φ1 + ∠ a
2jω+a

)

−1
4

∣∣∣ a
2jω+a

∣∣∣ cos(3ωt+ 3φ1 + ∠ a
2jω+a

)
)

(4.41)

Finally, since 2ω � a, we can simplify the approximation (4.41):

u ≈ ζ
√

2
(

cos(ωt+ φ1)− 1

4

∣∣∣ a

2jω + a

∣∣∣ cos(3ωt+ 3φ1 + ∠ a

2jω + a
)
)
. (4.42)

The approximation, which holds as long as (4.38) is satisfied, for the harmonic
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distortion (see Section F.1) introduced by the limiter is

k ≈ 1

4

∣∣∣ a

2jω + a

∣∣∣. (4.43)

Thus, a parameterizes a trade-off. If a is large then the RMS detector is fast,

but there is significant harmonic distortion. The limiting case of a becoming large is

similar to placing a clipping nonlinearity in the feedback loop. Electric guitarists use

the clipping nonlinearity in guitar amplifier circuits to this end [17]. Some composers

also use a clipping nonlinearity instead of a limiter [26].

On the other hand, we can make the harmonic distortion of the control signal u

arbitrarily small by making a small, but choosing a too small will make the RMS

detector too slow. Choosing a = 100 rad/sec reflects a good compromise since this

corresponds to fairly fast a time constant of 10ms, while the RMS detector still

remains effective for signals containing energy only at frequencies at least a few octaves

above a/2π ≈ 16Hz [1].

This adjustable trade-off is the primary advantage of RMS level-tracking con-

trollers over a memoryless controller such as the Van der Pol oscillator explained in

Section 4.1.1. While we can adjust the amount of harmonic distortion introduced by

RMS level-tracking controllers, the harmonic distortion of the control signal regulat-

ing the Van der Pol mass-spring oscillator is not easily adjustable—it depends on the

parameters m, a, and K and may be large for some sets of parameters [162].

4.4.3 Adaptive RMS Level-Tracking Controllers

We now consider the adaptive scheme shown in Figure 4.13, where the error

e in the RMS level of the signal x is used to adapt the loop gain L over time. The

controller seeks to drive e to zero.

For a given instrument, effect, and parameters, we may not know what ap and

bp are. A simple adaptive approach is helpful both in identifying ap/bp and allowing

for time-varying ap and bp due to time-varying instrument and/or effect parameters.

Since we are more interested in a general scheme than a fast one, we may start by
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Figure 4.13: Adaptive RMS level-tracking controller

assuming that the controller adaptation is much slower than the plant dynamics, so

we have xp = −bpup/ap. We may now write V as a function of up instead of e.

V (up) =
1

2
e2 =

1

2
(−bpup/ap − xt)2 (4.44)

dV (up)

dup
= e(−bp/ap) (4.45)

In order to reduce the error over time, we may use the gradient descent method for

some γ′ > 0 and γ > 0.

dup
dt

∆
= −γ′dV (up)

dup
= −γe (4.46)

The condition up < 0 needs to be avoided because of the max operation. One

solution in discrete-time implementation is to update the value of up only when it

results in up ≥ 0. Consequently, we have an RMS signal domain integral controller,

which integrates except when further integration would cause up to become negative.

Let this set of time intervals be defined as “NonNeg.”

up = −γ
∫

NonNeg

e dt (4.47)
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For instance, to implement (4.47) digitally with a leaky integrator parameterized by

C ≈ 1 where C < 1, we could place the following lines of code in the control loop:

u_p := C * u_p - gamma*(1-C)*e

if (u_p < 0)

u_p := 0

Adding a proportional term governed by δ can lead to faster convergence and can

be thought of as a Proportional-Integral (PI) controller in the RMS signal domain.

up,PI = max{0,−δe+ up} = max{0,−δe− γ
∫

NonNeg

e dt} (4.48)

Some Wien-Bridge oscillator circuits use this kind of controller to regulate the output

amplitude despite any circuit parameter variations [157]. According to (4.18) and

(4.20), the loop gain L is then

L =
up,PI
yp

. (4.49)

If the system adapts slowly enough that up never needs to be prevented from becoming

negative, then the behavior is linear and the transfer function Xp(s)/Xt(s) may be

found.
Xp(s)

Xt(s)
=

δbp(s+ γ/δ)

s2 + (−ap + bpδ)s+ γbp
(4.50)

Note that the integral term makes the steady-state error go to zero.

Xp(s)

Xt(s)

∣∣∣
s=0

= 1 (4.51)

Example Including Multiple Equilibria

Next we provide a few examples demonstrating the utility of RMS level-

tracking controllers. Simulations were carried out using the digital waveguide model

outlined in Section 2.2.2. Here we use a controller similar to the one depicted in

Figure 4.12 (right) using the velocity feedback effect where

y = ẋ. (4.52)
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In practice, there are limits on how fast the instrument may be damped (Lmin < 0) or

how fast energy may be added (Lmax > 0), so we would like to restrict Lmin ≤ L(t) ≤
Lmax for all t, which the following accomplishes in addition to inducing multiple

equilibria spaced according to Py:

L(t) = Lmax + (Lmin − Lmax)
mod(yp(t), Py)

Py
. (4.53)

Figure 4.14 shows the results from the simulation where the string is virtually plucked

harder and harder over time. Figure 4.14 (top) demonstrates that the final equilibrium

RMS state following each pluck depends on the initial plucking condition. Four

different stable equilibria in xp are evident. In comparison with xp, L is not as

smooth due to the modulus operator in (4.53). Figure 4.14 (bottom) reveals that for

each pluck, the loop gain L converges to the value 0.08 inducing a stable limit cycle

as desired.
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Figure 4.15: Driving the RMS of the second harmonic to two values

Example Including Multiple Band-Pass Filters

The band-pass filter effect may also be used advantageously to control the

RMS level of a single mode without affecting others. This involves tuning a high-Q

band-pass filter hBP (two poles, no zeros) to the mode in question:

y = hBP ∗ x. (4.54)

If multiple band-pass filters are to be applied simultaneously in order to control

separate modes, then Figure 4.9 must be redrawn so that the RMS level of each

band-pass output yp,n is driven to a target value yt,n as shown in Figure 4.16. Figure

4.15 shows the RMS level of the second harmonic being driven to 130 and then to

25 using the adaptive controller. This simulation provides a good example of how

the controller reacts when rp 6= 0. The string is plucked virtually at t = 0, which

causes the target to be initially overshot, but the controller is able to adapt to the

disturbance by momentarily decreasing L2. In this example, eight other harmonics

are being controlled simultaneously, although when controlling this many harmonics
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the controller becomes rather sensitive. Nevertheless, the simulations have shown

that if a band-pass filter is tuned slightly incorrectly (such as by 2Hz), the limiter

can often largely overcome any resulting beating.

Example Including Resonant Ring Modulation

Resonant ring modulation may be implemented using

y = x · cos(2πfct) (4.55)
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for some carrier frequency fc [17]. We will assume that the fundamental frequency of

the instrument is f0 and that the instrument’s modes line up perfectly in a harmonic

series. Then fc = mf0 for integer m means that the harmonic series of y will line up

with the harmonic series of x. This means that the loop gain L need not be large

in order to obtain a limit cycle. On the other hand, if m is not an integer, then

the harmonic series do not line up with each other, and a much larger loop gain L

is required for obtaining a limit cycle. This strong dependence on effect parameters

suggests that the adaptive controller would be useful. The results from a simulation

where fc is swept linearly from f0 to 2.05f0 are shown in Figure 4.17. The dash-dotted

red line shows the constant target yt, and the solid blue line shows the wildly varying

RMS level yp given a fixed loop gain (nonadaptive). In contrast, the dotted green line

shows the RMS level yp when the adaptive controller is used. Besides being able to

drive yp toward yt without knowledge of the time-varying effective parameter −bp/ap,
the adaptive controller reduces the dynamic range of yp by 12dB in comparison with

the fixed loop gain, nonadaptive controller (compare the solid blue and dotted green

lines in Figure 4.17). Such an adaptively controlled instrument is easier for a musician

to play because yp does not depend so much on the instrument and effect parameters.

The companion website provides further explanation of how and why these ex-

amples and others were created.8 In particular, sound recordings help elucidate why

musicians are interested in applying active control to modify acoustic musical instru-

ment behavior.

Examples have demonstrated some of the useful characteristics of both nonadap-

tive and adaptive RMS level-tracking controllers. Despite low-order modeling and

relatively simple controllers, we have induced unusual dynamics in a simulated mu-

sical instrument. The controllers are simple and can induce a stable limit cycle for a

wide range of audio effects that may be placed in the feedback loop.

8http://ccrma.stanford.edu/˜eberdahl/Projects/UnusualDynamics
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Figure 4.17: RMS levels for resonant ring modulation

4.5 Summary

We provide a summary in Figure 4.18 of the characteristics of the nonlinear controllers

that we have studied Chapter 4. Passive PID controllers can implement nonlinear

damping and stiffness modulation effects. However, in order to induce self-sustaining

behavior, we must consider nonpassive nonlinear controllers such as nonpassive non-

linear PID controllers. When these controllers are well-tuned, bowing and vibrating

reed behaviors are easily obtained. Event-based control allows direct control over

the spectral envelope, but the design of robust event detectors is difficult. Finally,

RMS level-tracking controllers can allow the musician to influence the character of the

feedback by changing audio effect parameters without affecting the system’s stability.

4.6 Conclusions

We have analyzed the most fundamental classes of feedback controllers for changing

the acoustics of a vibrating string. Passive controllers are especially useful because the

closed loop is stable as long as the instrument is dissipative, and in particular closed

loop stability does not depend on the resonance frequency of the instrument modes.

Note that passive controllers can be applied to all dissipative acoustic instruments,

not only to vibrating strings.
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More complex controllers, which aim at changing the termination reflection trans-

fer function of a one-dimensional waveguide, have also been analyzed. While such

controllers are indeed interesting, they can require especially large loop gains and can

be destabilized by sensor nonlinearity. Hence, they can be applied to instruments

such as wind and bowed string instruments where the modes decay relatively quickly;

however, their application to plucked stringed instruments is limited because plucked

string resonances typically have relatively long decay times.

RMS level-tracking controllers work particularly well in practice. These con-

trollers do not destabilize the closed-loop system because they are designed to satisfy

a power-based limitation—the power added to the acoustic musical instrument is up-

per bounded. Many of these controllers have applications in inducing self-sustaining

oscillations in musical instruments. Some of the self-sustaining controllers we have

designed are motivated by strong nonlinearities present in traditional musical in-

struments, while others are novel. In particular, the space of RMS level-tracking

controllers provides for a wide range of achievable sounds. Musicians can adjust the

sound by placing arbitrary audio effects into the feedback loop, while the controller

attempts to adjust the loop gain to induce self-sustaining behavior. Since so many

audio effects exist, musicians need to explore the space further to discover new sounds

that are achievable with RMS level-tracking controllers.

4.7 Implementation

To help the field continue to progress, we have provided source code for many of

our controllers along with an environment for researching, developing, and applying

new controllers (see Appendix G). Many of the controllers have been applied to a

professional-quality American Fender Stratocaster Deluxe Plus electric guitar. The

guitar is shown in Figure 4.19. The piezoelectric sensor at the bridge is made by

Graphtech [70], and the actuator is from the Sustainiac electric guitar sustainer system

[84]. Robert Hamilton can be seen playing the guitar in Figure 4.20. Please refer to

the website on the Feedback Guitar for more details:

http://ccrma.stanford.edu/~eberdahl/Projects/FBGuitar



4.7. IMPLEMENTATION 137

Figure 4.19: Feedback Guitar

Figure 4.20: Robert Hamilton playing the guitar



Chapter 5

Haptic Musical Instruments

5.1 Introduction

So far in this thesis, we have described feedback controlled acoustic musical instru-

ments. In this chapter, we relate them to haptic musical instruments, provide some

background on prior research, and motivate our research agenda in employing haptic

assistance to alter the gestures that musicians make during performance.

5.2 Overview

In the previous chapters, we described and introduced feedback controlled acoustic

musical instruments, and we encountered some limitations. For example, significant

power is required to change the resonant frequency of a physical musical resonance

(see Section 3.1.2). In addition, since the wavelengths of audible sound vibrations can

be short, sensors, actuators, and control system delay further limit the bandwidth

over which an acoustic musical instrument can be feedback controlled in practice (see

Section 3.3.3). In order to reduce the effects of these limitations, more elaborate

designs are required, which tend to be less convenient. For example, extra effort

is required to make the designs portable. Consequently, some challenges remain in

deploying feedback controlled acoustic musical instruments widely.

138
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Figure 5.1: Musician interacting with a typical haptic musical instrument

Furthermore, in practical musical contexts, humans are incapable of feeling vi-

brations at frequencies higher than 500Hz [30]. This psychophysical perceptual limit

suggests that no feedback controlled acoustic musical instrument needs to present

hard-to-control haptic vibrations at high frequencies to musicians. Instead, musical

instrument designers can simulate the dynamics of musical instruments using digital

feedback controllers while allowing the musician to interact mechanically with the in-

strument at vibrations beneath 500Hz. Consequently, in the remainder of this thesis,

we focus on designing what we call haptic musical instruments. These instruments

can currently be employed more easily in live performance contexts due to the ease

of control and the availability of commercial haptic devices.

A haptic musical instrument (HMI) is an electronic musical instrument that pro-

vides the musician not only with auditory feedback but also with haptic (or force)

feedback. Although already introduced in Section 1.4, we present Figure 5.1 again to

remind the reader of the representation of a musician interacting with a typical haptic

musical instrument. The instrument consists of a musical instrument interface, which

could for example be a robotic arm, whose dynamics are controlled by a feedback

controller. The primary forms of visual and auditory feedback are provided by the

feedback controller, generally by way of a graphical display and a loudspeaker. The
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connection from the musical instrument interface to the visual and auditory feedback

paths are shown dashed (see Figure 5.1) since, depending on the application, they

may play a less important role in affecting a musician’s interaction with a haptic

musical instrument.

5.3 Controlling Acoustics

Most haptics research and development employs haptic systems to model virtual

reality. In this application, the feedback controller is programmed to simulate a virtual

environment. For example, the controller could simulate surgery to help surgeons

practice surgery [112], or the controller could simulate a remote environment allowing

a surgeon to carry out surgery at a distance [74].

In musical contexts, the virtual environment can enable a musician to interact with

a virtual musical instrument. To this end, the feedback controller need merely emulate

the physics of the musical instrument. The auditory feedback corresponds to the

vibrations of the virtual instrument, and any visual feedback can provide the musician

with more information on the musical interaction. Due to the advantages of passive

control (see Section 2.3.2), we suggest that the virtual instrument be connected to the

musical instrument interface according to the positive real philosophy. In other words,

the virtual musical instrument model should include a port at the point of haptic

interaction, the sensors and actuators of the musical instrument interface should be

collocated, and the interface and port should be connected together by a passive

network, such as a spring. Then the control system is guaranteed to be stable [2].

Musical instrument designers may wish to consult Chapter 2 for more details on how

to control acoustics according to the positive real philisophy.

Although not specifically stressed in their publications, researchers who previously

designed haptic musical instruments that mimic real acoustic musical instruments,

have implicitly followed the positive real philosophy by utilizing collocated control.

See Section A.1 for a literature review of these instruments. However, the physi-

cal models these researchers employed have suffered from efficiency, accuracy, and
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calibration limitations. Appendix A presents a novel method for allowing for haptic-

acoustic interaction with a virtual musical instrument, which is implemented using

digital waveguides and overcomes the limitations of prior models for virtual haptic

musical instruments. Examples are provided of a musician haptically bowing and

plucking a virtual vibrating string (see Appendix A).

5.4 Controlling Gestures

Up until this point, we have studied the feedback control of a musical instrument’s

acoustics. However, feedback controllers are capable of doing much more than em-

ulating the physics of acoustic musical instruments. In fact, the programmability of

feedback controllers endows them with the capability of modifying the very nature of

the way in which the musician interacts with an instrument. From now on, we will

study the feedback control of the musician’s gestures to a musical instrument.

5.4.1 Motivation

We frame this research application in the context of prior research by considering

the paradigms of musical practice represented in the two axis space shown in Figure

5.2. The horizontal axis represents to what degree the practice can be used for

expressive performance in live settings. We consider the opposite of live expressiveness

to represent practice in which all parameters are precisely controlled and prespecified

by the composer. The vertical axis represents how free the practice is from physical

constraints versus how physical any interaction with the musician may be. Of course

many other axes are important, but we consider only those that are most relevant to

the discussion here. The interested reader may enjoy reading about the seven-axis

space for comparing musical interfaces introduced by Birnbaum et al. [31].1

The most traditional music making practice is represented by the woman shown

playing the cello in Figure 5.2. She controls numerous variables simultaneously, al-

lowing her to play expressively in a live scenario. We chose to use a bowed string

1Miranda and Wanderley introduce another scheme in their book in which musical interfaces are
classified into four groups [110].
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Figure 5.2: Paradigms for musical practice

instrument in this representation because of the history of expressive performance

with bowed stringed instruments [63]. Besides traditional performance interactions,

the musician could also engage in any number of extended interactions involving

scraping the acoustic instrument, burning it, or throwing it, etc. While these in-

teractions would likely damage the acoustic instrument, they would nevertheless be

expressive and result in some physical sounds. The interaction is only as expressive

as the musician makes it, and the musician relies on the instrument for supporting

expressive interaction. In this traditional paradigm, the interaction between the mu-

sician and the music-making device is also entirely physical, which explains why the

woman playing the cello is placed in the bottom right of Figure 5.2.

Perhaps the most diametrically opposed music making practice corresponds to a

computer autonomously running a program to generate a sound signal, which is fed

to a loudspeaker. The representation of this practice is shown in the upper left corner
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of Figure 5.2 since the sound can be precisely controlled by programming. This

practice could also be represented by a digital music player, which upon a button

press, plays prerecorded music and supports only the most minimal live physical

interaction. It is nearly free from physical constraints—in other words, very little

physical interaction is involved. As a consequence, the timing and pitches of music

generated using this paradigm can be so precisely predetermined, that such music is

described by some critics as sounding “synthetic,” “mechanical,” or “dry” because

no human instrumentalist participates directly [29][170].

Another important practice paradigm involves a musician playing a digital keyboard-

based instrument or other digital interface. This practice can be quite expressive in

live contexts, where a musician can press a key immediately bringing about a result.

Additional sensors such as key velocity sensors, accelerometers, etc., can be used to

provide the musician with additional channels for controlling the sound. The practice

is freed from some physical constraints as the sound can be calculated by a computer;

however, some physical interaction is required of the musician, and as a consequence,

the practice is not entirely freed from physical constraints. For instance, the musician

can move his or her hands at only finite speeds. Because a musician can control live

sound parameters in a live context, the keyboard connected to a loudspeaker is shown

in Figure 5.2 fairly far to the top and to the right. However, the author personally

does not consider the human-keyboard interaction to allow performances which are

as expressive in their limit as the acoustic musical instrument—the musician is re-

stricted by the physical parameters measured by the keyboard device. For instance,

if the musician were to set the keyboard on fire, the result might be largely inaudible

to the audience.2

Finally, a robot3 is shown playing a cello in the bottom leftmost corner of Figure

2We could similarly argue that an acoustic musical instrument’s vibration is described by an
infinite number of modes of vibration. The dynamic behavior of these modes can be altered in
an infinite number of diverse ways by the musician touching the instrument in an infinite set of
positions. Consequently, we consider that the musician playing an acoustic musical instrument
controls an infinite number of physical parameters, while the musician playing a digital interface
controls only a finite number of measured parameters. Along these lines, we argue that acoustic
musical instruments may in some sense allow for more expressive performances in the limit as the
musician can theoretically leverage more playing techniques.

3This example image shows Pau de la Fusta, which is one of Carlos Corpa’s instrument-playing
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Figure 5.3: Two extremes: a robot playing a musical instrument (left) and a human
playing a musical instrument (right); and the spectrum in between (arrow)

5.2. The robot runs a program instructing it how to produce sound. The robot’s

behavior can be made very precise because the program describes specifically what

the robot should play. In addition, the live interaction is indeed very physical as the

robot plays the acoustic instrument in a real setting.

5.4.2 Who Is In Control?

This thesis aims to make contributions in the applications of feedback control to

musical instrument design. As a consequence, we consider the question, “Who is

in control for these musical interaction paradigms?” Figure 5.2 suggests that

we may largely ignore the vertical axis. Indeed, if we were to collapse the vertical

axis, then some paradigms would overlap. The programming and the robotic musical

instrument paradigms would overlap, while the digital interface and the traditional

interaction paradigms would overlap, where the musician is in control. In other words,

this question relates most directly to the precise control/live expressivity axis.

We continue the discussion now considering only whether a robot (computer) is

robots from his fascinating Automatic Noise Ensemble.
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in control or whether a musician is in control and refer to Figure 5.3. The right-

hand side of Figure 5.3 depicts a musician playing an acoustic musical instrument in

the traditional scenario, where the musician has intimate real-time control over the

sound produced by the instrument. In contrast, the left-hand side of Figure 5.3 shows

a robot playing an acoustic musical instrument. In the remaining chapters of this

thesis, we study the middle ground between these two extreme practice paradigms.

We design robots to assist the musician in making gestures. The musician should

retain intimate control while gaining new advantages provided by robotics, such as

speed and/or accuracy.

5.4.3 Philosophy

The first question to ask is, “At which end of the spectrum shown in Figure 5.3 do

we find paradigms for useful musical practice involving human-robot interaction?”

Haptic Guidance

Previous experiments provide us with some insight into the left-hand side of the

spectrum in Figure 5.3, where primarily the robot is in control. The robot essentially

forces the musician to play a certain piece precisely. This scenario is referred to by

many researchers as haptic guidance.

Graham Grindlay studied whether haptic guidance could be useful in teaching

subjects pieces that a feedback controller forced them to play. Subjects’ recall of sim-

ple rhythms learned using audio-based training alone was compared against learning

using audio-based training plus haptic guidance. Gridlay found that the addition of

haptic guidance only mildly improved the subjects’ recall [72].

Outside the application of music performance, haptics researchers have had vary-

ing success in conducting related experiments involving haptic guidance. Feygin et

al. showed that haptic guidance helped subjects learn to reproduce spatiotemporal

trajectories [61]. Morris et al. showed that haptic feedback helped subjects learn to

complete a surgery-similar task in which a sequence of forces was to be exerted along
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a curve [112]. However, Gillespie at al. found that haptic guidance did not cause par-

ticipants to learn a motor control skill faster [68]. Similarly, Yokokohji et al. found

no significant benefit to haptic guidance in learning a very simple cube manipulation

task [175]. Due to the mixed results in the field of haptic guidance and the difficulty

in quickly conducting experiments that provide directly applicable results, we do not

focus our research on haptic guidance.

Haptic Assistance

Instead we focus on another application of feedback control which we believe will

yield more fruit. Specifically, we choose to operate closer to the right-hand side of

the spectrum shown in Figure 5.3, where the musician plays the instrument and the

feedback controller merely provides useful assistance. That is to say, in the haptic

assistance performance paradigm, the musician has more control over the instrument

than the robot. For example, Figure 5.4 shows a musician assisted by two SensAbleTM

PHANTOM R© Desktop haptic devices4. Each device exerts forces on one end of the

bow, allowing the haptic devices to assist the musician in play. The haptic devices

never force the musician to make a certain gesture; rather, they exert control only to

influence the gestures that the musician makes.

Haptic Assistance Can Make Instruments Easier To Play

We would like to comment on the utility of haptic assistance: the robot can help

the musician play the instrument. In other words, haptic assistance can make an

instrument easier to play. Imagine a violin with haptic assistance, which helps the

musician operate the bow correctly. Such an assistive violin would allow new players

to skip the infuriating stage of initial practice where the bow makes screeching sounds.

Other people living in the same house as the practicing musician would appreciate

the assistive violin as well!

Haptic assistance is even more beneficial for novel musical instruments, which

usually need to be learned quickly. These instruments typically have shorter lifespans

4PHANTOM, PHANTOM Desktop, SensAble, and SensAble Technologies, Inc. are trademarks
or registered trademarks of SensAble Technologies, Inc.
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Figure 5.4: A musician is assisted by haptic devices

and are played by few performers. Any reduction in the amount of practicing time

for performers is beneficial. An additional side benefit of haptic assistance is that we

can directly measure how well musicians perform subject to haptic assistance.

5.4.4 Human Motor Control

When feedback control is applied in a particular setting, the object to be controlled

is usually modeled mathematically. A model makes it possible to estimate how the

object will respond to feedback control. In many cases, the model is so precise that it

can be used to derive optimal controller parameters [65]. In our setting, we control a

musician’s gestures. To model the musician, we can consult the models of the human

motor system [139][142]. Unfortunately, these models are very complicated, so it

would be difficult to make use of precise modeling for optimal control that would be

practical in a real world music performance context.

While the musician’s brain is too complicated to currently model well, we can at
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Feedback mechanism System delay time
Myotatic reflex 30ms-50ms
Long-loop reflex 50ms-80ms
Reaction time 120ms-180ms

Table 5.1: System delay times for the most important active feedback mechanisms of
human motor system

least study the musician’s motor control system. This system has the ability to sense

interactions with the environment, and the human motor control system can actuate

the environment using the muscles. Various active feedback mechanisms exist that

couple these sensing and actuation systems. The system delay times for the most

important of these mechanisms are given in Table 5.1.

The fastest active feedback mechanism is the myotatic (stretch) reflex. The most

familiar example of this reflex is the “knee-jerk reflex” triggered 30ms-50ms after

the patellar tendon is struck with a small hammer [139]. This reflex mechanism is

involuntary, so in order to assist the musician without triggering this type of reflex,

we need to limit the amount by which we stretch the musician’s muscles.

The long-loop reflex, which is the second-fastest active feedback mechanism, is

a reflex whose strength can apparently by modulated by commands from the cen-

tral nervous system. This feature is believed to allow humans to temporarily resist

strongly, for example while being tackled in American football, or to resist less, as

when skiing [139]. The delay associated with the long-loop reflex ranges from 50ms

to 80ms since the signals must travel along the spine to the thalamus and back [142].

The reaction time (RT) describes the time interval from the sudden presentation

of an unanticipated force signal to the beginning of the human motor response, as

directed by a signal returning from the brain [139]. RT is considered in more detail

in the following section.

5.4.5 Closed-Loop Versus Open-Loop Control

Both closed-loop and open-loop control models provide distinct perspectives from

which the human motor system can be studied. Humans use closed-loop control for
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completing fine tasks such as threading a needle, where the control loop is closed

around decision-making centers in the brain. The sequence of actions is as follows:

the human attempts to move the end of the thread, waits for feedback from the senses

about the new position of the thread, attempts to refine the position of the thread,

waits for sensory feedback again, etc. The speed of closed-loop control of the human

motor system is affected by the RT of the human motor system. Due to the relatively

long motor system RT of roughly 120ms-180ms (see Table 5.1), the RT feedback

mechanism is apparently not used for controlling brief tasks, such as for playing trills

at up to 20Hz [120]. The reaction times for other modalities (auditory, visual, etc.)

have similar durations, so they cannot be used to significantly speed up motor system

responses either.

According to the open-loop control theory of the human motor system, once a

human makes the decision to carry out a brief movement, a motor program is called

up, which sequentially issues commands to the muscles. The way in which the com-

mands are issued may depend on feedback, but the feedback in this loop is limited by

the RT. For example, Muhammad Ali’s left jab typically lasted only 40ms, and the

essential part of a bat swing may take only 100ms [139].

There is evidence that many fast portions of tasks involved in playing a musical

instrument, such as rapidly pressing a sequence of keys, are governed primarily by

open-loop control. For instance, Schmidt discusses the

“example of a skilled pianist playing a piano with a broken key that could

not be depressed. As the pianist played a string of notes, the attempts to

press the broken key did not interrupt the series of actions at all. In fact,

only after the entire sequence was completed did the individual notice and

remark that the key was broken” [139].

Since it took the pianist longer to notice the broken key than the duration of a single

note in the sequence, it seems likely that the pianist must have been playing the broken

key using some form of open-loop control. Skilled typists [143] and telegraphers [38]

are also believed to use open-loop control for completing motor tasks rapidly [120].
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5.4.6 Haptic Assistance In General

If an assistive haptic interface ever takes an unexpected action too quickly, then a

musician who uses some elements of open-loop control will not be able to respond

appropriately, possibly making a mistake. Hence, we recommend,

Effective haptic assistance should never take an unexpected action so fast

that it surprises the musician, which could prevent him or her from re-

sponding appropriately.

In practical contexts, we recommend more generally:

If haptic assistance is deterministic and relatively simple, then it is more

likely to be useful.

5.4.7 Haptic Assistance For Playing Rhythm And Pitch

In this section, we argue that for our initial research into haptic assistance, we should

investigate assisting musicians in playing rhythm and pitch. We formulate the argu-

ment by attempting to suggest what some of the most important features in music

may be. To this end, we try to describe the gestures’ end result: the sound of the

music corresponding to the gestures. Defining or even describing music in general is

a difficult task—the Grove Music Online Dictionary’s entry entitled “music” is cur-

rently 22 pages long and contains many definitions as of this writing [116]. We make

use of the definition originally taken from the Brockhaus-Wallring German Dictio-

nary, which describes music as “die Kunst, Töne in ästhetisch befriedigender Form

nacheinander und nebeneinander zu ordnen, rhythmisch zu gliedern, und zu einem

geschlossenen Werk zusammenzufügen.” Translated into English, we define music as

the following:

“The art of rhythmically organizing tones in succession and simultane-

ously in an aesthetically pleasing form and integrating them into a com-

pleted work.”
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This definition is somewhat narrow, but it is congruent with many traditional defini-

tions of music in that it describes music in terms of rhythm and tones.

The definition suggests that we should first consider assisting the musician in

playing rhythm. In other words, we should develop feedback controllers that control

the timing of events triggered by the musician. The definition also suggests that

we should consider assisting the musician in playing tones. A musical tone can be

described as having a distinct pitch, loudness, and timbre [59], but we do not wish

to consider assisting in all of these different aspects of playing a tone. Hence, we

consider the single tone characteristic that can often be the most distracting if played

incorrectly in a piece: the pitch. In contrast, if a musician plays a tone or a group of

tones with the incorrect loudness or timbre, the problematic result is generally less

noticeable from a psychoacoustic perspective in many traditional settings—for one

thing, the series of partials is usually less inharmonic [167][59].

In summary, we believe that some of the most fundamental forms of haptic assis-

tance for musical performance revolve around assisting a musician in playing rhythm

and pitch.

5.5 Overview

In this chapter we have explained our philosophy on haptic assistance and provided

background information on related prior research on assistive haptic musical instru-

ments. For suggestions on how to implement haptic musical instruments in practice,

see the references by Sinclair and Cadoz as well as Appendices A and C.

Haptic assistance can

1. enable a musician to make new gestures that would otherwise be difficult or

impossible, and to

2. aid a musician in playing more accurately.

We demonstrate (1) with respect to rhythm in Chapter 6 in the context of the Haptic

Drumstick and Haptic Drum musical instruments. We demonstrate (2) with respect

to rhythm in Chapter 6 and with respect to pitch in Chapter 7 in the context of
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a formal subject test with musicians. The musicians perform according to different

force conditions on a haptic Theremin-based instrument.



Chapter 6

Assisting Musicians in Making

New Gestures That Would

Otherwise Be Difficult or

Impossible

Haptic assistance can aid musicians in making new gestures that would otherwise be

difficult or impossible. We demonstrate this application of haptics with respect to

controlling rhythm so that musicians can leverage new physical interactions that are

immediately intuitive. To this end, we introduce the following two interfaces:

• the Haptic Drumstick, which is a haptically augmented drumstick that strikes

a virtual surface, and

• the Haptic Drum, which is a haptically augmented but completely physical

drum pad.

Even though the Haptic Drumstick and Haptic Drum are constructed using different

haptic devices, they result in similar dynamic behavior. They assist a musician in

single-handedly playing drum rolls. The Haptic Drumstick and the Haptic Drum

can enable the musician to play drum rolls which are especially fast, have particular

rhythmic characters, and/or are arbitrarily complex.

153
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In traditional drumming, damping removes energy from the drum stick with each

bounce. An effective control algorithm is to apply a pulse to the drumstick every time

that the drumstick strikes the drum membrane. When the musician presses down

harder with the drumstick, the frequency of the drum roll increases. We analyze the

stability of the control system using a Poincarè map.

6.1 Simple Model of Drumstick/Membrane

Interaction

First we introduce a simplified model describing the traditional drum stick/membrane

interaction. We develop the simplest model that can describe how drummers are able

to play drum rolls and which allows implementation of the same interaction on a

haptic device.

Consider the double stroke roll from traditional drumming. The drummer throws

a stick at the membrane, allows it to bounce twice, retracts it, and then repeats

the action with the other stick. The manner in which the drum membrane throws

the stick back toward the drummer helps facilitate both the bouncing and retracting

actions.

Because we are concerning ourselves primarily with relatively fast drum rolls, we

assume that the angle of rotation of the drumstick θ does not change much (see Figure

6.1). This simplification allows us to linearize the rotation of the drumstick tip, and

so we model the vertical motion of the drumstick tip as a bouncing point mass m.

6.1.1 Above The Drum Membrane

The hand grasping the stick acts as both a rotational spring and a rotational damper

at the butt of the stick (not shown). For simplicity, we linearize these elements and

commute them to the drumstick tip, representing them by Khand and Rout (see Figure

6.1). By changing the grasp of the stick, the drummer can change Khand and Rout.

This is known as passive impedance modulation and allows drummers to play drum

rolls at rates up to 30Hz, even though the human neuromuscular system has a reaction
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Figure 6.1: Drumstick dynamics for drumstick above membrane

time of over 100ms [77]. By considering that the drummer also may exert a slowly-

varying, but for our purposes, approximately constant force on drumstick, we realize

that we must also include an approximately constant bias force term Fbias. We lump

the effects of gravity into Fbias. We write the equation of motion in the absence of

collisions with the drum membrane (i.e. for vertical displacements z > 0):

mz̈ +Routż +Khandz = Fbias (6.1)

6.1.2 Simple Collision Model

The physics-based approach to modeling stick/membrane collisions involves the co-

efficient of restitution (COR) β. For a collision beginning at any time tin and ending

at any time tout, if ż(tin) = v0, then ż(tout) = −βv0. On the other hand, in haptics,

the standard method for modeling a collision involves a spring-like penalty force im-

plemented by a spring with constant Kcoll � Khand [137]. There must also be some

damping factor Rin due to losses absorbed by the hand and the collision, so we arrive

at the dynamics for z < 0 (see Figure 6.2):

mz̈ +Rinż +Khandz +Kcollz = Fbias (6.2)

The term Fbias causes the COR β to become weakly dependent on the velocity ż(tin) at

the beginning of a collision. However, since the collision is quick, the terms involving

Rin and Kcoll dominate. Neglecting the other terms, we may solve the differential
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Figure 6.2: Drumstick dynamics for z < 0

equation analytically to arrive at

β ≈ exp
−Rinπ√

4mKcoll −R2
in

. (6.3)

6.1.3 Upward Soft Collisions

Noting the similarity between (6.1) and (6.2), we suspect that we may also determine

a COR α for the “soft collision” against the hand in the upward direction. However,

since the spring constant Khand is relatively small, the collision takes longer, and so

we can no longer neglect Fbias. Consequently, α(ż(tout)) is strongly dependent on

the velocity ż(tout) at the beginning of each “soft collision,” so the expression for α

is more complicated than the expression for β. Nevertheless, in simulations of (6.1)

for realistic system parameters, we have verified that α remains roughly constant for

bounces of similar amplitude.
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6.2 Haptic Drumstick

6.2.1 Overview

The model from the previous section is used to implement the Haptic Drumstick on

a high-resolution haptic device. The musician grips a physical stick, but the drum is

entirely virtual. We create a new musical instrument by altering the haptic drumstick

dynamics to facilitate similar yet new physical interactions. We focus on drum rolls.

In particular, we alter the haptic drumstick dynamics to assist performers in playing

single-handed drum rolls [27]. Finally, we analyze the stability of the altered system

dynamics using a Poincaré map.

6.2.2 Introduction

To construct the haptic drumstick we desire an appropriate haptic display for im-

plementing the equations of motion. Haptic drumsticks have previously been im-

plemented using single DOF haptic displays [13].1 We use the three DOF Model T

PHANTOM haptic device2 because it has relatively strong motors—for moderately

strong strokes, the motors are able to render stiffnesses comparable to a typical drum-

head. The performer holds the drumstick-like stylus in one hand as shown in Figure

6.3.

The sound synthesis engine consists of a digital waveguide mesh modeling waves

propagating in a drum membrane [149]. The force of the drumstick on the spring

Kcoll is fed into the nearest node in the mesh. This way, striking the modeled drum

at different positions results in different sounds. Figure 6.4 shows how the elements

of the system are interconnected. The PHANTOM sends the vertical displacement z

to a block that calculates Fm, the force to be exerted on the PHANTOM. Fm is also

passed to the digital waveguide mesh in order to facilitate sound synthesis. A video

demonstration is available online.3

1http://web.media.mit.edu/˜grindlay/FielDrum.html
2From SensAble Technologies, see http://www.sensable.com.
3http://ccrma.stanford.edu/˜eberdahl/Projects/HapticDrumstick
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Figure 6.3: Graphical display (above) and PHANTOM robotic arm (lower right)

Drumstick
Calc Fm

Digital Wave−
guide Mesh

Fm

PHANTOM

z

Figure 6.4: Block diagram describing the operation of the haptic drumstick
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6.2.3 Altering The Physical Interaction

There are many ways in which the physical interaction could be altered. We consider

alterations involving noise and deterministic chaos to be less desirable because humans

do not typically encounter these physical interactions in nature. In contrast, stable

limit cycles, which are self-sustaining attractive oscillations, describe the behavior

of biological oscillators such as the heart. Limit cycles also manifest themselves in

bowed strings, vibrating reeds, and drum rolls [62].

Most drummers use two hands to play drum rolls. This limits the types of patterns

that they can play. However, by inducing limit cycle behavior, we make it easy for a

drummer to single-handedly play a drum roll. In informal tests, we determined that

implementing system delay, a hysteretic spring Kcoll, or negative damping Rout make

the haptic drumstick more likely to self-oscillate, but not in a particularly intuitive

way. Indeed, such mechanical elements do not occur readily in nature. A more

intuitive solution involves forcing the drumstick in the positive z-direction by the

pulse h(t) every time the stick enters the simulated membrane, where

h(t) =
m∆vpls

τ
e−t/τ (6.4)

and τ ≈ 2 ms. These force pulses are superimposed with the forces described by

(6.1) and (6.2). Assuming a quick enough pulse, the pulse h(t) causes the velocity of

the drumstick tip to change by ∆vpls. Playing a drum roll according to this physical

interaction feels somewhat like holding a stick against the spokes of a rotating bicycle

wheel. This control algorithm is an example of event-based control (see Section 4.3).

A similar algorithm has been employed for improving the stability and perceived

rigidity of virtual surfaces rendered using haptic interfaces [50][101].

Directly Altering The COR

Since we can effectively change the velocity of the drumstick after the collision, by

choosing ∆vpls = −γż(tin)/β for some γ > 0, we can obtain a new COR β̂ = β + γ:

ż(tout) = −β(ż(tin)− γ

β
ż(tin)) = −(β + γ)ż(tin) = −β̂ż(tin) (6.5)
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With β̂ > 1, we can counter the damping due to the hand.

Applying Pulses With Constant Magnitude

Choosing ∆vpls to be constant presents a superior alternative because the total energy

in the system becomes limited. This safety mechanism prevents drummers from

inadvertently damaging the PHANTOM robotic arm beause the self-oscillations tend

to be small. Consider that for vibrations at small amplitudes, the effective β̂ is large,

and that for vibrations at large amplitudes, the effective β̂ is approximately equal to

β.

Hence, the force on the drumstick Fm is given by

Fm = −Kcollz · (z < 0) + l(t), (6.6)

where l(t) describes the pulses with constant magnitude. For instance, if there are N

collisions total, then there are N pulses total and

l(t) =
N∑

i=1

h(t− τi), (6.7)

where τi represents the ith time that z becomes negative. In the next section, we

show that choosing the pulse magnitude ∆vpls constant leads to stable limit cycle

behavior.

6.2.4 Stability Analysis

Analysis

We analyze the altered dynamics with a Poincaré map, which allows the stability of

a closed orbit in a continuous-time system to be determined from the stability of a

related discrete-time system [138]. Let z = (z, ż) ∈ R2 describe the system state,

and let the system flow φt(z0) describe the current state given an initial state z0 at

t seconds in the past. Call d the periodic orbit of the system in the phase plane of

z, and consider the semi-infinite line E, which is crossed once per cycle by system
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Figure 6.5: Example system trajectories in the phase plane

trajectories (see Figure 6.5).

E = {(z, ż)|z = e, ż > 0} (6.8)

For simplicity, we take e > 0 to be arbitrarily small. We assume that Fbias < 0

so that after leaving the membrane, the drumstick will eventually strike it again. To

simplify the analysis, we restrict U to be a small enough neighborhood of p on E

so that α is approximately constant (see section 6.1.3). We further assume that the

pulse h(t) is short enough that it always ends before the trajectory intersects E. If

we then define the map P : U → E so that for q ∈ U

P (q) = φτ(q)(q) (6.9)

where τ(q) is the time for the orbit φt(q) based at q to first return to E, P (·) is a

Poincaré map. Consequently, we may analyze the stability of the closed orbit d by

analyzing the stability of the discrete-time system P (vi), where vi is the velocity of

the drumstick tip at the end of the ith collision with the drum membrane.

vi+1 = P (vi) = αβvi + β∆vpls (6.10)
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Directly Altering The COR

For the alteration where ∆vpls = −γż(tin)/β = γαvi/β,

vi+1 = P (vi) = α(β + γ)vi. (6.11)

If the alteration of the dynamics is configured with γ such that α(β + γ) = 1, then

(6.10) describes a marginally-stable system, so the drumstick will oscillate at constant

amplitude. However, this behavior is not stable—any parameter deviation will lead

to a decaying oscillation or a growing oscillation. Since P (·) is a Poincaré map, the

closed orbit d is not a stable limit cycle. Nevertheless, a drummer may stabilize this

system by adjusting α in real time using passive impedance modulation.

Applying Pulses With Constant Magnitude

When ∆vpls is held constant, (6.10) describes a discrete-time linear system driven by

a constant input. With the exception of the pulse h(t), collisions with the membrane

and upward soft collisions against the hand are dissipative. This means that α < 1

and β < 1. Then αβ < 1, so (6.10) describes a stable discrete-time system. Since

P (·) is a Poincaré map, the closed orbit d is a stable limit cycle. We can also use

(6.10) to easily calculate other properties of the system. Since ∆vpls is constant, vi

will approach the steady-state vlc =
β∆vpls
1−αβ .

6.2.5 Results

In informal tests, we found that the altered dynamics made playing single-handed

drum rolls easy for both 1) directly altering the COR and 2) applying pulses with

constant magnitude. The main advantage of (2) is that drum roll limit cycles are

guaranteed to be stable. However, both types of altered dynamics allow drummers

to increase the drum roll rate by increasing Khand or decreasing Fbias as in traditional

drum roll playing [77]. This means that the new physical interaction is similar to

the physical interaction when playing traditional drums. Consequently, the Haptic

Drumstick should be easy to play because musicians can leverage prior experience in
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playing drums. Informal testing suggests also that musicians do indeed find it easy

to learn to play the Haptic Drumstick.

6.2.6 Limitations

In practical performance contexts, the Haptic Drumstick suffers from some limitations

imposed by the physical limits of the PHANTOM haptic device. Many drummers wish

that the Haptic Drumstick could render the large forces that they expect. Instead, if a

drummer strikes the virtual drum hard enough, the motor currents saturate, allowing

the Haptic Drumstick to “push through” the virtual drum surface rather than pushing

back outward. It is also possible that the haptic device motors could overheat due to

the large currents passing through them during attempts to repeatedly render strong

opposing forces. While Bennett addresses some of these issues by introducing an

MR-fluid brake as the actuator for a haptic interface to a virtual drum, his device

could not implement the type of haptic assistance that we describe here as it cannot

add energy to the system [13].

In addition, drummers expect to be able to move a drumstick within a volume

extending as far as they can reach. However, the Haptic Drumstick is limited to the

relatively small workspace allowed by the haptic device. Furthermore, many drum-

mers prefer using certain drumsticks because of the way in which they are weighted.

To solve these problems, we introduce a new device in the next section, where a drum

pad is haptically augmented.

6.3 Haptic Drum

Making the drumming surface physical rather than purely virtual mitigates the afore-

mentioned limitations. In this section, we describe the design of a new interface called

the haptic drum. We present some measurements of its dynamic behavior.



164 CHAPTER 6. MAKING NEW GESTURES

Figure 6.6: Haptic Drum v1

6.3.1 Prototype v1 Design

The Haptic Drum is designed around a woofer actuator because to some extent, a

woofer physically resembles a drum membrane.4 Most importantly, a woofer behaves

like a spring at low frequencies, so no control energy is required to emulate the

stiffness of a drum membrane. A woofer can be relatively small and operates in

only one degree of freedom; however, this is sufficient for implementing many of the

interesting dynamical behaviors involved in haptically assisted drumming.

The basic design is shown in Figure 6.6 (left). A woofer is attached to a piece of

white wood, which hides the stand-alone controller circuit from view. Three black

knobs can be used to change the controller parameters. In order to protect the woofer,

the end of a coffee can is glued to the woofer cone and protrudes up through a large

hole cut in the white piece of wood. With a drumstick, the musician strikes the end of

the coffee can, which serves as a drum pad as shown in Figure 6.6. Five piezoelectric

disks are glued to the underside of the drum pad in order to detect the approximate

position of drumstick impacts (see the orientation in of the disks in Figure 6.6, right).

The controller can optionally be connected to an external computer for synthesizing

sound in response to drumstick impacts.

Because the Haptic Drum operates based on the principle of real mechanical vi-

brations, it can be activated using implements besides drumsticks. Figure 6.7 shows

4The reading committee agrees that the work for the Haptic Drum and Haptic Drumstick was
not part of Edgar Berdahl’s University responsibilities in the context of the SU-18 agreement.
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Figure 6.7: Haptic Drum prototype v1 with additional percussion instruments as used
for performing “Percussion Edstravaganza”

the author playing the Haptic Drum with an egg shaker and a drumstick simultane-

ously. When the egg is dropped upon the drum pad, the egg bounces around due

to the feedback control. The drumstick can be employed to modify the manner in

which the egg bounces. Additional percussion elements, such as a splash cymbal,

a tambourine, and another shaker can also be used along with the Haptic Drum in

performance (see Figure 6.7).
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6.3.2 Dynamic Behavior

Control Algorithm

The most basic Haptic Drum v1 control algorithm applies pulses with constant mag-

nitude as explained in Section 6.2.4. It is adapted to the Haptic Drum hardware as

follows:

1. Wait until a drumstick impact is detected.

2. If a USB cable is connected to the device, send an output signal describing the

impact to allow for sound synthesis by an external device.

3. Send a pulse ∆vpls with fixed magnitude to the loudspeaker to cause the drum-

stick to bounce upward.

4. Wait for M milliseconds while the cross-talk from the actuated pulse ∆vpls to

the sensors decays.

5. Go back to step 1.

Basic Measurements

The dynamic behavior once a drumstick strikes the drum pad is to first order the same

as the behavior described in Section 6.2.4. We present measurements of a drumstick’s

motion during interaction with the Haptic Drum v1. The vertical position of the

drumstick is measured over time with the Fairchild QRB1114, an optical reflective

object sensor. The zero position is calibrated to be the position of the drum pad

in the absence of play. However, since the woofer has its own dynamics, collisions

between the drum pad and the drumstick do not always occur precisely at the zero

position.

Due to the biasing of the sensor, we did always know the magnitude of the position

variations precisely. For measurements involving large position deviations, we ap-

proximately calibrated the vertical units visually. For measurements involving small

position deviations, the position units are not known, so they are plotted without
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Figure 6.8: Vertical position of the drumstick while a musician plays a regular drum
roll at 70Hz

units in that case. For the uncalibrated measurements, the position likely varies over

the order of a few millimeters.

Fast Drum Rolls

Without haptic assistance, musicians can play drum rolls at rates of up to 30Hz [77].

The Haptic Drum can enable a musician to play even faster drum rolls. For instance,

the position trajectory shown in Figure 6.8 shows the position of the drum stick as

the musician plays a very regular drum roll at about 70Hz on the Haptic Drum v1.

An impact between the drumstick and the Haptic Drum occurs every time that the

position stops decreasing and starts increasing (see Figure 6.8).

Complex Drum Rolls

The Haptic Drum can assist the musician in playing arbitrarily complex drum rolls

that would not be possible without haptic assistance. Figure 6.9 illustrates one ex-

ample where a second drumstick is also bouncing on the Haptic Drum. Its impacts

(not shown) interfere with the impacts of the first drumstick whose position is shown

in Figure 6.9 since only one discrete impact can be detected during any window of

M milliseconds, as explained in Section 6.3.2. The pressure applied via the second

drumstick changes the the average height of the drum pad (see the time-varying level

of the drumstick impacts in Figure 6.9).
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Figure 6.9: Vertical position of the drumstick shown for complex behavior

Example Phase Plane Trajectories

To verify that the Haptic Drum implements similar dynamics as the Haptic Drum-

stick, we present a measurement of a drumstick in the phase plane. Figure 6.10 (top)

shows the position of a single drumstick playing a roll at about 5Hz on the Haptic

Drum v1. An estimation of the velocity, which is shown in Figure 6.10 (bottom),

reveals that as the drumstick leaves the Haptic Drum pad, its velocity is positive

and large, then the velocity gradually becomes negative, causing the drumstick to

eventually strike the Haptic Drum pad again.

The velocity is plotted as a function of position in Figure 6.11 for two impacts. As

time moves forward, the (position, velocity) point moves clockwise around the loop,

which represents a stable limit cycle. The same data is used as in Figure 6.10. Each

time around the loop, the trajectory changes slightly as the stiffness of the hand and

the force with which the hand presses the drumstick downward vary with time.

As expected, the phase plane trajectory is similar to the simplified Haptic Drum-

stick trajectory shown in Figure 6.5.

1. In the case of the Haptic Drum, the pulse delivered by the Haptic Drum dom-

inates the stiffness presented by the mechanical properties of the drum pad

constructed out of a coffee can. The pulse is delivered during the brief instant

when the position is approximately zero (see Figure 6.11).

2. The damping in the hand causes the speed with which the drumstick departs
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Figure 6.10: Drumstick position (top) and velocity (bottom) for a low-rate drum roll

the drum pad to be greater than the speed with which the drumstick arrives at

the drum pad (see Figure 6.10, bottom).

The Haptic Drum can also allow the musician to single-handedly play a roll that

resembles the double stroke roll. In this case, the control algorithm alternatively

responds to each impact with a stronger and a weaker actuation pulse ∆vpls. When

the pulse is stronger, the delay is longer before the drumstick impacts against the

drum pad again. Four example impacts are shown in Figure 6.12. The corresponding

(position, velocity) phase plane trajectory is shown in Figure 6.13.

6.3.3 Prototype v2 Design

A second prototype is appropriate for more traditional music making applications.

It employs a larger woofer and a more robust drum pad so that drummers can hit

the Haptic Drum v2 as hard as they hit normal drums without damaging it. The

second prototype is constructed within a small snare shell, as shown in Figure 6.14,

to emphasize the fact that the haptic drum can also be used in standard drum sets

alongside standard drums. An extra small drum synthesizer from Roland is built into

the prototype to allow the timbre of the drum to be changed without any external
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Figure 6.11: Example phase plane trajectory for two impacts corresponding to Figure
6.10
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Figure 6.12: Drumstick position (top) and velocity (bottom) for a single-handed
haptically assisted double stroke roll
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Figure 6.13: Example phase plane trajectory for four impacts corresponding to the
data shown in Figure 6.12

hardware (see Figure 6.14, top). Figure 6.15 depicts a musician playing the Haptic

Drum v2 when set up with a normal drum set. A promotional flyer is shown in Figure

6.16.

6.4 Conclusions

Stable limit cycles manifest themselves not only in drum rolls but also in bowed

strings, vibrating reeds [62], self-sustaining electric guitar strings, the heart, and other

biological oscillators [138]. As a consequence, limit cycle-based physical interactions

are not only physically intuitive but also attractive to musicians. Even though the

Haptic Drumstick and Haptic Drum are based on different haptic devices, they both

tend to induce limit cycle-type behavior. These devices can enable the musician to

play single-handed or two-handed drum rolls which are especially fast, rhythmically

characteristic, and/or arbitrarily complex.

Both the haptic drumstick and the haptic drum are non-passive: they add energy

to the drumstick in order to allow it to roll for an indefinite period of time. This

is one of the reasons why we include the guideline: “many useful haptic assistance

systems are not passive“ among our haptic assistance guidelines in Section 8.6.
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Figure 6.14: Haptic Drum prototype v2 with built-in synthesizer

Figure 6.15: Haptic Drum prototype v2 used with standard drum set
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Figure 6.16: Promotional flyer for the Haptic Drum v2



174 CHAPTER 6. MAKING NEW GESTURES

The Haptic Drumstick and Haptic Drum demonstrate that haptic assistance can

aid musicians in making new drum roll and percussion rudiments gestures that would

otherwise be difficult or impossible. Other forms of haptic assistance will be useful

in aiding musicians in making other types of difficult gestures.



Chapter 7

Assisting Musicians in Making

Gestures More Accurately

Haptic technology, providing force cues and creating a programmable physical instru-

ment interface, can assist musicians in making gestures more accurately. We begin by

demonstrating that the Haptic Drum can assist a musician in playing a drum roll es-

pecially accurately. The remainder of the chapter is devoted to a subject test showing

that haptic assistance can be used to help musicians select pitches more accurately

on a Theremin-like interface.

7.1 More Accurate Rhythmic Elements

The haptic drum introduced in Chapter 6 can assist a musician in playing drum rudi-

ments accurately. For instance, if the goal is to play a drum roll with a regular period,

the Haptic Drum can enable a musician to do so—the musician need merely attempt

to exert a constant downward force on the haptic drum with the drumstick, and the

Haptic Drum v1 does the rest. Figure 7.1 illustrates an example involving the control

algorithm where pulses are exerted with constant magnitude (see Section 6.2.4). The

drumstick follows the same approximate trajectory repeatedly: the position is shown

above and the velocity of the drumstick is shown below in Figure 7.1.

175
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Figure 7.1: Drumstick position (above) and velocity (below) for a regular drum roll

7.2 More Accurate Pitches

We consider the specific problem of assisting a musician in selecting pitches from a

continuous range. We build on a prior study by O’Modhrain of the accuracy of pitches

selected by musicians on a Theremin-like haptic interface [120]. To improve the

assistance, we augment the interface with programmed detents so that the musician is

gently guided toward locations of equal tempered pitches. Nevertheless, the musician

can still perform arbitrary pitch inflections such as glissandi, falls, and scoops. We

investigate various forms of haptic detents, including fixed detent levels and force-

sensitive detent levels.

We carry out a formal subject test with 16 participants to compare the efficacy

of four different forms of haptic feedback. One control condition involves no haptic

feedback, one condition involves simple spring force feedback, and two conditions

involve haptic detents. Statistically significant results from the formal subject test

confirm improved accuracy brought about by detents.
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7.3 Pitch Selection Problem Overview

A musical tone can be described as having a distinct pitch, loudness, and timbre

[59]. We study how haptic devices can assist musicians in selecting pitches accurately.

Consider the different ways in which pitches are selected while playing the piano versus

playing the cello. The piano has 88 strings of fixed length, so a pianist using standard

playing techniques can play only a discrete set of pitches. If the strings are tuned

consistently, then no matter which keys the pianist presses, the performance will be

approximately in tune. In contrast, the length of a cello string can be adjusted directly

by the musician’s hand, meaning that a cellist can play pitches over a continuous

range. This freedom can be troublesome for beginning cellists who might for example

wish to initially limit themselves to playing a discrete set of pitches corresponding to

a scale. In fact, this freedom can allow also vocalists, trombonists, violinists, viola

players, string bass players, etc. to unintentionally play out of tune.

In a broad sense, we seek to combine the way that pitches are selected on a piano

and on a cello in order to make it easy to play pitches accurately while still allowing

arbitrary continuous pitch inflections to be created. More specifically, we consider

using haptic feedback to improve the accuracy with which a musician can select a

pitch over a continuous range. We design the haptic assistance to gently guide the

musician to desirable pitches. Of course, musicians may disagree over which pitches

are desirable. In fact, the pitch for some sounds can be ambiguous, so we need to be

more specific.

For our work, we use tones consisting of sinusoids whose frequencies are integer

multiples of a fundamental frequency. Hence, the fundamental frequency of the tones

is mathematically well defined, and for the tones we use, the perceptual quantity, the

pitch, is nearly the same as the fundamental frequency [59]. From this point onward,

we will use only the term fundamental frequency when discussing the particulars of

a given musical instrument or type of haptic assistance, and we will use pitch when

discussing the general problem or the musician’s perception of fundamental frequency.

We make another approximation by stating that we will assist the musician in

playing the fundamental frequencies from the chromatic scale defined by the equal
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temperament tuning system [59]. Most common Western tuning systems are rela-

tively similar to equal temperament, and we will choose performance tasks whose

fundamental frequency errors will be larger than the relatively small tuning ambi-

guities described here. We consider this, albeit limiting, discrete set of fundamental

frequencies to be desirable for the purposes of studying haptic assistance in a scientific

context.

7.4 Prior Work

The Theremin electronic instrument, which was patented in the United States in

1928, produces a harmonic tone as output [156]. The fundamental frequency of the

tone is controlled by the position of one hand in free space, while the amplitude of

the tone is controlled by the position of the other hand. The Theremin instrument

provides no haptic feedback, and it is often informally considered to be difficult to

play as it is non-trivial for the musician to orient his or her hands in free space.

O’Modhrain studied the accuracy with which musicians select fundamental fre-

quencies with a Theremin-like interface implemented using a haptic device. She

compared controlling fundamental frequency given the complete absence of haptic

feedback versus several kinesthetic haptic feedback conditions such as a spring force,

a viscous damping force, and a constant force. In Chapter 4 of her PhD thesis, she

draws the conclusion that the “existence of force feedback in a computer-based instru-

ment marginally improves performance of a simple musical [fundamental frequency

selection] task” (p. 49) [120].

Besides Theremin-type interfaces, glove-based and other continuous interfaces may

lack significant haptic feedback. We generalize O’Modhrain’s conclusion by hypoth-

esizing that if a musical instrument does not provide any haptic feedback at all,

it will probably be more difficult to play accurately. We term this hypothesis the

“Theremin Hypothesis.” As a consequence, we recommend that musical instrument

designers incorporate haptic feedback into their instrument designs.

We hypothesize further that specific kinds of active force feedback assisting the

musician in selecting desirable fundamental frequencies may be even more effective.
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This hypothesis is also suggested by Moss’ and Cunitz’s work in which a specific kind

of haptic feedback pushes the musician’s finger toward the notes of the chromatic

scale; however, Moss and Cunitz do not consider any other types of haptic feedback

[113].

7.5 Simple Theremin-Like Instrument

We have strived to make the example instrument in our laboratory as easy to play

as possible. Although the PHANTOM Model T can move in three dimensions, we

restrict motion of the thimble to the y-axis and simultaneously measure pressure

applied normal to this axis in the vertical z-direction (see Figure 7.2). Rather than

simply waving his or her hand around in space, the musician moves the thimble with

his or her fingertip. While doing so, the musician can rest his or her wrist on the

white piece of wood placed horizontally across the table as shown in Figure 7.2. For

simplicity, we allow the musician to adjust only the fundamental frequency of the

sound. Sound is synthesized using additive synthesis with sinusoidal components at

the fundamental frequency, twice the fundamental frequency, and three times the

fundamental frequency [134].

Due to the finite workspace of the haptic device, the horizontal position y (see

Figure 7.2) of the musician’s finger can vary over about 20cm and is mapped to the

logarithm of the fundamental frequency of the musical instrument. This mapping

allows the distance between each pair of adjacent notes in the chromatic scale to be

about 0.75cm. Higher fundamental frequencies are further to the right, as with the

pianoforte. However, in comparison with the pianoforte, each octave on the Theremin-

like instrument spanned roughly half the distance due to the workspace constraints

of the PHANTOM Model T.

We have experimented informally with other mappings, such as an affine map-

ping between position and fundamental frequency as well as the nonlinear mapping

between the length of a vibrating string and its fundamental frequency. We con-

cluded that the above-described logarithmic mapping, as suggested by O’Modhrain
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Figure 7.2: Musician’s finger inserted into the PHANTOM thimble

in personal communication, is best not only because of the human’s logarithmic per-

ception of pitch, but also because of the equal spacing of the chromatic notes along

the instrument interface.

7.6 Haptic Assistance For Fundamental Frequency

Selection

The haptic assistance operates sideways from the perspective of the musician. In

particular, we consider controllers that exert force in the lateral y-axis as a function

of the current and past y-positions of the thimble (see Figure 7.2). Many forms

of haptic feedback are imaginable, so we limit these forms here by considering the

human-computer interaction (HCI) literature.

7.6.1 Basic Detent

The basic detent is simple, deterministic, and can help the musician orient himself

or herself. A detent can be created even using 1DOF haptic interfaces. Figure 7.3

illustrates how to implement a simple piecewise linear detent. Near the center of the

detent, the force in the lateral y-axis behaves like that of a spring, while the force
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Figure 7.3: Force profile F (y) and terrain height profile h(y)

goes to zero when the position y moves further from the detent’s center [166]. The

force profile is consistent with the lateral forces one would experience in the terrain

height map h(y) shown at the bottom of in Figure 7.3.

Researchers from the human computer interaction (HCI) literature have experi-

mented with piecewise linear as well as piecewise nonlinear detents [113]. They report

that altering the shape of the detent nonlinearly manifests itself psychophysically as

apparently only an intensity difference [173][125]. We have also carried out some in-

formal tests and also believe that the details of the detent shape are not of primary

importance, so we believe the piecewise linear detent design to be sufficient for our

study. For more information on how we tuned the parameters describing the exact

shape of our basic detent, see Section 7.7.3.

7.6.2 Force Feedback Conditions

We now describe the specific haptic force feedback conditions that we incorporated

into our subject test.

Multiple Detents (DET)

We extended the basic detent described in Section 7.6.1 to assist the musician in

playing notes from a diatonic scale consisting of whole and half steps, which is based

at the origin of the haptic device. Figure 7.4 shows the piecewise linear force profile

for the first five notes of the scale. A spring force field was centered around each note,

making the y-position a locally stable equilibrium point, as denoted by each dashed

blue circle [136]. In between each pair of notes, the forces were tapered toward one
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Figure 7.4: Force profile for the DET condition

another to avoid creating any distracting discontinuities. Since there was a half-step

instead of a whole-step between “mi” and “fa”, the force profile was warped to retain

the same form (see Figure 7.4).1 Note that we made the detent force profiles as wide

as possible to ensure that we were providing haptic assistance for the largest possible

set of positions y.

Velocity-Sensitive Detents (VEL)

While the HCI literature was in agreement that a single detent centered around a

single target, such as a menu item, improves performance, it was harder for inter-

face designers to improve performance when faced with multiple possible targets,

each having its own detent, especially when the user needed to traverse through dis-

tracting detents in order to reach a specific target. Researchers reported apparent

improvements in performance by making the magnitude of the detents dependent

on the velocity [118][119][117][124]. However, Hwang et al. found that no velocity

dependence was necessary for motion impaired users to benefit from having multiple

targets [89].

We originally hypothesized that by considering the notes to be the analog of menu

targets, we might take advantage of this feature to improve upon the DET condition.

1One might ask whether the force magnitude of the detents ought to be doubled for half steps,
such as for the distance between “mi” and “fa”, in comparison with whole steps. This change would
cause the amount of work required to move the thimble from one zero-crossing of FDET (y) to another
to be constant. However, in informal tests, we found having the force magnitude double for some
detents to be much more distracting. In fact, we found the force profile shown in Figure 7.4 to be
much less distracting, so it is the profile that we suggest here.
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Figure 7.5: Strength of haptic assistance for the VEL condition

We defined the feedback force condition FV EL(y, ẏ) as follows:

FV EL(y, ẏ) = FDET (y) · g(|ẏ|). (7.1)

g(·) was designed so that little to no haptic assistance was provided for relatively

large speeds |ẏ|, while significant haptic assistance was provided at slow speeds (see

Figure 7.5).

After some informal experimentation with this force condition, we became of the

opinion that some form of velocity-sensitive detents would likely be useful. Never-

theless, the useful of the force condition seemed to be sensitive to the shape of g(·).
In addition, we were not entirely convinced that the benefit of VEL would be worth

the effort of optimizing all the parameters describing it. For example, g(·) could have

been described by a nonlinear function rather than by a piecewise linear function (see

Figure 7.5). In the interest of conducting a statistically significant formal subject test

that could be compared to O’Modhrain’s work [120], we chose to include the next

force condition instead of VEL in the subject test.

Force-Sensitive Detents (FRC)

Past experiments by other researchers indicated that the presence of multiple detents

could be problematic because users could “get stuck” in interfering detents [118][119].

We proposed a new solution, which we believe to be novel. We believed that the

musician should be able to regulate the degree of haptic assistance in real time.

In other words, rather than trying to infer from ẏ whether the musician required
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Figure 7.6: Strength of haptic detents for the FRC condition

assistance, we desired that the musician be capable of specifying in real time how

much assistance he or she was receiving. The simplest approach was to allow the

musician to control the degree of haptic assistance with the downward force he or she

applied to the thimble. We configured the FRC force condition so that the musician

only received assistance when he or she requested it by pressing downward with force

p > 0. If the musician instead pulled the thimble even slightly upward (i.e. p < 0),

then no haptic assistance was provided at all, allowing the musician to breeze over

any otherwise distracting detents. We defined FFRC(y, p) as follows:

FFRC(y, p) = FDET (y) · S(p), (7.2)

so that the strength of the detents was modulated by S(p), which is shown in Figure

7.6, where the constants l > 0,M0 > 0. The parameter M0 served as the maximum

detent strength to prevent the detents from becoming unreasonably strong if the

musician ever pressed down especially hard.

Spring Force (SPR)

For the sake of comparison with O’Modhrain’s experiment, we introduced the SPR

condition, where FSPR(y) described a spring with stiffness ky:

FSPR(y) = −ky(y − y0). (7.3)
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The spring rest position y0 = −5cm placed the virtual spring center near the edge of

the workspace. This caused the spring with relatively small stiffness ky = 0.07N/cm

to exert a force to the left over the entire range of the notes included in the melodies.

No Feedback (NOFB)

We further introduced a control condition, in which the force in the y-dimension was

always zero:

FNOFB(y) = 0. (7.4)

7.6.3 Further Ideas From Literature

We believe that we selected appropriate force conditions in the previous section, but

for completeness, we mention a few other approaches mentioned in the HCI literature

for assistance in selecting items from a menu.

Miller and Zeleznik recommended making detents by implementing the laws of

physics describing interaction with a notch in a physical surface [109]. We tested

a similar model, but we informally found the significant up and down motion corre-

sponding to the thimble sliding into the physical notch to be distracting. The vertical

motion was irrelevant to the fundamental frequency selection task at hand, so there

was no need to render significant vertical motions.

Hurst et al suggested using “dirty desktops”, in which targets that are frequently

chosen become more and more attractive, and less frequently chosen targets become

less attractive [87]. While this method was certainly worth considering, we surmised

that it would be difficult for musicians to remember how often they had chosen various

notes. In that case, the haptic assistance algorithm would have been so complicated

that it would have appeared non-deterministic to the musician. Thus it would not

have been controllable by the musician using open-loop control.

For a micromanipulation application, some researchers recommended computing

optimal paths and connecting the thimble to the optimal path using a viscoelastic link

as well as creating repulsive force-fields around obstacles [5]. However, we felt that

this form of haptic assistance was not applicable to the one-dimensional fundamental
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frequency selection task. Firstly, there were no obstacles per se, and secondly, it was

not possible to define an optimal path in general since we did not want the assistance

algorithm to know which notes the musician would select at which times. A trajectory

estimator could have been developed to guess what notes the musician was aiming for,

but the estimator would have been subject to statistical error, so any significant use of

the estimate would have resulted in a non-deterministic haptic assistance algorithm.

7.7 Subject Test

To verify the efficacy of haptic assistance in this scenario, we conducted a subject

test comparing how accurately subjects could select fundamental frequencies under

the DET, FRC, SPR, and NOFB force conditions. Subjects were asked to play notes

from some simple melody excerpts under the different force conditions. In order to

demonstrate that haptic assistance did not necessarily prevent subjects from playing

smooth pitch inflections, as is characteristic to the Theremin’s instrumental practice,

each melody excerpt also contained a glissando.

7.7.1 Experiment Design

The experiment design was motivated by the desire to obtain data that could be

compared across subjects, even if some learning effects could possibly be seen in the

data. We recruited seven subjects from the Stanford Symphonic Orchestra and nine

subjects from the M.S. and Ph.D. programs at the Center for Computer Research in

Music and Acoustics (CCRMA) at Stanford University. Of the sixteen subjects total,

one was left-handed and five were female.

The total time commitment required of each subject was about one hour on aver-

age, and each subject was compensated with $20 for his or her efforts. Each subject

was trained and tested as follows:

1. At the beginning, the subject was asked to begin filling out a questionnaire,

which is given in Figure B.2.
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2. The subject was presented with a sheet containing the seven simple melody

excerpts shown in Figure 7.7. The first excerpt was for training, while the

remaining excerpts were for testing. Each excerpt contained an average of about

9 notes from the C major scale and was followed by a glissando (see Figure 7.7).

To help the subject learn the excerpts before being tested, the subject was asked

to play them once on a standard piano keyboard-based instrument. Then the

subject was asked to play them again to reinforce learning of the excerpts.

3. The subject was introduced to the musical instrument described in Section 7.5.

The subject was asked to feel each force condition using his or her right hand,

while the operation of the force condition was explained. The subject was

instructed to try to use the following strategy when using the FRC condition:

the subject should press down slightly when playing small intervals and lift

up slightly or maintain a neutral hand weight when playing larger intervals or

glissandi.

4. The process for recording performances was explained to the subject as indicated

in Figure B.1. This process modeled the procedure for recording a part of a song

in a music studio and consisted of the steps 1) listen, 2) practice, 3) perform, 4)

consider whether to move on. In the third step, the subject performed an excerpt

for a given force condition along with a metronome track. In the fourth step,

the subject could elect to re-record a performance if he or she were unsatisfied

with how he or she played the given excerpt.

5. Next the subject practiced using the recording process and manipulating the

PHANTOM by recording his or her performance of the single training melody

excerpt (see Figure 7.7, top) for each of the force conditions. Any additional

questions were then answered.

6. Finally the subject recorded himself or herself performing according to the four

force conditions. In order to minimize the ordering effects of the subjects’ being

tested on one force condition before another, the force conditions were presented

across subjects according to a balanced Latin square [72]. However, during the
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Figure 7.7: Melody excerpts
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testing of each force condition, the six test melodies were presented in always

the same order. We chose to do so because we believed that since the subjects

learned the (very simple) melodies before performing the test, the ordering of

the force conditions would affect the results much more than the ordering of

the melodies. Moreover, in this configuration, it was more straightforward to

compare the performances of the melodies for a given force condition across

subjects.

7. The subject was asked to finish filling out the questionnaire (see Section B.1).

The comments that each subject wrote on his or her questionnaire are listed in

Section B.2.

7.7.2 Data Analysis

We analyzed the fundamental frequency contours that the test subjects played to

evaluate the tuning of their performances. In order to employ a unit approximately

reflecting how humans perceive the tuning, we represented the fundamental frequency

using MIDI note numbers. The MIDI note number for “middle C” is 60. Since each

unit of the MIDI scale represents a half step, the first C# above middle C has the

MIDI note number 61, the first D above middle C 62, and so forth. Similarly each

percent of a unit represents one cent since there are 100 cents in a half step.

Let Ps(m, c, t) be the fundamental frequency played by subject number s, where

m indicates which melody excerpt, c indicates which force condition, and t is time in

seconds. P7(5, c, t) for the NOFB condition is shown in the thin black line in Figure

7.8. For each performance, we segmented the portion of the contour describing the

notes played. Segmentation was carried out by hand using a graphical user interface in

MATLAB in order to compensate for timing differences in the subjects’ performances,

allowing us to minimize the influence of timing differences on our measure of the

accuracy of the fundamental frequencies selected. The segmented portion of the

notes for P7(5, NOFB, t) is shown in a thick blue line in Figure 7.8.

To obtain an estimate of the discrete note sequence that a subject intended to

play, we quantized the measured MIDI note contour to the nearest MIDI notes from
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Figure 7.8: Fundamental frequency contour for subject 7 and melody excerpt 5 for
the NOFB force condition (whole unsegmented contour in thin black line, segmented
contour of notes played in thick blue line, and estimated intended notes shown in
thick dash-dotted red line)

the C major scale. However, there was a tendency to detect some spurious notes,

especially at transitions between distant notes. To greatly reduce this tendency, we

eliminated notes with durations shorter than 0.2 sec, starting with the longest of

these spurious notes first. As each spurious note was eliminated, it was replaced by

its neighbors, where the transition time between neighboring notes was chosen to

minimize the error measure described below. We entitled our quantization algorithm

the Estimated Intended Note Quantizer, or EINQ. EINQ(P7(5, NOFB, t)) is shown

in a thick dash-dotted red line in Figure 7.8. The contour never takes on the values

68, 70, and 73 because these notes were not included in the C major scale. Note

that EINQ(P7(5, NOFB, t)) successfully filtered out the spurious notes that would

otherwise have been detected during the thirds played at 7 sec, 8 sec, and 11 sec.
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Mean Absolute Error (MAE)

To evaluate the quality of the tuning of each performance, we calculated the norm

between the EINQ contour and the actual performed fundamental frequency contour.

We chose to use the mean absolute error (L1-norm of the error) instead of the root

mean square (L2-norm of the error) so that the error measure did not emphasize

the inevitably large error contributions stemming from note transitions, but rather

focused more on the typically more constant error contributions from within notes

(see the contours in Figure 7.8). The mean absolute error (MAE) of the fundamental

frequency contour, from time T1 to time T2

MAEs(m, c) =
1

T2 − T1

∫ T2

T1

|Ps(m, c, t)− EINQ(Ps(m, c, t))|dt. (7.5)

T1 and T2 denote the segmentation time boundaries of the notes played prior to

the glissando during the melody excerpt. T1 = 4s and T2 = 11.2s in Figure 7.8 as

highlighted by the thick blue and dash-dotted red lines.

RMS Acceleration

We wanted to study to what extent detents caused the musician to play jagged funda-

mental frequency inflections rather than smooth fundamental frequency inflections.

To this end, we manually segmented the portion of each performance correspond-

ing to a glissando. For example, in Figure 7.9 (top) the thick blue line shows the

segmented portion of the performance P7(5, NOFB, t) corresponding to the think

dash-dotted black line. We evaluated the jaggedness with the room-mean-squared

(RMS) acceleration of the fundamental frequency trajectory P̈s(m, c, t) during each

glissando, where [T3 T4] denotes the segmentation time interval of each glissando:

Accels(m, c) =

√∫ T4

T3

P̈ 2
s (m, c, t)

T4 − T3

dt. (7.6)

To estimate the fundamental frequency acceleration P̈s(m, c, t), we filtered the funda-

mental frequency trajectory Ps(m, c, t) both forward and backward by the following
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Figure 7.9: RMS acceleration of fundamental frequency contours for subject 7 and
melody excerpt 5 for the NOFB force condition (TOP: unsegmented fundamental
frequency contour in thin, dash-dotted black line; segmented contour in thick, blue
line; BOTTOM: unsegmented acceleration of fundamental frequency contour in thin,
dash-dotted black line; segmented contour in red)

filter:

HDIFFERENTIATOR(z) = (1− p) · 1− z−1

1− pz−1
fS. (7.7)

We filtered forward and then backward in time so that the acceleration estimate would

not be delayed in time. The sampling rate was fS = 2.4kHz, and we chose p = 0.995

so that the higher frequencies would not be emphasized so much as to contribute

significant noise to the acceleration estimate. The estimated fundamental frequency

acceleration P̈s(m, c, t) is shown in dash-dotted black in Figure 7.9 (bottom), with

the segmented portion shown in solid red (see Figure 7.9, bottom).
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Figure 7.10: Basic detent element

7.7.3 Selecting The Parameters For DET

The basic detent element is shown in Figure 7.10. Only limited information was

available on tuning the precise shape of the basic detent element. For example, re-

searchers reported finding in informal tests that altering the shape of the detent

nonlinearly manifested itself psychophysically as apparently only an intensity differ-

ence [173][125]. Consequently, we decided to devise a small test to help us fine tune

the shape of our basic piecewise linear detent element, on which the DET and FRC

conditions depended. The basic detent element is described mathematically for any

horizontal position y ∈ [−W W ] :

FDET (y) = −sign(y) ·
{ |y|D

ρW
if |y| < ρW

(W−|y|)D
(1−ρ)W

otherwise
(7.8)

W described the radius of the detent, D described the maximum absolute value of the

force, and ρ ∈ (0 1) adjusted the y−position corresponding to the maximum force

level (see Figure 7.10). Figure 7.2 can serve as a reminder to the reader about the

orientation of the y−axis. W = 0.375cm was already fixed due to the approximate
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Figure 7.11: Fundamental frequency contour played by one of the authors subject to
the DET condition for D = 0.5N and ρ = 0.3

20cm workspace and the desire to allow play over a range of about two octaves. The

remainder of this section explains how we chose ρ and D.

We tested one of the authors playing an ascending diatonic scale followed by a

descending glissando. The fundamental frequency contour is shown in Figure 7.11 for

D = 0.5N and ρ = 0.3. Since the detents were fairly strong, they caused the glissando

between 7.5sec and 9.5sec to be a little bit bumpy or jagged.

Sweep 1

In order to help motivate our choices of D and ρ, we tested the author for various

choices of D and ρ while playing the ascending scale followed by the descending

glissando. Here we present the results for two sweeps. For the first sweep, ρ was held

constant at 0.3 and D was swept from almost zero to about 1.2N. The MAE for the

diatonic scale is shown in Figure 7.12. Increasing D corresponds to increasing the

degree of haptic assistance, so as expected we observed that increasing the haptic

assistance reduces the MAE of the fundamental frequency contour played during the

diatonic scale. There is a knee in the curve near D = 0.6 (see Figure 7.12).
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Figure 7.12: Sweep 1: MAE for one of the authors playing the diatonic scale with
ρ = 0.3 while D was swept from about zero to about 1.2N

We plot the RMS acceleration as a function of D in Figure 7.13. Clearly the RMS

acceleration increases as the degree of haptic assistance is increased. In other words,

the glissando becomes more jagged or bumpy for the DET condition as the degree of

assistance is increased. This plot illustrates why we do not want to choose D to be

too large.

Sweep 2

In a second sweep, we held D constant at 0.41N, while we varied ρ from small values

to nearly 0.5. The MAE of the notes played and the RMS acceleration of the glissando

for this sweep are shown in Figures 7.14 and 7.15, respectively. In general, ρ appears

to have had little effect on the quantities we use for analysis. However, it is clear

that for very small ρ, the MAE of the notes decreased slightly, presumably due to

the steep slope of the detent locally about its center. In other words, reducing ρ

caused the MAE to decrease slightly because the haptic assistance was more focused.

However, if ρ was chosen to be much smaller than 0.15, we found informally that it

was easy to get stuck in unintended detents. In other words, the haptic assistance

was too focused and thus distracting.

We performed a few tests to optimize the basic detent element for our DET
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Figure 7.13: Sweep 1: RMS acceleration for one of the authors playing a glissando
with ρ = 0.3 while D was swept from about zero to about 1.2N
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Figure 7.14: Sweep 2: MAE for one of the authors playing the diatonic scale with
D = 0.41N while ρ was swept from nearly zero to 0.5
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Figure 7.15: Sweep 2: RMS acceleration for one of the authors playing a glissando
with D = 0.41N while ρ was swept from nearly zero to 0.5

condition. The tests explained above guided us to choose D = 0.41N and ρ = 0.3.

There was a trade-off in choosing D. If D was too large, then the haptic assistance

was so strong that it prevented the musician from being able to play smooth glissandi

with DET (see Figure 7.15). On the other hand, if D was too small, then the haptic

assistance did not reduce the MAE as much as possible (see Figure 7.14).

Choosing the optimal ρ parameter appeared to be less crucial. Perhaps this was

because the potential energy change EDET due to moving the thimble through one

side of the detent is independent of ρ:

EDET =

∫ W

0

FDET (y)dy = −WD

2
. (7.9)

Nevertheless, according to informal testing, altering ρ changed the way the detents

“felt”—in some sense, it changed their texture.

During pilot tests with the melody excerpts themselves, we decided to make the

parameters slightly more focused by changing the parameters to D = 0.41N and

ρ = 0.2. These slightly more aggressive parameters worked well when tested by the

author for the melody excerpts shown in Figure 7.7. We had the impression that

reducing ρ may have reduced the tendency to get stuck in unintended detents, but we

made no attempts at verifying this formally. Finally, we present the finalized shape



198 CHAPTER 7. MAKING MORE ACCURATE GESTURES

Figure 7.16: Finalized basic detent element shape with ρ = 0.2, W = 0.375cm, and
D=0.41N

of our basic detent element where ρ = 0.2, W = 0.375cm, and D=0.41N in Figure

7.16.

7.7.4 Qualitative Results

We begin by looking at the fundamental frequency trajectories for subject 7 and

melody 5. These particular trajectories were chosen because they provide good ex-

amples for illustrating the typical behavior of the test subjects. Figure 7.17 shows

the trajectory for the NOFB condition, where no haptic feedback was provided. The

subject’s trajectory is shown in blue, while the estimated intended note quantization

(EINQ) is shown in dash-dotted red. Finally, the glissando portion is indicated by

the especially thick green line. The subject was able to perform the melody; however,

the performed and intended notes do not match up well together. As a consequence,

MAE7(5, NOFB) = 0.43. In other words the mean absolute fundamental frequency

error was about 0.43 half steps, or 43 cents. The performance was similar in the case

of spring (SPR) feedback (see Figure 7.18). We believe that the NOFB and SPR

force conditions resulted in large fundamental frequency MAE because they provided
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Figure 7.17: NOFB No Haptic Feedback (subject 7, melody 5, MAE=0.43, Accel=9)

no physical indication guiding to the correct fundamental frequency locations.

In contrast, the multiple detents (DET) condition caused the performed funda-

mental frequency trajectory to match the intended note sequence much better as

evidenced by the decreased MAE7(5, DET ) = 0.23 (see Figure 7.19). However,

the detents were strong enough that the glissando was somewhat jagged or bumpy

(see the thick, green line in Figure 7.19). The elevation of the RMS acceleration

Accel7(5, DET )=16 indicated the same.

The performance given the force-sensitive detents (FRC) is shown in Figure 7.20.

The test subject modulated the strength of the detents appropriately. The notes were

selected accurately with the help of haptic assistance, while the glissando was smooth

because the test subject was able to disable the haptic assistance when desired.
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Figure 7.18: SPR Spring Feedback (subject 7, melody 5, MAE=0.43, Accel=14)
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Figure 7.19: DET Multiple detents (subject 7, melody 5, MAE=0.23, Accel=16)
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Figure 7.20: FRC Force-Sensitive Detents (subject 7, melody 5, MAE=0.17,
Accel=10)

7.7.5 Results

Basic Statistical Analysis

We performed a statistical analysis on the subject test data in order to verify the

significance of the findings. Figure 7.21 shows a box plot of the mean absolute error

(MAE) in selecting the fundamental frequencies of notes subject to the four different

force conditions. The whiskers are the dashed lines that show the extent of the data,

while the red plus signs outside of the extent represent outliers. We made no effort

to remove outliers, which were most likely due to subject error, from the data set

because our results were already statistically significant. Each blue region reaches

from the lower quartile to the upper quartile of the data. The red line within each

blue region shows the median of the data.

The notches in the box plots are important. If the notches for two conditions

do not overlap, then the data for the conditions are drawn from two different dis-

tributions with likelihood greater than 95% [107]. In other words, if the notches for
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Figure 7.21: Box plot of the mean absolute error (MAE) of note fundamental fre-
quency trajectories across all subjects and melody excerpts

two conditions do not overlap, then the difference between the performance given the

two conditions is considered statistically significant. Figure 7.21 clearly shows that

the FRC and DET force conditions caused the fundamental frequency MAE to de-

crease at a statistically significant level. In addition, FRC appears to have helped the

test subjects select fundamental frequencies slightly more accurately at a marginally

(95%) significant level.

The analogous analysis of the RMS acceleration of the fundamental frequency

trajectories of glissandi is shown in Figure 7.22. Ten outliers were present in the

data spread across the force conditions, but the outliers were cropped away from

the box plot to aid the reader in focusing on the remaining data. As expected, the

RMS acceleration for the multiple detents (DET) condition is significantly elevated in

comparison with the other force conditions. The basic detents, which helped the test

subjects select the fundamental frequencies of notes accurately, interfered with playing

pitch inflections such as glissandi (see also Section 7.7.3). However, Figure 7.22 shows

that the force-sensitive detents (FRC) condition resulted in a statistically significant
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Figure 7.22: Box plot of the RMS acceleration of the fundamental frequency trajec-
tories of glissandi across all subjects and melody excerpts

lower RMS acceleration, which was comparable with the no feedback (NOFB) and

spring feedback (SPR) conditions. Since the test subjects were able to modulate the

strength of the detents for the FRC condition, the haptic assistance did not cause

them to play excessively jagged or bumpy glissandi.

Due to our desire to avoid fatiguing the test subjects, the training session was brief

(see Section 7.7.1). As a consequence, a few of the subjects did not learn to modulate

the degree of haptic assistance by changing the downward force when using the FRC

condition. While only one subject admitted on the questionaire that she did not

“apply more downward force when playing small intervals and less downward force

when playing larger intervals or glissandi”, when we look at the FRC fundamental

frequency trajectory data, we estimate that about four of the subjects did not apply

little enough downward force while playing the glissandi. As a consequence, we believe

that if we had provided the subjects with more training time, they would have been

able to better leverage the haptic assistance. In particular, we believe that the FRC

condition would have provided even better results since it was the most complicated
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Figure 7.23: Preferences of the test subjects

to learn to use. Hence, we believe that the mean for FRC shown in Figure 7.22 would

have been further decreased.

Questionaire

The sixteen subjects were asked to order the force feedback conditions from the most

to the least preferable for playing glissandi accurately as well as for playing notes

accurately. Fifteen subjects most preferred either FRC or DET for playing notes

accurately. Of these subjects, eleven most preferred FRC for playing notes accurately.

Most subjects preferred the non-detent conditions for playing glissandi accurately:

eleven subjects most preferred either NOFB or SPR for playing glissandi accurately.
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However, the remaining five subjects most preferred the FRC condition for playing

glissandi accurately, presumably because these subjects had learned sufficiently well

to lift the thimble up slightly while playing glissandi, so as not to get distracted by

the detent-based haptic assistance.

Residual Learning During Test Trials

We wanted subjects to learn to play the melody excerpts on a piano keyboard-based

instrument sufficiently well prior to the test trials. However, to avoid fatiguing the

subjects, we only had time to ask each subject to play the excerpt twice on the

piano keyboard-based instrument prior to testing (see Section 7.7.1). Accordingly,

we deliberately selected the easy-to-learn melody excerpts shown in Figure 7.7 for

testing.

Nevertheless, during the test trials, subjects inevitably learned the melody ex-

cerpts better, so we performed further analysis to verify that this effect was minimal.

Figure 7.24 shows the mean absolute error (MAE) of the fundamental frequency tra-

jectory plotted as a function of time, measured using the test trial time index. Test

trial time indices were used since subjects received the melody-condition pairs in four

different orders. Index 1 was the first melody-condition pair that a subject was tested

on, and index 24 was the last melody-condition pair that a subject was tested on.

The data was plotted across all test subjects (see Figure 7.24, blue dots). We fit an

affine regression model to the data. The red line in Figure 7.24 shows the model,

which fit the data as closely as possible in a least-squares sense. The affine regression

model suggests that subjects improved by 0.01 half steps (i.e. 1 cent) on average

over the course of the experiment. This learning was, however, dwarfed by the much

larger task MAE. Averaging over the entire dataset (all test subjects, all melodies,

and all force conditions), the average MAE was 0.33 half steps (or 33 cents). We

conclude that the subjects learned the melodies well enough prior to the test trials

that residual learning had only a minor effect on the data, which explains how we

were able to obtain useful and statistically significant results from the experiment.
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Figure 7.24: Fundamental Frequency MAE shown as a function of time during the
test trials to measure residual learning during testing

Melody Excerpt Difficulty

Some melody excerpts were more difficult for the subjects to play accurately than

others. For reference, we present a box plot of the fundamental frequency MAE in

Figure 7.25, which shows that while test melodies one and two were the easiest, test

melodies four and six were particularly difficult. Figure 7.7 shows the melody excerpts

themselves.

Conclusions

Haptic assistance for musicians will open up a whole range of new instruments that can

aid musicians in playing. In the framework of a formal subject test, we demonstrated

that haptic detents (DET and FRC) improve the accuracy with which musicians

select fundamental frequencies over a linear range in comparison with a simple spring

force (SPR) or no haptic feedback at all (NOFB). Force-sensitive detents (FRC) are

superior to basic detents (DET) due to the musician’s ability to regulate the amount of

haptic assistance in real time. FRC allows musicians to press downward more when

more haptic assistance is required, for instance when honing in on a specific note

fundamental frequency or when playing a small interval, and FRC allows musicians
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Figure 7.25: Box plot of fundamental frequency MAE across the test melody excerpts

to press downward less when less haptic assistance is required, such as when playing

large intervals or glissandi. The FRC condition is so helpful that we believe it will be

applied in other areas of haptics, such as for assisting users in selecting items from

menus.

In contrast with prior work [120], we did not observe any statistically significant

difference between no haptic feedback and the very simple spring haptic feedback

(SPR). However, the test subjects did prefer the SPR condition to the NOFB condi-

tion. Perhaps if we had tested an order of magnitude larger number of test subjects,

we would have been able to measure a statistically significant difference between

NOFB and SPR.

7.8 Final Words

At first our conclusions might seem to be at odds with O’Modhrain’s experiment.

Indeed while O’Modhrain suggested simply that some form of haptic feedback was

better than none at all [120], we suggest that detents are even more helpful in assisting

musicians in selecting fundamental frequencies over a modest linear range. However,

we think that the real lesson to learn is that the best type of haptic assistance depends
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on the task. In fact, this was the motivation behind the development of the novel

force-sensitive FRC condition, where the degree of haptic assistance depends directly

on user input. We believe that future haptic assistance devices should consider taking

advantage of real-time user input in a similar manner, allowing users to constantly

regulate the assistance that they receive.



Chapter 8

Conclusions

8.1 Review

By incorporating haptic feedback into musical instruments, designers can facilitate

rich physical interactions between a musician and a musical instrument. In Appendix

A, we introduce a general method for designing haptic musical instruments that allows

two-directional mechanical interaction between a musician and a virtual acoustic mu-

sical instrument. However, haptic feedback has many more important applications.

In the both rhythm and pitch contexts, we demonstrated that haptic feedback can

be used to assist a musician in making gestures more accurately. In a rhythmic con-

text, we demonstrated further that haptic feedback could assist a musician in making

gestures that would otherwise be difficult or impossible. These are some of the most

compelling reasons why musical instrument designers should consider incorporating

active haptic feedback into their musical instruments.

8.2 Collocation

In order for haptic feedback control to exercise a significant amount of control au-

thority, sensors and actuators should be collocated. Perfect collocation implies that

if a positive real or any other passive controller is applied to the control system, then

the system is unconditionally stable (see Section 2.4); in other words, the loop gain

209
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can be made arbitrarily large without destabilizing the system. For more details on

the challenges of designing a perfectly collocated control system, see Section 2.5.

8.3 Physical Analog Models

Physical analog models can be used not only for simply understanding the behavior

of dynamical systems, but also for designing new feedback controllers. An equiv-

alent physical analog model exists for each positive real controller and provides a

metaphor by which to understand the effect of the controller. Consequently, positive

real controllers are useful for designing both Feedback Controlled Acoustic Musical

Instruments and Haptic Musical Instruments (see Chapter 3). Many useful nonlinear

controllers correspond to nonlinear physical analog models as well. For these reasons,

it is important that musical instrument designers understand physical analog models

and how to apply them.

Humans in general are also intuitively familiar with physical systems due to day-to-

day interactions. As humans interact with the world, they create conceptual models

for interacting with physical systems [169]. Humans can combine multiple models

together to synthesize more complex models [139]. In addition, humans can transfer

skills from one system to another if the dynamics are similar [86]. For these reasons,

we argue that humans should be able to quickly learn to interact with new musical

instruments whose designs conform to human physical intuition. We believe that

this is one of the reasons why Physical Interaction Design for musical instruments is

becoming so popular [165][111].

8.4 Further Advantages of Active Feedback

Active feedback systems can emulate passive feedback systems by implementing pas-

sive controllers. In some scenarios, it would be useful to have a system that is passive

but whose impedance varies over time. Often it is much easier to implement such

systems with active feedback where a digital feedback controller changes the con-

trol parameters over time. For instance, it is easy to make a active feedback system
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emulate a time-varying mass, damper, or spring.

In addition, in contrast with passive systems in nature, active feedback systems

are capable of adding energy to the musical instrument interface. This characteristic

can be useful in many circumstances. The Haptic Drumstick and Haptic Drum assist

the musician in playing drum rolls by actively promoting limit cycle-type behavior

(see Chapter 6). In addition, the FRC condition, the most effective force feedback

condition for assisting musicians in selecting fundamental frequencies as described in

Chapter 7, is also active. In particular, it is an active feature that the strength of

the horizontal force in the y-direction can be modulated by adjusting the force in the

z-dimension. It is possible to prove this by connecting a spring to the haptic device

in a manner that causes the system to self-oscillate according to a stable limit cycle.

Active feedback systems will continue to be employed in situations where a dynamical

system with an internal energy source is required.

8.5 Access to Feedback Technology

In the past, force feedback technology has been less accessible to musicians due to

elaborate software requirements and the expense of quality devices providing collo-

cated sensing and actuation. In Appendix C, we provide a new toolbox that facilitates

rapid prototyping of Haptic Musical Instruments using the inexpensive Novint Falcon

device. Similarly, the Toolbox for the Feedback Control of Sound, as described in Ap-

pendix G, makes it more convenient for musicians to construct Feedback Controlled

Musical Instruments.

8.6 Haptic Assistance Guidelines

Finally, we provide some guidelines for designing assistive haptic interfaces. These

guidelines are based on our experiences in designing the haptic musical instruments

outlined in chapters 5-7. For additional guidelines on creating haptic systems in

general, see the paper by Carter and Fourney. Most notably, many of their guidelines

are based on the notion that users can interact intuitively with haptic systems that



212 CHAPTER 8. CONCLUSIONS

correspond to physical analog models [44].

1. The most effective type of haptic assistance depends on the task (see Section

7.8).

2. It can be helpful to allow the user to regulate the degree of haptic assistance in

real time (see Section 7.7.5).

3. If haptic assistance is deterministic and relatively simple, then it is more likely

to be useful (see Section 5.4.6).

4. Effective haptic assistance should never take an unexpected action so fast that

it surprises the user, which could prevent him or her from responding appropri-

ately (see Section 5.4.6).

5. Many useful haptic assistance systems are not passive (see Section 8.4).



Appendix A

Using Haptic Devices to Interface

Directly with Digital

Waveguide-Based Musical

Instruments

A.1 Introduction

Other researchers have previously designed haptic musical instruments that mimic

real acoustic musical instruments. The feedback controllers have been implemented

using finite difference and (approximate) hybrid digital waveguide models. We present

a novel method for constructing haptic musical instruments in which a haptic device

is directly interfaced with a conventional digital waveguide model by way of a junction

element, improving the quality of the musician’s interaction with the virtual instru-

ment [22]. We introduce both the explicit digital waveguide control junction and the

implicit digital waveguide control junction.
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A.1.1 Prior Work

Many haptic musical instruments consist of a haptic device coupled to a virtual

musical instrument, which is often implemented by way of a physical model. The

common resonant physical model types in the literature with applications to haptics

are finite difference, finite element, and digital waveguide.

A.1.2 Finite Difference Modeling

Haptic musical instruments have been developed since the 1970’s at the latest. The

Association pour la Création et la Recherche sur les Outils d’Expression (ACROE)

currently has the longest history of model development in physical modeling for hap-

tics [41]. The Cordis Anima system allows virtual masses to be connected to one

another by way of viscoelastic links emulating springs and dampers [155]. Jean-Loup

Florens and François Poyer explain how they use nonlinear viscoelastic links to allow

virtual objects to be bowed by way of a haptic device [63][129]. The differential equa-

tions describing the masses and links are discretized and solved approximately using

finite difference techniques [155]. ACROE’s Genesis environment aids in synthesizing

and editing large-scale models [45].

A.1.3 Finite Element Modeling

Finite element models have been computed in real-time for applications in haptics,

but the computational requirements can be prohibitive [43]. The computation can

be reduced somewhat if the model is static [36]—i.e. if no state is required to keep

track of the history of the model’s motion; however, these models are not useful for

designing musical instruments that exhibit resonance behavior.

Along similar lines, Cynthia Bruyns used a finite element model to compute modal

synthesis parameters [37]. Her model is more computationally efficient and could

probably be applied successfully in haptics applications.
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A.1.4 Digital Waveguide Modeling

In contrast with other modeling methods, digital waveguide modeling is especially

efficient because of the small number of multiply-adds and the large portions of the

memory that can be factored into digital delay lines. Furthermore, when modeling

most one-dimensional waveguide-based instruments, digital waveguide modeling is

equivalent to discretizing the solution to the wave equation rather than approximately

solving the wave equation [149]. Consequently, such digital waveguide models are

more accurate than finite element and finite difference models. Finally, there is an

extensive literature on calibrating digital waveguide models so that they sound like

real musical instruments [149].

However, despite the advantages of digital waveguides, their application in haptics

has been quite limited. Rather than directly coupling a model to a haptic device,

previous research has focused on more complicated hybrid digital waveguide models.

Consider the structure shown in Figure A.1. A grossly simplified haptic model, such

as a nonlinear spring, is typically used to govern the dynamics of the haptic device

[141]. The musician’s physical interaction with the instrument is limited by the sim-

plification. Nevertheless, sound may still be synthesized as the parameters describing

the state of the haptic device are fed directly into a digital waveguide model (see

Figure A.1). Plucked strings1 [60][64], a bowed string [141], and a drum [27] have

been previously implemented using this approach. Kontogeorgakopoulos has studied

a related problem in which he simulates interfacing digital waveguides with Cordis

Anima finite element networks [100].

A.2 Direct Modeling Approach

To improve upon the hybrid digital waveguide modeling approach, while still retaining

the advantages of digital waveguides, we propose using a control junction element to

directly connect a haptic device to a digital waveguide according to the signal flow

diagram shown in Figure A.2. We introduce both explicit and implicit variations of

1Rob Shaw developed a haptically plucked string at Interval Research Corporation using the
hybrid modeling approach, but as far as we know, he did not publish his research results.
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Figure A.1: Signal flow diagram for hybrid modeling approach

the junction.

A.2.1 Explicit Control Junction Element

The explicit control junction element for a velocity wave model is shown inside the

dotted box in Figure A.3. The junction consists of a sensor and an actuator placed

only one sampling interval apart along a digital waveguide with wave impedance R0.

For a slightly more general digital waveguide model, see Figure 2.4. The signal a

flowing to the right along the top models the velocity wave traveling to the right,

while the signal b flowing to the left along the bottom models the velocity wave

traveling to the left. The velocity output vs[n] at the control point is the sum of the

two traveling wave components at that point aL and bL. The force input Fs[n] causes

traveling waves to exit the junction to both the left and the right. The waves are

scaled by 2R0 since exerting a force on the control point of a virtual string should be

analogous to exerting a force on the ends of two freely terminated virtual strings in

parallel, each with wave impedance R0 [149].

We elucidate the operation of the control junction with the help of an example

Device
Haptic

Model

Digital
Waveguide

Figure A.2: Signal flow diagram for direct modeling approach
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Figure A.3: Explicit control junction connected to a digital waveguide model of a
vibrating string

vibrating string model (see Figure A.3 in its entirety). The top three delay lines z−S/2,

z−1, and z−(N−S)/2+1 model velocity waves traveling to the right, and the bottom three

delay lines z−(N−S)/2+1, z−1, and z−S/2 model velocity waves traveling to the left. S/N

is proportional to the distance from the left string end to the control point divided

by the total string length. If fs is the sampling rate, then fs/N is approximately

equal to the string’s fundamental frequency. Hlp(z) is a linear phase low-pass filter

that causes higher string resonances to decay more quickly. Hlp(z) further promotes

stability by reducing the gain of high frequency energy reflected from the virtual

string terminations.

A.2.2 Interfacing With The Waveguide

We can now apply standard teleoperation techniques to interface a haptic device

with the control junction. It is tempting to try to bind the haptic device and virtual

instrument directly together; however, this approach can be tricky because the haptic

device will be able to render only a finite maximum stiffness [56]. If the instrument

model were to specify a greater stiffness, then the system could become unstable.

Teleoperator theory suggests instead that we should bind the haptic device and the

virtual model together with a spring that limits the maximum stiffness that the haptic
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Figure A.4: Teleoperator control of a virtual vibrating string
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Figure A.5: Signal flow diagram detailing how to implement teleoperator control

device needs to render. Furthermore, adding a damper as well, as shown in Figure

A.4, can help eliminate tendencies for the system to become unstable.

Some additional details must be considered. For instance, many haptic devices

measure displacement, while the instrument model provides only a velocity output. It

follows that some estimators will be required for our example. Figure A.5 shows how

a velocity estimator can be employed to estimate the haptic device velocity v̂m[n] from

the haptic device displacement xm[n]. Similarly, a displacement estimator estimates

the displacement of the vibrating string x̂s[n] from the string velocity vs[n] (see Figure

A.5).

The force due to the spring k and damper R is thus:

Fs[n] = k(xm[n]− x̂s[n]) +R(v̂m[n]− vs[n]) = −Fm[n]. (A.1)
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Figure A.6: Helmholtz motion of haptically bowed virtual string

By allowing k and R to vary over time, we open up possibilities for simulating a

wide variety of systems. To simply bind the haptic device and the virtual control

point together, we use a traditional spring and damper as shown in Figure A.4 [56];

to implement plucking, we neglect the damper while implementing a spring that

disengages at relatively large force levels [60]; and to implement bowing, we eliminate

the spring and implement a nonlinear damper [63]. Figure A.6 shows the Helmholtz

motion of the virtual string when bowed in the laboratory on a Phantom Model T

haptic device operating at a servo/audio sampling rate rate of 19kHz.

The two single sample delay units in the explicit control junction (see inside the

dotted box in Figure A.3) allow instrument designers to connect arbitrary impedances

to the waveguide with ease. However, the single sample delay units are non-physical

and could conceivably cause some stability problems at high frequencies for large loop

gains. Various other factors limit maximum loop gains such as amplifier, motor, and

sensor bandwidth and nonlinearity, as well as the servo rate, etc.

A.2.3 Implicit Control Junction Element

The single sample delay units may be removed entirely by making use of knowledge

about the impedance of the load connected to the waveguide. We solve the problem

for teleoperation with a spring and a damper as shown in Figure A.4. If we eliminate
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the single-sample delay blocks shown inside the dotted box in Figure A.3, then we

obtain the following:

vs[n] = aL[n] + bR[n] +
Fs[n]

2R0

. (A.2)

To make use of substituting (A.2) into (A.1), we need to specify the displacement

estimator’s form, so we use a leaky integrator with pole p ≈ 1 but p < 1:

x̂s[n] = px̂s[n− 1] +
1

fs
vs[n], (A.3)

and we solve to arrive at the implicit control junction element’s analog to (A.1):

Fs[n] = 2R0

2R0+R+k/fs

(
k(xm[n]− px̂s[n− 1])

+Rv̂m[n]− (R + k/fs)(aL[n] + bR[n])
)
.

(A.4)

The way in which the implicit control junction is interfaced with the model is

shown in Figure A.7. The haptic device (not shown) is connected to the signals

below −Fs[n] and v̂m[n] (see Figure A.7). Note how in comparison with Figure A.3,

the signal flow is more complicated; however, the unit delays z−1 are eliminated.

Since R and k can be changed in real-time, we can use the same strategies for

implementing binding and plucking as in Section A.2.2. However, (A.4) must be re-

derived in the case of bowing to take the nonlinearity of the damper R into account.

In a practical context, the solution results in calculating a nonlinear lookup “bowing

table” to describe the effect of the nonlinear damper [149]. In fact, since the writing

of our original conference paper, Sinclair et al. have published a paper to this effect

[145].

A.3 Final Words

Digital waveguides may be used advantageously when designing haptic musical in-

struments due to their accuracy, efficiency, and ease of calibration. While we have

shown one example implementation, many more haptic musical instruments can be

derived along similar lines by interfacing haptic devices with one-dimensional or even



A.3. FINAL WORDS 221

Eqn. (A.4)
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Figure A.7: Implicit control junction connected to a digital waveguide model of a
vibrating string

multi-dimensional waveguide models. The explicit control junction is more straight-

forward to implement than the implicit control junction; however, the implicit control

junction is slightly more accurate due to the absence of the non-physical delays z−1

(see Figure A.3).

Both the explicit and implicit control junctions conform to what we call the direct

approach (as opposed to the hybrid approach), allowing the digital waveguide model

to not only serve as a sound synthesis model but also to serve as a haptic interaction

model, allowing the musician to interact more intimately with the instrument. For

example, Figure A.8 shows the result of a musician haptically plucking a digital

waveguide string (at 40ms) and then damping it (at 800ms). The string is modeled

explicitly as explained in Section A.2.2. The musician’s finger itself provides the

damping, so as the musician changes his or her grip of the haptic device, the quality of

the damping will be modified. Furthermore, especially at low fundamental frequencies

such as at 50Hz, the string’s displacement is large enough to interact significantly

nonlinearly with the musician’s finger during the damping process, resulting in a
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Figure A.8: Plucking and damping using the direct approach

buzzing sound. To listen to sound examples, see the project website:

http://ccrma.stanford.edu/˜eberdahl/Projects/HDWG



Appendix B

Further Information On Subject

Test

B.1 Documents

Here we present the documents given to each of the participants during the subject

test outlined in Chapter 7. The subject test was conducted according to Human

Subjects Protocol 16056 “Study of Haptic Interactions in Virtual Musical Environ-

ments”, which was approved by Stanford University’s Institutional Review Board on

February 27, 2009.

B.2 Questionaire Comments

First we list the comments noted by the participants from the subject test explained

in Chapter 7.

• SPR was pleasant for melody excerpt 6. Didn’t like DET for gliss. Took a little

to adjust to alternating between exerting/not exerting force w/ FRC.

• Melody #6 is harder.

• I tended to like no feedback when playing normal notes I think because I play

violin and am used to the “sliding” ability.

223
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Figure B.1: Explanation provided to test subjects prior to the procedure
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Figure B.2: Questionaire
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• Melodies with larger intervals were easier to play with NOFB with muscle mem-

ory rather than DET or FRC.

• The spring feedback felt most natural (more like playing an instrument) al-

though the detents allowed better pitch accuracy.

• Overall FRC and NOFB are best in my opinion.

• For some reason, I preferred SPR to NOFB because it felt more comfortable

while jumping over larger intervals and also glissandi. DET is nice for small

intervals. FRC naturally felt the most comfortable with the option to do both.

• Very cool. When can I buy the Phantom Theremin Thing at Guitar Center?

• The (tuning) background noise gets annoying and confusing after a while. I

would have preferred to find the pitch by myself. Thimble too large for finger.

• Great Instrument!

• Tried to keep the downward force constant to the preferred friction to move

across (i.e. DET w/ knob-adjustable strength would have been just as good as

FRC). Maybe it would be better to have FRC combine DET and SPR rather

than DET and NOFB.

• Spring had the steepest “learning curve” but I liked it a lot in the end. With

practice, all could be usable. Maybe a basic system of visual cues; at least for

training I needed to use my other hand to mark the physical location of the

“start pitch” even though it was being played.

• I think DET condition made it more difficult to play in tempo as well. FRC

seems to have the best of both worlds — offers precise controls (i.e. glissandi)

as well as pitch guidance when force is applied.

• Cool stuff, takes a while to get hang of. DET harder to play glissando b/c easy

to land on wrong notes. FRC much easier to guide.
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• I am worried that I learned the melodies (and note positions) better as time

passed during testing.

• I want one. It’s like a Theremin but better. Have you seen the one (and only)

old lady that is really good at the Theremin? I bet she was hot back in the day.



Appendix C

HSP Toolbox: An Overview

When we asked a colleague of ours why people do not make more haptic musical

instruments, he replied that he thought they were “too hard to program and too

expensive.” We decided to solve these perceived problems by introducing HSP, a

simple platform for implementing haptic musical instruments. HSP obviates the

need for employing low-level embedded control software because the haptic device

is controlled directly from within the Pure Data (Pd) software running on a general

purpose computer. Positions can be read from the haptic device, and forces can be

written to the device using messages in Pd. Various additional objects have been

created to facilitate rapid prototyping of useful haptic musical instruments in Pd.

HSP operates under Linux, OS X, and Windows and supports the mass-produced

Falcon haptic device from NovInt, which can currently be obtained for as little as

US$150. All of the above make HSP an especially excellent choice for pedagogical

environments where multiple workstations are required and example programs should

be complete yet simple.

C.1 Introduction

A haptic musical instrument consists of actuators that exert forces on the musician,

sensors that measure the response of the musician, a program that determines what

forces to exert on the musician, and a controller that executes the program and

228
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Figure C.1: Musician interacting with a haptic musical instrument

interfaces with the sensors and actuators. Figure C.1 illustrates how the musician is

included in the feedback loop, allowing the musician’s gestures to be controlled. In

most cases, the sensors and actuators are collocated to allow the control system to

implement passive dynamical systems. Often the controller synthesizes sound signals

in response to the way in which the haptic musical instrument is played.

C.2 Prior Work

Haptic musical instruments have been developed since the 1970’s at the latest [41].

Much of the work has focused on the design of accurate haptic devices and physical

modeling of virtual musical systems [42][45][63]. More recently, Sinclair [146] has

controlled a SensAble Omni haptic device from Pd by employing elements from the

CHAI 3D [51] and the Open Dynamics Engine (ODE) [121] libraries. ODE models

the state of a virtual world, and CHAI 3D renders visual feedback and mediates the

link between the virtual and the haptic worlds. However, the haptic feedback loop is

not closed directly around messages passed in Pd; rather, Pd sends OSC messages to a

haptics server that computes the forces to be applied to the haptic device. Currently

CHAI 3D is fully supported only on Windows, but there is also a beta release for

GNU/Linux.

We decided to instead develop our own platform because we wanted a truly cross-

platform solution, and we wanted to process the haptic signals directly in Pd due
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Figure C.2: Musician holding the Falcon grip

to its simplicity, instructional value, and the wide array of predefined objects for

manipulating control messages in Pd. By employing this method for processing haptic

control data, we cause ourselves to think using many of the computer music metaphors

that motivated the development of Pd itself and its extended libraries.

C.3 Hardware

High resolution haptic devices have been becoming more accessible to musicians due

to advances in gaming and minimally invasive surgery. We currently recommend that

musical instrument designers use the NovInt Falcon, as shown in Figure C.2, which

was originally designed for gaming. It currently costs about US$150 and can deliver

forces as large as 9 N. The position of the Falcon grip (see Figure C.2) is transmitted

to a computer, and in response, the computer can command forces acting on the grip

in 3D space. The Falcon communicates with the computer over USB at a servo rate

of up to 1kHz.

Machulis’ open-source driver for the Falcon operates under Linux, Windows, and

OS X. There is no fully cross-platform open source driver for any other mass-produced

haptic device capable of providing kinesthetic feedback. Machulis’ flext external ob-

ject np nifalcon allows the Falcon to be controlled directly from Max/MSP or Pd
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Figure C.3: Spring implementation in HSP

[105]. However, we provide a wrapper object called Falcon to hide some of the com-

plexity of the underlying object, while still providing modularity for future updates

of HSP allowing other haptic devices to be accessed.

It is important that the reader note how easy it is to install HSP since in contrast

with many other approaches, nothing needs to be compiled and only one driver needs

to be installed. The only required elements are the Pd patches we provide [14], the

Falcon external object [105], and Pd extended.

C.4 1DOF Examples

C.4.1 Basic Elements

A motor induces a force F on the grip. The Falcon measures the movement of the

grip in response as a position x. Hence, the most fundamental (i.e., memoryless)

haptic algorithm for the Falcon implements a virtual spring with spring stiffness k.

F = −kx (C.1)

Figure C.3 shows how a one-dimensional spring can be implemented in Pd using

the expr object, where the rest position of the spring is 0. Notice how simple the

Pd patch is—only one object carries out any computations. This patch demonstrates

how HSP’s simple philosophy of presenting the dynamics implementation directly

leads to concise, easy-to-parse patches.

A related algorithm implements a wall at x = 0:

Fwall = −kx · (x < 0) (C.2)
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Another fundamental physical element is the damper. In order to simulate damp-

ing, the system needs to be able to estimate the velocity of the Falcon grip. The

viscous-friction-estimate object is a simple estimator that is nevertheless fairly ro-

bust to noise and jitter. Rather than time-stamping each input position sample, we

use the sample-and-hold Pd object sig˜ to upsample the position signal to the audio

sampling rate, which is regular.1 Next, we apply the filter H(z):

H(z) = (1− p) 1− z−1

1− pz−1
. (C.3)

For p=0.0008, H(z) behaves like a differentiator from DC up until about 8Hz, at

which point it rolls off the magnitude of the estimator signal. The roll off is nec-

essary because velocity estimates are relatively noisy at higher frequencies. Finally,

the velocity estimate signal is downsampled back to a control rate signal using the

snapshot˜ object. The sampling period of the output signal is adjusted by changing

the instantiation argument of viscous-friction-estimate.

C.4.2 Haptic Drum

The patch drum.pd simulates a wall, and whenever the musician presses into the wall,

a drum sample is played back with an amplitude scaling proportional to the velocity.

If the musician enables “ASSISTANCE”, then the instrument becomes unstable in a

special manner enabling the musician to play especially fast drum rolls using only a

single hand [27].

C.4.3 Detents and Force Profiles

Detents can help the musician orient himself or herself. Detents can be created even

using 1DOF haptic interfaces. Figure C.4 illustrates how to implement a simple 1DOF

detent. Near the center of the detent, the force profile looks like that of a spring, while

the force goes to zero when the position y moves further from the detent’s center [166].

A simple potential energy argument implies that the force profile F (y) is proportional

1Note this means that audio must be enabled in Pd in order for the velocity estimator to function.
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Figure C.4: Force profile F (y) (above) and virtual terrain height profile h(y) (below)
for a simple detent.

to the derivative of the virtual terrain height h(y) (see Figure C.4) implied by the

haptic illusion, allowing various terrains and textures to be synthesized.

The GUI element bound to the array object in Pd provides for a convenient in-

terface for exploring nonlinear force functions of position. Using springs in the X-axis

and Z-axis, the Pd example patch force-profile.pd restricts the motion of the Falcon

grip to the Y-axis, causing the Falcon to behave like a 1DOF haptic device. The force

in the Y-axis is programmed to be a function of the Y-position. As illustrated in Fig-

ure C.5, the function is stored in a user-editable graphical array that can be modified

with the mouse. At the center of the array, a horizontal slider (hslider) shows the

Y-position of the Falcon (see Figure C.5, horizontal stripe in the middle). In this

particular example, the user has drawn a force profile into the table resulting in two

stable equilibrium points, toward which the Falcon grip is pushed by the motors. The

stable equilibrium points have been marked in the image by way of small blue circles

(see Figure C.5).

C.5 Multi-DOF Examples

C.5.1 Surface

A graphical array can also be used to model the height of a surface. The patch

surface.pd uses a stiff spring in the X dimension to limit the Falcon grip to the Y-Z
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Figure C.5: A force profile stored in a graphical array in Pd (stable positions circled
in blue)

plane. Then whenever the musician presses into the surface, a spring force acts on

the user in a direction approximately orthogonal to the slope of the surface above

the Falcon grip. Friction may optionally be enabled that acts parallel to the slope of

the surface and is proportional in magnitude to how far the user is pressing into the

surface. Figure C.6 shows that a slightly unusual array configuration is chosen in this

case to make it easier to obtain an estimate for the slope of the table as a function of

position.

C.5.2 Models

A correctly implemented virtual model consisting of masses linked together by springs

and dampers is guaranteed to not be unstable because there is no external source of

energy. Similarly, the physical haptic device itself can be modeled approximately

as a mass, so if it is connected by way of springs and dampers to a virtual model,

the interconnected system will also not be unstable in theory. This implies that

one meaningful and practical way of creating a haptic musical instrument is to use

feedback control laws to link the haptic device to a virtual model by way of a spring

[42] [2].

Consider the bounce.pd example in HSP, which employs the PMPD library for
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Figure C.6: A surface modeled with a user-editable graphical array object in Pd

real-time modeling of virtual masses, springs, and dashpots vibrating at haptic rates

[83]. The Falcon grip is connected to a virtual mass by way of a spring force, providing

the impression that the Falcon grip has increased mass.

Acoustical virtual models are also of great interest so that sound can be synthe-

sized directly from motion and/or force data according to the laws of physics. The

open-source Synthesis ToolKit (STK), which can be accessed from Pd, provides many

musical instruments such as stringed instruments, woodwinds, shakers, other percus-

sion instruments, etc. that can be easily incorporated into a haptic musical instrument

[54]. However, the bowed-string.pd example in HSP is implemented independently of

STK. An acoustical model of a bowed string is constructed with delay lines and filters

using the digital waveguide technique [149]. A collocated control junction is created

in the center of the waveguide, from which point the virtual string is bowed according

to a nonlinearity specified in a graphical array object. The musician can redraw the

shape of the nonlinearity in order to alter the dynamics of the bow-string interaction.
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Figure C.7: Falcon with shaker attached to grip

C.6 Performing Telemusic

Recently there has been interest in using networks to allow musicians at separate

locations to play together in real-time. For instance, the SoundWIRE research group

made it possible for musicians in Stanford, CA and Beijing, China to perform together

in concert [39]. Audio is streamed over the network to allow performers to hear each

other.

We suggest that with the help of haptic technology, a physical instrument may

be teleoperated from a remote location. In other words, a musician may manipulate

a haptic (master) device at one location, which is interfaced with a haptic (slave)

device at a second location.

Figure C.2 shows the musician manipulating a Falcon at a machine running tele-

music1.pd, while Figure C.7 shows a shaker attached to a Falcon at a machine running

telemusic2.pd. The two patches communicate with one another over the network by

way of the netsend and netreceive objects. The feedback control algorithm is designed

so that a virtual spring links the two Falcons together. Since the spring is a bidirec-

tional link, the musician can feel the mass of the shaker at the remote location, while

the shaker at the remote location responds according to the actions of the performer.
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C.7 Conclusions

HSP is an open-source platform that allows musicians to easily prototype haptic

musical instruments. Since the haptic control signals are processed as messages within

Pd, instrument designers are most likely to make use of the same metaphors that

motivated the development of Pd itself and its extended libraries. For the convenience

of the computer music community, HSP can be downloaded via the world wide web

[14], and it is distributed under the GNU library General Public License.

We believe that HSP is simple to operate and that the examples included in the

package demonstrate many of the ways in which haptics can be useful in musical in-

strument design. Accordingly, we have purchased six NovInt Falcons and created an

instructional laboratory exercise around them for the CCRMA class entitled “Physi-

cal Interaction Design For Music” [15]. The example patches outlined above serve as

excellent pedagogical material because they are simple and can be easily understood

by students. In contrast with purpose-built platforms, HSP supports direct program-

ming of the dynamics, so students can clearly comprehend the dynamics behind the

physical interactions.
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Nonlinear PID Control

D.1 Overview

Nonlinear proportional-integral-derivative (PID) control may be applied to change

the dynamics of an acoustic musical instrument. While nonlinear network theorems

from circuit theory may be applied by analogy to prove the uniqueness and stability

of equilibria for more general nonlinear systems [172], we focus here on a special case

because the stability proof is fairly simple. We choose the control input u to be the

following:

u = PD(ẋ, x)ẋ+ PP (x)x. (D.1)

Then substituting into (2.1), we obtain a new system incorporating a nonlinear

damper and spring.

mẍ+ (R + PD(ẋ, x))ẋ+ (k + PP (x))x = 0 (D.2)

We collect the terms together, defining the functions R(·, ·) and K(·) to rewrite

the nonlinear dynamics equation as follows:

mẍ+R(ẋ, x) +K(x) = 0. (D.3)
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Figure D.1: Linear damping (left) and saturating damping (right)

D.2 Damper

The term R(ẋ, x) in (D.3) describes damping. Although for the stability proof in Sec-

tion D.4 it is not necessary that R(·, ·) be independent of x, many physical sources

of damping are indeed independent of x. To gain some intuition into the nonlinear

damping, we present some figures of damping where R(·, ·) is independent of x. Fig-

ure D.1 (left) shows the characteristic curve describing basic linear damping. For

relatively small velocities, viscous damping tends to be linear [67]. Figure D.1 (right)

shows the characteristic curve describing saturating damping, which bears similarity

to Coulomb friction in brushed motors [56].

In this appendix, we introduce a more restrictive form of passivity that we call

Sastry-passivity. Sastry-passive elements are indeed passive in the traditional energy

sense from Section 2.3; however, Sastry-passive elements have additional properties al-

lowing construction of the simple Lyapunov proof presented in Section D.4. Damping

is locally Sastry-passive if ẋR(ẋ, x) ≥ 0 for all x ∈ [−x0 x0] and ẋ ∈ [−ẋ0 ẋ0]

[172]. Damping is globally Sastry-passive if x0 → ∞ and ẋ0 → ∞. The damping

force R(ẋ, x) must act in the direction opposite the velocity ẋ. Hence, sources of

Sastry-passive damping may only absorb and never source the power ẋR(ẋ, x).

Damping is strictly locally Sastry-passive if ẋR(ẋ, x) > 0 for all x ∈ [−x0 x0]

and for all ẋ ∈ [−ẋ0 ẋ0] − {0}. Damping is strictly globally Sastry-passive if

x0 →∞ and ẋ→∞. In other words, the damping must be Sastry-passive and have
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.R(x)
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Figure D.2: Damping characteristic curve due to holding a stationary bow held
against a string

no deadband. The linear and saturating nonlinear characteristics shown in Figure

D.1 are both strictly locally Sastry-passive. Figure D.2 shows a characteristic curve

simulating the effect of holding a stationary bow against a vibrating string [108]. In

some models, the slope is chosen to be infinite at the origin, but here we choose the

slope to be finite so that R(ẋ) is a function, allowing us to state that R(ẋ) is strictly

Sastry-passive. Having finite slope at the origin is reported to incorporate effects due

to the scattering of transverse waves into torsional waves at the bow [108].

D.3 Spring

The term K(x) in (D.3) describes a nonlinear spring. A linear spring behaves accord-

ing to K(x) = kx for some constant k. Figure D.3 depicts a characteristic curve for

a stiffening spring, which is quite common. At low frequencies, loudspeaker drivers

exhibit stiffening spring behavior [99]. The stiffening spring or “tension modulation”

effect of vibrating strings explains why the pitch of a vibrating string glides downward

when plucked with a relatively large initial condition [81]. Chinese opera gongs are

known for their pitch glide behavior too. Some of the gongs are designed to behave

like stiffening springs, while others are designed to behave like softening springs (see

p. 149 of [62]).

We similarly define Sastry-passivity of the spring analogously to Sastry-passivity
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Figure D.3: Stiffening spring characteristic curve

of the damper [138][172]. K(x) is locally Sastry-passive if xK(x) ≥ 0 for x ∈
[−x0 x0] , and it is strictly locally Sastry-passive if xK(x) > 0 for x ∈ [−x0 x0] −
{0}. The global definitions correspond to x0 → ∞. The stiffening spring shown in

Figure D.3 is strictly locally Sastry-passive.

D.4 Lyapunov Stability Of Origin

We will show that the state (x, ẋ) = (0, 0) is a locally asymptotically stable equilib-

rium point of the system described by (D.3) if the dashpot and spring are strictly

locally Sastry-passive. Related proofs for other nonlinear networks are known from

circuit theory [172].

First note that (x, ẋ) = (0, 0) is indeed an equilibrium point because both sides of

equation (D.3) are zero for (x, ẋ) = (0, 0). We define the function V (x, ẋ) as follows

[138][172]:

V (x, ẋ) =

∫ x

0

K(σ)dσ +
1

2
mẋ2 (D.4)

Because K(x) is strictly locally Sastry-passive,
∫ x

0
K(σ)dσ is locally positive def-

inite about x = 0. 1
2
ẋ2 is positive definite in ẋ. It follows that V (x, ẋ) is locally

positive definite [138]. Taking the time derivative of (D.4), we obtain V̇ :

V̇ (x, ẋ) = −R(ẋ, x)ẋ. (D.5)
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Since the dashpot is strictly locally Sastry-passive, V̇ (x, ẋ) ≤ 0 in the neigh-

borhood of the origin. The only trajectory in the neighborhood of the origin where

V̇ (x(t), ẋ(t)) = (0, 0) for all t is the trivial trajectory (x(t), ẋ(t)) = (0, 0). By LaSalle’s

Theorem, (x, ẋ) = (0, 0) is a locally asymptotically stable equilibrium point [138].

The proof above shows that if we wanted to control a musical mass-spring-damper

system, if we applied a nonlinear damping control force and nonlinear spring force,

then the system state will decay asymptotically to (x(t), ẋ(t)) = (0, 0) under the

following conditions:

• The net damping force is strictly locally Sastry-passive.

• The net spring force is strictly locally Sastry-passive.

• The initial state is chosen sufficiently close to the origin (x(t), ẋ(t)) = (0, 0).

D.5 Implications Of Passivity

In a practical musical application, it is perhaps more convenient to appeal directly to

passivity theory rather than Lyapunov theory because then we do not need to find

specific Lyapunov functions. In particular, let us assume that the acoustic musical

instrument being controlled is dissipative. It can have as many modes of vibration

as desired. Then as long as the controller is passive, which is less restrictive than

the controller being Sastry-passive, it cannot add any energy to the instrument. This

implies that the net energy in the controlled system cannot increase faster than the

musician adds it, so the dynamic behavior is not unstable.

In the laboratory, we have implemented nonlinear damper and nonlinear spring

controllers. Various effects can be obtained while restricting the damper and spring

to be passive. For example, the nonlinear spring controller may be applied to create

pitch glide effects as with the gongs described in Section D.3. The passive nonlinear

damper controller causes string vibrations to decay while causing buzzing or rubbing

sounds (e.g. see Figure D.1, right).



Appendix E

Additional Musical Instruments

E.1 Tangible Virtual Vibrating String

E.1.1 A Physically Motivated Virtual Musical Instrument

Interface

We introduce physically motivated interfaces for playing virtual musical instruments,

and we suggest that they lie somewhere in between commonplace interfaces and haptic

interfaces in terms of their complexity. Next, we review guitar-like interfaces, and we

design an interface to a virtual string. The excitation signal and pitch are sensed

separately using two independent string segments. These parameters control a two-

axis digital waveguide virtual string, which models vibrations in the horizontal and

vertical transverse axes as well as the coupling between them. Finally, we consider

the advantages of using a multi-axis pickup for measuring the excitation signal.

E.1.2 Introduction

Physical Models

Virtual models of acoustic musical instruments have been available to the music

community for decades [41] [149] [96]. The models are useful for studying the physical

behavior of acoustic musical instruments, and they can also synthesize sound output.
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Given an appropriate interface, many of the models can be played in real-time by

performers.

Commonplace Interfaces Often it is most convenient and simplest to control a

physical model with a commonplace interface, such as a computer keyboard, musical

keyboard, or mouse. This approach is most palatable if the interface matches the

physical model. For instance, playing a virtual piano with a musical keyboard in-

terface is physically intuitive, so it is easy for a pianist to transfer real-life skills to

the virtual domain. However, many performers play traditional acoustic instruments

lacking commonplace interface counterparts, so skill transfer to the virtual domain is

not as immediate [110].

Haptic Interfaces Haptic interfaces lie at the opposite end of the complexity spec-

trum. They apply force feedback to the performer, so that he or she feels and interacts

with the vibrations of the virtual instrument as if the virtual instrument were real.

In this sense, haptic interfaces can be seen as the ideal interface for interacting with

virtual instruments. For instance, a carefully designed haptic bowed-string should

promote better skill transfer to the virtual domain because it exerts forces on the

instrument interface causing it to behave as if it were a real bow bowing a string.

When Luciani et al. implemented their haptic bowed string, they found that users

strongly preferred that haptic feedback be rendered at the audio rate of 44kHz rather

than at the usual 3kHz. Users made comments regarding the “strong presence of the

string in the hand,” “the string in the fingers,” and “the string is really here” [63].

Related kinds of instruments, such as actively controlled acoustic musical instruments

are essentially the same as haptic musical instruments except that the whole acoustical

medium becomes the interface [20]. Haptic technologies are becoming increasingly

available to the music community, but they are currently still complex enough that

it is worth considering alternatives.

Physically Motivated Interfaces In this paper, we investigate the middle ground in

between commonplace interfaces and haptic interfaces for controlling physical mod-

els. We term such interfaces physically motivated interfaces. Rather than applying

haptic feedback, we attempt to otherwise preserve the physical interaction between

the performer and the virtual instrument as much as possible. Such interfaces are
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similar to Wanderley’s categorization of instrument-like controllers with one impor-

tant exception [110]: we state that the input quantities should be sensed so accurately

that an audio-rate feedback loop could be closed around the sensor if the interface

were equipped with an actuator. It follows that ideally all quantities applied to the

physical model should:

• correspond to the correct quantity for controlling the physical model (e.g. dis-

placement, velocity, acceleration, etc.)

• be linear and low-noise

• be delayed and filtered as little as possible

• be sampled at the audio sampling rate

These requirements were difficult to meet in the past due to limitations in com-

putational power, A/D conversion, and sensing; however, today we may achieve or

approximate them as we see fit. To succeed in our endeavor, we need to carefully

apply knowledge from acoustics, mechanical engineering, and electrical engineering

to the field of human computer interaction. In the following, we develop a physically

motivated interface for a virtual vibrating guitar string.

E.1.3 Prior Guitar-Like Interfaces

A number of musical instrument interfaces suggest the metaphor of a guitar. While

they have followed different design goals, we should at least consider how they estimate

the desired pitch. For instance, the virtual air guitar uses the distance between the

hands to control the pitch. Different versions of the virtual air guitar make use of

magnetic motion capture, camera tracking, and acoustic delay estimation systems for

this measurement [95].

The makers of the GXtar prefer to place an force-sensing resistor strip placed

beneath a real string to measure both the position and pressure [97]. The Ztar [150]

and the Yamaha EZ-GE [174] detect pitch with a matrix of sensors in the neck. One

sensing element is used for each fret and string. The SynthAxe sports normal strings
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Figure E.1: Tangible virtual string signal flow diagram

placed above matrix-type sensors [3]. The SynthAxe has additional sensors to detect

string bending. A current flows down the each string, and small electric coils placed

near the string measure the lateral string displacement.

Roland provides a six-channel electromagnetic pickup for electric guitar and ac-

companying DSP [130]. In the MIDI mode of operation, a DSP estimates when new

notes are played, with what velocity, and with what pitch.1 One drawback of this

approach in general is that most detectors have noticeable delay for lower pitches be-

cause they wait at least one period. It is also difficult to construct a perfectly reliable

pitch detector of this type. Consequently, performers must learn to play carefully to

avoid confusing the pitch detector.

E.1.4 Tangible Guitar String

Separate Excitation Sensing and Pitch Detection

To ensure that the interface is physically motivated, we follow the guidelines out-

lined in Section E.1.2. We sense the relevant portions of performer’s gestures with

as much precision as possible to preserve the guitar-like physical interaction between

the performer and the virtual instrument. We would also like to preserve the physical

presence of a string. To these ends, an independent string segment associated with

each hand separates the problems of estimating the desired pitch and measuring the

1In another mode of operation, the Roland system synthesizes audio more directly from the
sensed signals using “Composite Object Sound Modeling”. Here the pitch detector is not needed
explicitly, so tracking is much improved. Since the model is not entirely virtual and its details are
trade secret, we do not consider it further here.
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plucking excitation signal [3].

Signal Flow

The upper half of Figure E.1 shows the signal flow for the pitch string segment;

the purely acoustic components and paths are drawn in dashed lines. We detect the

desired pitch of the string acoustically to help avoid incorrectly capturing higher order

effects such as string bending, slightly misplaced frets, etc. We actuate the string and

measure its response. Since we know how the string is being actuated, we should be

able to more accurately estimate the length of time it takes for a pulse to leave the

actuator, reflect off of a fret, and arrive back at the sensor (see Figure E.2, top).

Any picking, plucking, scraping, or bowing excitation is sensed via the excitation

string segment and fed directly to the virtual string.2 The lower half of Figure E.1

shows the signal flow for the excitation string segment. One end of the excitation

string segment should be damped passively to prevent physical resonances from in-

terfering with resonances in the virtual model (see the damping material in Figure

E.2, bottom).

Two-Axis Digital Waveguide Virtual String

We model the virtual string using a simple two-axis model that takes into account the

vertical and horizontal transverse modes of vibration. The ith axis is modeled using

a delay line of length Ni samples and lowpass filter LPF i, which is a 3-tap linear-

phase FIR filter causing the higher partials to decay faster (see Figure E.3). This

portion is the basic digital waveguide model used for elementary teaching purposes

at CCRMA. For additional realism, the excitation signals can be comb filtered with

the notch frequencies chosen as a function of the excitation’s distance from the bridge

[149].

2There are surprisingly few examples in the literature where some filtered form of an excitation
signal measured at the audio sampling rate appears at the output. One example is the digital flute,
which allows the excitation signal as measured by a microphone to be mixed with the sound synthesis
output; however, in contrast with the current work, sound was not synthesized with a physical model
[176].
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Figure E.2: Two string segment approach

While the nut is assumed to be rigid, the bridge is in general not quite rigid, hence

it couples the axes together at this point. The coupling implemented in Figure E.3

is actually more appropriate for modeling the coupling of the vertical axes of two

neighboring piano strings, but it still results in qualitatively correct behavior. For

instance, by choosing N1 ≈ N2 such that N1 6= N2 and g ≈ 0.1, one obtains behavior

where the energy slowly rotates back and forth between the axes of vibration [149]

[102].

Prototype

A prototype of the tangible guitar string interface is shown in Figure E.5. For conve-

nience given the default hardware on a Fender Stratocaster, the two string segments

are spaced horizontally instead of vertically in relation to one another. In a six-

stringed embodiment, each pair of string segments would instead be placed axially-

aligned with each other. In the prototype, each string’s vibration is sensed using a

Graphtech saddle piezoelectric pickup, as shown in Figure E.4 [70].

The magnetic actuator can be obtained by ordering the Sustainiac [84]. It conve-

niently replaces any one of the pickups; however, other kinds of actuators can be used
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Figure E.3: Two axis digital waveguide string model

Figure E.4: Graphtech piezoelectric pickup

instead. To prevent the actuator from affecting the excitation string segment, we

choose the excitation string segment to be a regular, non-ferrous solid electrical wire.

The excitation string is passively damped using felt, wrapped in such a manner to

approximate gradually increasing the string’s wave impedance to infinity, eliminating

reflections as much as possible. In other words, the strip of felt is wrapped more

and more tightly approaching the nut (see Figure E.5). In some cases, it is better to

damp the string less effectively. The resulting less damped reflections from the felt

material cause a comb-filtering effect, which changes the timbre of the instrument

as a function of excitation position as with a normal vibrating string. Note that

this desirable attribute comes for free since the interface is physically motivated—the

comb filter can be implemented either mechanically on the interface or virtually in

the instrument model.

Multi-Axis Pickups To most accurately excite the physical model, we should ide-

ally measure the excitation in both the horizontal and vertical transverse axes of the



250 APPENDIX E. ADDITIONAL MUSICAL INSTRUMENTS

string. This can be done using optical [80], electromagnetic, or piezoelectric sensors

[66]. We have verified informally that the tangible virtual string sounds more realistic

given the two-dimensional excitation.

E.1.5 Website

We have authored a website providing sound examples of the instrument in a few

different configurations.3 For example, the website includes comparisons of model

output given randomly synthesized excitations, single axis measured excitations, and

two-axis measured excitations. It also includes model output given various excitation

sources such as plucking, picking, bowing, and scraping. To enable others to excite

their physical models with quality excitation signals, we provide the corresponding

non-resonant excitation signals themselves. Finally, an example melody played on the

tangible virtual string demonstrates the viability of physically motivated instrument

design.

E.1.6 Future Work

The behavior of the interface could be further refined with force-feedback. For exam-

ple, the excitation string segment could be made into a haptic device by adding an

actuator. Then the piece of physical string could be joined to a portion of the waveg-

uide using teleoperator techniques [79]. It would be essential that the string segment

would have as little mass as possible to avoid loading down the virtual waveguide at

the point of connection.We would also like to eventually construct a six-string ver-

sion to promote the maximum transfer of guitarists’ skills from real guitars to virtual

guitars.

We currently excite the pitch string segment with filtered noise, and we estimate

the pitch using fiddle~ in Pure Data [132]. While this is sufficient for a prototype,

improved versions would benefit from superior pitch tracking. fiddle~ neither makes

use of knowledge of the excitation signal, nor does it take advantage of any optimiza-

tions given physical knowledge about vibrating strings. For example, we would like

3http://ccrma.stanford.edu/~eberdahl/Projects/TS
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to consider a time-domain delay-based method, similar to the method explained by

Karjalainen [95].

E.1.7 Conclusion

We have presented a physically motivated interface for controlling a virtual digital

waveguide string. The excitation and pitch are sensed separately using two indepen-

dent string segments. In contrast with prior interfaces, the excitation to the physical

model is measured according to the principles of physically motivated interfaces. In

particular, we measure the excitation signals with high quality, linear, and low noise

sensors at the audio sampling rate. We hope that interfaces such as this one will

continue to promote skill transfer from traditional acoustic musical instruments to

the virtual domain.

E.2 Electromagnetically Prepared Piano

In an attempt to create alternative methods of both playing and studying vibrat-

ing strings, we have constructed a software-driven instrument for use in the electro-

magnetic excitation of an acoustic grand piano’s strings.4 Applications to musical

composition and expression, piano string characteristic identification, arbitrarily long

sustained tones, and digital waveguide model calibration are presented, along with

ideas for future experimentation and creation of new music and sound.

Composer Per Bloland initially motivated this research by requesting a device

capable of vibrating piano strings using electromagnetic waves. Commissioned by

SEAMUS/ASCAP 2005, Bloland’s acoustic piano composition entitled Elsewhere is

a Negative Mirror, Part I incorporates an electromagnetic preparation of the piano.

Although the final prototype turned out to be much different, in some ways the

early conceptions of this instrument gave a nod to the popular “Ebow” [82] string

sustainer long used by electric guitarists and others. Perhaps the most significant

deviation from this design is that we do not rely on mechanical-electrical feedback

4This section is taken almost verbatim from a paper written by Edgar Berdahl, Steven Backer,
and Julius O. Smith III [16].
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in the same sense; instead, we transmit sounds into the piano, which then emanate

acoustically from the piano without any internal electrical feedback. Possibly the

largest similarity is that the sound of the piano’s strings and body can be made to

endure for long periods of time, a quality found in many extended bowing techniques.

Electromagnetism has long been used in musical instruments and related equip-

ment. Of course, it can be found in virtually any computer music environment,

whether introduced intentionally or inherently. Conventional speakers, microphones,

hard disk drives, and other means of electronically manipulating and producing

sound rely on electricity and magnetism. In addition, many composers and scien-

tists have explicitly exploited electromagnetism. Maggi Payne’s Holding Pattern,

Stephen Scott’s Resonant Resources, and John Cage’s Postcard from Heaven are just

a few that come to mind. Yet another relevant reference to magnetic vibration of

strings is the work done by Weinreich and Caussé [168] involving bowed string mo-

tion simulation using hybrid mechanical-electrical systems. Our excitation device is

capable of receiving an arbitrary waveform from any common computer sound card

or electrical signal source, and in turn relaying this information to a piano string,

without physically making contact with the string itself. Widely available software

such as Pure Data or Cycling74’s Max/MSP is ideal for sending a variety of signals

to the device, from pure sine tones, rich orchestral samples, and voice clips, to simply

white noise. However, due to the flexibility of the device, one need not be constrained

to any specific software or type of sound.

From a hardware prototype point of view, the system is quite simple; the three

major building blocks consist of an audio power amplifier, an electromagnet, and

two permanent bar magnets positioned orthogonally to the string lying in a plane a

short distance above the string (see Figure E.6). Combined in the right manner and

within the physical constraints presented by the piano, arbitrary string motion can

be created to a degree of accuracy high enough for both scientific measurements and

subjective aural observations (see Section F.2.2).

Sustained resonances can be produced from strings over almost the entire range

of the piano. Also, individual partials of each string can be isolated and evoked

independently of the fundamental string vibration frequency. In some cases one can
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even reproduce a continuum of sound over frequency from a single string. Some sound

samples are posted on a website,5 though they are by no means representative of the

full capabilities of the instrument.

In the block diagram shown below (see Figure E.7), the basic structure of the

device is depicted for one channel.6 Beginning as a concept in computer software,

a musical signal finds its way from the output of a sound card (DAC) to the input

of an audio amplifier via standard audio cables and jacks. Instead of connecting a

conventional speaker to the amplifier’s output, a similar load was presented in the

form of an electromagnetic transducer with a real impedance of 8Ω. The portion of

the device that rests within the piano was mounted on a piece of oak laid atop the

large crossbars that connect to the piano frame (see Figure E.8). The electromagnets

themselves were originally intended for holding applications.

5http://ccrma.stanford.edu/˜sbacker/empp/
6A total of 12 channels / notes were implemented.
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Figure E.5: Tangible Guitar String Interface
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Figure E.6: Close up of the motors
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Figure E.7: System block diagram for one channel
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Figure E.8: Electromagnetically prepared piano prototype



Appendix F

Actuator and Sensor Design

The treatment here covers only sensors and actuators that we have used in the lab-

oratory, and for this reason, it is by no means complete. Nevertheless, we believe

that readers wishing to construct their own sensors for applications in acoustics, and

particularly in musical acoustics, will find the information here helpful in practice,

especially as there are so few references in the literature.

F.1 Harmonic Distortion

Harmonic distortion can be a problem for both actuators and sensors. We define the

total harmonic distortion (THD) in this section so that we can refer to it consistently

in other sections. Consider the single-input single-output (SISO) system shown in

Figure F.1. Let the input u = A cosωt. Most deterministic systems1 will produce

output of the form

y =
∑

n=0,...,∞
Bn cos(nωt+ φn). (F.1)

We define the total harmonic distortion k to be

1Exceptions include chaotic systems and systems exhibiting subharmonic behavior.
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Figure F.1: SISO system
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(F.2)

and the partial harmonic distortion components kn to be

kn = |Bn

B1

| (F.3)

for n = 2, ...,∞ [157].

F.2 Actuators

In actuator design, there is typically a trade-off between nonlinearity and maximum

displacement [99]. Since the power exerted by a transducer is often related to the dis-

placement, we may also state that there is a typically a trade-off between nonlinearity

and power. We consider two types of string actuators in the following sections.

F.2.1 Lorentz’ Law Type

The Lorentz’ law type of string actuator behaves simply. Figure F.2 shows a diagram

of the geometry. A conductive vibrating string is placed between two permanent

magnets. For simplicity, we assume that the magnetic field B is completely uniform

in between the magnets, and that it never flows back to complete the magnetic circuit

(see Figure F.2). This is of course impossible, but in reality the field flowing from the

north pole of the upper magnet to the south pole of the lower magnet is much less

focused. Consequently, it can be neglected to first order.2

2Some small portion of this reverse field does indeed intersect the string outside of the main
actuator window, and will be responsible for a slightly high-pass actuation transfer function.
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Figure F.2: Lorentz’ law type actuator

Lorentz’ law states that a wire with a current I flowing along it in the presence

of a magnetic field B of length LA will experience the force Fstring, as given in (F.4).

According to the geometry shown in Figure F.2, this force points out of the page.

An important feature of this actuator is that for large magnets, B is nearly uniform

over the volume intersected by the vibrating string, so the actuator behaves especially

linearly. The force on a loudspeaker cone is also generated according to Lorentz’ law

[99] [65].

Fstring = LAI×B (F.4)

A piece of wire of only about 1m in length has a relatively low resistance. In

order to connect it to the output of a typical audio power amplifier, it must be

placed in series with power resistors to avoid overloading the amplifier’s output. Most

of the power is dissipated by the power resistors R rather than in doing work on

the string, making this actuation scheme inefficient and wasteful in terms of power.

However, since the circuit connected to the output of the amplifier consists of only

one loop, whose impedance is dominated by power resistors R, the load is seen as

purely resistive. This property is useful because the almost all audio power amplifiers

induce a voltage V across their output terminals. However, the force on the string is

a function of the current I flowing along the string. Due to Ohm’s law (V = IR), we

have that V ∝ I ∝ Fstring, meaning that we do not need to worry about the power

amplifier and actuator being responsible for additional poles or zeros in the control
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Figure F.3: Lorentz’ law type actuator (viewed from above)

loop.3

Consider that if the string is ferrous, it will be attracted to the magnets to a

varying degree depending on its position. This nonlinear spring force causes a slight

detuning of the string’s natural harmonic series. This effect is known colloquially

in the electric guitar community as “stratitis” after the Fender Stratocaster electric

guitar. Stratitis occurs when guitarists place their pickup’s magnetic pole pieces

too closely to the string. We avoid stratitis in the laboratory by using a nonferrous

string, made out of a standard piece of 18AWG solid wire. This type of vibrating

wire nevertheless sounds very similar to a standard musical vibrating string.

The realization of the Lorentz’ force actuator in the laboratory is shown in Figures

F.3 and F.4.

F.2.2 Reluctance Force Type

A ferrous vibrating string can be actuated by a reluctance force actuator. This is the

kind of actuator found in both the E-Bow [82] and Sustainiac [84] electric guitar string

vibration sustainers. A hand-wound reluctance force actuator is shown in Figure F.5.

It consists of a coil wound around a magnetically permeable core, for instance iron.

In Figure F.5, the core is a pole piece removed from a Fender electric guitar pickup.

3Of course, all equalizing filters in the power amplifier need to be disabled. Most audio power
amplifiers also place zeros at DC, but luckily these do not usually interfere with actively controlling
the string—they affect the closed-loop transfer function only far below the first resonance of the
musical system.
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Figure F.4: Lorentz’ law type actuator (oblique angle)

Figure F.5: Hand-wound reluctance force actuator

A neodymium permanent magnet is placed at the end of the core to set up a strong

DC field. The DC field magnetizes the ferrous string in the neighborhood of the pole

piece, so that small currents flowing through the electromagnet can push and pull

on the string [144]. A heat sink helps dissipate heat generated in the coil. The pole

piece, magnet, and heat sink are held together using thermal epoxy.

The goal the following analysis is to more rigorously determine the relationships

between the force fX on the element in motion, the current i(t) flowing through

the coil, and the air gap x, which is the vertical distance between the string and

the transducer.4 In general, fX and i(t) will be nonlinearly related, as depicted in

Figure F.6 (right). fX will be approximately proportional to i2(t), except for fields so

4The remainder of Section F.2.2 is taken almost verbatim from a paper written by Edgar Berdahl,
Steven Backer, and Julius O. Smith III [16].
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large that the string saturates magnetically, in which case fX becomes nearly linearly

related to i (circle in Figure F.6). By placing the permanent magnet such that the

field is focused on the string, we can make the transducer operate in an approximately

linear region.

The force is commonly also a hyperbolic function of x (Figure F.6, left). This is

undesirable. We have made measurements showing that when string displacements

are relatively small, the system is roughly time-invariant [16]. Unfortunately our

analysis is not so simple as in [144] because the path length that the magnetic flux

flows along through the string is not constant. However, we will show that the analysis

holds for an arbitrarily small string element.

Figure F.6: Relationships between fX , i, and x

We can simplify the analysis by using the superposition principle to describe the

flux density B(t) at time t at a particular point on the string. That is, similarly to

the linearized analysis of analog circuits containing transistors, the quantity B(t) can

be split into a large component BL(t) and a small component BS(t).

B(t) = BL(t) + BS(t) (F.5)

BL(t) is due to a magnetic “biasing” of the transducer-string system so that it

operates nearly linearly. BL(t) is due to the permanent magnet. BS(t) is proportional

to i(t) [91]. BL(t) magnetizes the piano string so that it can be more easily acted

upon by the coil. However, because the magnetic field due to the permanent magnet
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is much stronger than that due to the coil, we will neglect the coil’s contribution here.

BL(t) = Bpm + Bcoil(t) ≈ Bpm (F.6)

The qualitative plot in Figure F.7 shows the shape of the magnetic field lines BL

as approximated by a two-dimensional electromagnetic field simulator. However, the

geometry is for a different actuator with a wider core and multiple permanent magnets

as compared to the geometry in Figure F.5, but the fields should be similar because

each geometry contains a core that is magnetized along the same axis. The field lines

tend to flow along the string rather than near it because the magnetic permeability

of the string µ is much higher than that of free space µ0 [91].

Figure F.7: Expected magnetic field lines for a different geometry (wider core, mul-
tiple permanent magnets)

An arbitrarily small string element near the transducer can be considered to be

roughly constantly magnetized since the core of the core is much larger in diameter

than the string, since the variations in x are small relative to x, and since Bpm

is approximately constant. We shall thus consider the magnetic moment m of the

string element to be roughly constant.5 Now that the portion of the string near

the permanent magnets is magnetized, any change in the magnetic field will either

push or pull on the string depending on the direction of the change. The current

5For larger displacements, m will vary more in practice. For this reason, reluctance actuators are
more linear when applied to piano strings in comparison with guitar strings, which generally vibrate
over larger displacements.
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i(t) flowing through the coil creates small time-varying changes in the magnetic-flux

density Bcoil(t) at the string element we are considering.

∆B(t)
∆
= BS(t) = Bcoil(t) (F.7)

A magnetized element in the presence of an external magnetic field will experience

a force. In our case, the magnetized element is the string element, and the external

magnetic field is Bcoil(t). Let U(t) be the potential energy of the string element at

time t that will contribute to the string’s vibration.

U(t) = −m ·Bcoil(t) = − cos(θ)|m||Bcoil(t)| (F.8)

The force in the x-direction can be determined by taking the derivative with

respect to the x-direction.

fX = −∂U(t)

∂x
(F.9)

Since the flux density Bcoil(t) is proportional to the current and roughly inversely

proportional to a positive power M of the air gap x, we arrive at the proportionality

relationships that were previously depicted in Figure F.6:

fX ∝ x−M−1 (F.10)

and

fX ∝ i(t). (F.11)

Reluctance force actuators are more practical than Lorentz’ law actuators because

there is no current flowing along the string, hence the musician does not need to be

concerned about being shocked. Installing such actuators is also minimally invasive.

In fact, the E-Bow makes this aspect part of the control interface. The musician

holds the E-Bow in the neighborhood of the string that the musician wants to start

vibrating [82].

One disadvantage of reluctance force actuators is that the relatively large number
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of windings causes the actuator to have a significant inductance L, which may for

example be on the order of a few millihenries. Thus, although in the linearized

model the current i(t) is proportional to the force on the string fX , an audio power

amplifier will induce a voltage V across the terminals of the actuator. If we label

the DC resistance of the coil R, then we can determine the transfer function between

the commanded voltage V (s) and the current I(s). The inductance is responsible for

an additional pole in the feedback loop as given in (F.12), which must be considered

when developing controllers. Besides moving this pole to a higher frequency with

a lead, we can consider applying an alternate kind of power amplifier, known as a

constant-current amplifier.
V (s)

I(s)
=

1

L
· 1

s+ R
L

(F.12)

F.3 Sensors

There are many different kinds of sensors, so in this section we focus on some that

are useful for sensing vibrating string displacements. For a given type of sensor, there

is a trade-off between nonlinearity and noise.

F.3.1 Optical Displacement Sensors

PHOTODIODES

Optical displacement sensors can directly measure the displacement of a vibrating

string at a point along the string. Since they work all the way down to DC, they are

relatively easy to test and calibrate. For example, consider the configuration shown

in Figure F.8, which is recommended by Weinreich and Caussé [168]. An infrared

photodiode is masked with an infrared-reflecting material, such as aluminum, so that

a triangular sensitive area is exposed. The photodiode is then placed as close to a

vibrating string as is reasonable.

An idealized representation is shown in Figure F.9, where an infrared light source

(not shown) illuminates the sensitive surface from behind the string. The string casts

a shadow on the triangular surface, hence the amount of light detected is affinely
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Figure F.8: Photodiode type optical sensor in the laboratory (LED not shown)

Figure F.9: Photodiode type optical displacement sensor

related to the motion of the string in the plane parallel to the sensitive surface.

We have constructed this type of sensor using two different kinds of photodiodes.

The S2387-1010R silicon photodiode from Hamamatsu has a large sensitive surface of

1cm by 1cm (see Figure F.8). The large size is desirable because it allows large string

displacements—for example, it can be placed at any position along a vibrating guitar

string. However, we have had little success at implementing a linear sensor with this

photodiode. The smallest THD we were able to obtain for vibrations of about 3mm in

peak-to-peak amplitude was -35dB. The nonlinear performance is likely partly due to

the slightly nonuniform sensitivity of the photodiode near the edges of the sensitive
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surface.6 We could have mitigated this problem by also masking the edges of the

photodiode. However, we believe that the poor performance was due to difficulties in

uniformly illuminating the relatively large sensitive portion of the photodiode surface

with a sufficient amount of infrared light.

In practice, we used the PD638B silicon photodiode (not shown) from Everlight.

While the diode’s sensitive surface measures only about 3mm x 4mm, it is easy

to obtain, and it includes an infrared filter, greatly reducing the effects of ambient

visible light in the room on the measurement. To convert the photodiode current into

a voltage, we used the generic transimpedance amplifier circuit described by Graeme

and many others [69]. We chose the resistor and capacitor in the negative feedback

loop of the circuit to be R = 10kΩ and C = 0.7nF , implying a theoretical 3dB

bandwidth of f3dB,theoretical = 21.5kHz.7

LIGHT SOURCES

Light emitted from a flat surface element is subject to Lambert’s cosine law,

which is also sometimes known as the cosine law of illumination. The light intensity

emitted is proportional to the cosine of the angle formed with the surface element

normal [32].8 In many situations, light is emitted from a surface, which explains one

instance of the sensing trade-off between non-linearity and noise. For a given light

source with non-uniform light intensity radiation pattern, moving the light source

further away from the sensing element makes the illumination of the sensing surface

more uniform. However, as the amount of light cast upon the surface decreases, the

sensor noise remains constant. Thus, moving the light source further away from the

6Christine Nishiyama, an applications engineer for Hamamatsu, stated in personal communica-
tions that“the uniformity is within 1% at 80% of the entire active area. At the outer edge of the
active area is where the linearity gets worse.”

7We made a measurement to verify the actual achieved sensor bandwidth f3dB,measured. We
drove an infrared LED directly with a sinusoid from a signal generator, and we measured the
3dB bandwidth of the operational amplifier’s output voltage to be about f3dB,measured ≈ 8.5kHz.
Replacing our TL072A operational amplifier with other operational amplifiers having larger gain-
bandwidth products did not change f3dB,measured. More complicated modeling of the sensing circuit
would undoubtedly explain why the actual bandwidth was smaller, and much more complicated
models are available [69], but we considered f3dB,measured ≈ 8.5kHz to be large enough for our
application.

8Xenon arc lamps are not subject to the same limitation because the light source is due to an
arc; however, xenon arc lamps with power supplies generally cost more than $2000 each because
they target purely scientific applications.



F.3. SENSORS 269

Figure F.10: Halogen lamp

sensing element decreases the signal-to-noise ratio.

The most practical source of infrared light is an infrared LED. Such LEDs are

small, inexpensive, and allow easy placement of multiple sensors along the string.

However, they do not have a uniform light radiation pattern. In the laboratory, we

use the high intensity infrared LED IR204/H16/L10 from Everlight. The character

of its radiation pattern conforms qualitatively to Lambert’s cosine law, although the

LED surface is not flat [32]. For this particular LED, the radiant intensity falls off

by only 6% by 10 degrees from the normal [160]. Although the maximum power

dissipation of the LED is only 150mW, we found that placing the LED about 2cm

from the PD638B silicon photodiode made for a fairly good displacement sensor. The

signal-to-noise ratio was good enough for most control experiments. When carefully

aligned, the THD was about -40dB for string displacements of 2mm in peak-to-peak

magnitude.

Halogen lamps are worth considering because they produce so much output power.

For instance, consider the 20W halogen lamp shown in Figure F.10. However, the

bright element consists of a coil, and the coil loops cause shadowing effects producing

a very nonuniform radiation pattern, which is illustrated in Figure F.11 by holding a

white sheet of paper behind the lamp.

Nevertheless, Figure F.12 reveals that by orienting a halogen lamp so that the

line through the center of the coil is a few degrees off axis with the flat surface

to be illuminated, an approximately uniform region of illumination is created, as

evidenced inside the red loop in Figure F.12. We found that using this light source in

conjunction with either of the photodiodes previously discussed greatly improved the
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Figure F.11: Nonuniform radiation pattern of a coiled halogen lamp

noise performance. In fact, we would prefer using the halogen lamp in conjunction

with the smaller PD638B photodiode because the signal-to-noise ratio (and inductive

coupling from the actuator) was improved by about 20dB. However, our original

circuit design was not motivated by heat considerations, and the large power level

of the light source caused us to reconsider the practicality of using an infrared LED

as the light source. That is, for our experiments in Chapters 3 and 4, we used the

PD638B photodiode in conjunction with the IR204/H16/L10 LED.

PHOTOTRANSISTORS

The sensing circuit for phototransistor type measurements is simpler. Rather than

requiring an additional operational amplifier as in the case of photodiode sensors, the

transistor-like properties of the sensing element may be used directly; hence, the

amplifier circuit consists only a voltage source, a few resistors, and the phototran-

sistor [80]. Because the phototransistor produces such a large voltage output, the

measurement is likely less susceptible to inductive coupling effects (see Section F.4).

The bandwidth of phototransistors is typically more limited in comparison with

photodiode sensors. For example, we measured the bandwidth of the exact circuit

recommended by Hanson [80]. We damped the string by wrapping it in felt to reduce
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Figure F.12: More uniform radiation pattern of lamp

the effects of the resonance on the measurement. Then, we actuated the string with

a swept-sinusoid, measured the response, and computed the linearized frequency re-

sponse, as shown in Figure F.13 [23]. The only partially damped resonances can be

seen as small peaks starting at around 100Hz and moving upward. The bandwidth

is clearly limited to the order of about 1kHz. This bandwidth limit was sufficient

for Hanson’s application of measuring string vibration, but it is not sufficient for our

control application.

Hanson’s phototransistor type sensors have further limitations in that they are ac-

tually designed for digital applications, such as detecting the presence or absence of

paper in a printer. Consequently, they do not behave particularly linearly. One prob-

lem is that the sensitive area is in the shape of a circle, for which no affine relationship

exists between string displacement and output voltage. Furthermore, due to geomet-

rical considerations, for instance the curvature of the photodiode surface as well as

likely nonuniform sensitivity, the surface cannot be easily masked to improve linearity.

Consequently, these sensors can only be used for making linear measurements when
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Figure F.13: Piezoelectric guitar string termination sensor from Graphtech
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placed very closely to the end of the string where displacements are small, further

limiting their application. Finally, these sensors only work well with very particular

diameters of strings, and the sensors have suboptimal noise performance.

F.3.2 Piezoelectric Sensors

Some piezoelectric sensors are mass produced for the application of sensing guitar

string vibrations. A piezoelectric sensor is made of an element that forms a charge

across itself when it is stressed [8]. When a piezoelectric element is placed directly

under a vibrating string termination, it primarily measures the force that the string

exerts on it in the vertical dimension due to transverse waves.9 The piezoelectric

element is typically not connected to any part of the midsection of the string as it

could adversely alter the way in which the string vibrates.

Given that such piezoelectric elements typically have small mass and large stiff-

ness, their mechanical resonance frequency is above the hearing threshold [8]. Hence,

the force exerted on the piezoelectric element is proportional to the string’s vertical

transverse displacement very near the end of the string. It follows that the charge on

the piezoelectric element is proportional to the vertical string displacement.

Piezoelectric crystal and piezoceramic element manufacturers recommend making

measurements using charge amplifiers, which convert the charge on the piezoelectric

element to a voltage [8]. A piezoelectric guitar string termination sensor from Graph-

tech for a Fender electric guitar is shown in Figure F.14. We have used this type of

sensor for the actively controllable electric guitar detailed in Section 4.7.

CNMAT has carried out an experiment on multi-axis string sensing using piezo-

electric elements. The string termination is attached to a nearly rigid plate, which

flexes according to string vibrations. By forming linear combinations of the signals

from the four piezoelectric elements on the underside of the plate, the horizontal and

vertical transverse waves as well as longitudinal waves can be measured [66].

9For a stringed instrument, we consider the vertical plane to be the plane perpendicular to the
top plate. We consider transverse vibrations not orthogonal to the top plate to be horizontal plane
vibrations.
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Figure F.14: Piezoelectric guitar string termination sensor from Graphtech

F.3.3 Sensor THD Estimation

Here we explain how we estimate the THD of a vibrating string sensor. The technique

actually measures the net THD due to the actuator, the nonlinear vibrating string

dynamics, and the sensor, but we minimize the actuator and string nonlinearity so

that the sensor is the dominant contributing source of nonlinearity. First, we actuate

the vibrating string at its fundamental frequency using the linear actuator described in

Section F.2.1. Then, we ensure that we vibrate the string at small enough amplitudes

that it is likely behaving primarily linearly. In particular, we ensure that we do

not observe the resonance shifting effects due to tension modulation as described by

Hanson [81]. Thus, we believe that the harmonic distortion observed at the sensor is

primarily due to sensor nonlinearity.

We display the sensor input signal on a spectrum analyzer. We follow an example

with slightly inferior performance so that the frequency analyzer display is easier

to interpret.10 We estimate the performance of the S2387-1010R silicon photodiode

from Hamamatsu illuminated by the halogen lamp. The string was vibrating at a

peak-to-peak amplitude of about 3mm at the sensor position.

From Figure F.15, we estimate that the levels of the second, third, fourth, and

fifth harmonics are -35dB, -39dB, -42dB, and -49dB lower than the fundamental (first

harmonic). Since the higher partials are even smaller in magnitude, we estimate the

THD using only these partials:

10For the preferred configuration with the PD638B photodiode and IR204/H16/L10 LED in Sec-
tion F.3.1, which was used for experiments in Chapters 3 and 4, we estimate that kdisplacement ≈
−40dB.
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Figure F.15: Spectrum analyzer showing the nonlinearity in the sensor signal for a
S2387-1010R silicon photodiode illuminated by the halogen lamp
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kdisplacement ≈ 10 log10(10−35/10 + 10−39/10 + 10−42/10 + 10−49/10) ≈ −33dB. (F.13)

To obtain the string velocity from the string displacement, we differentiate the

sensor signal. The differentiator has a magnitude response of +6dB/octave, so to

estimate kvelocity, the THD of the estimated velocity signal, we increase the magnitude

of the higher partials by 6dB/octave, as in (F.14).

kvelocity ≈ 10 log10(10(−35+6)/10 + 10(−39+6 log2
3
2

)/10 + 10(−42+12)/10 + 10(−49+6 log2
5
2

)/10)

(F.14)

We see that the THD of the velocity signal is even larger than the THD of the

displacement signal.

kvelocity ≈ −26dB (F.15)

F.4 Collocation Considerations

As explained in Section 2.4, we need to be able to collocate sensors and actuators, and

the sensors and actuators should be matched, if possible. We have chosen to collocate

a photodiode optical displacement sensor (see Section F.3.1) with a Lorentz’ Law type

actuator (see Section F.2.1). We collocate the elements in the presence of the string

as shown in Figure F.16. The red semicircle represents the infrared LED, the short

red line segment represents the sensitive surface of the photodiode, the long blue line

segments represent the magnets, and the thin black line along the middle represents

the string (see Figure F.16). Section 2.5 explains why we purposely chose to offset

the center of the sensor from the center of the magnets.

When a current I flows along the string, this induces a magnetic field encircling

the string. Despite our efforts in shielding the photodiode circuit (see Figure F.8), this

magnetic field inevitably cuts through the loop formed by the leads of the photodiode

and the operational amplifier. Hence, there exists a string displacement-dependent

mutual inductance Las(x) between the actuator and the sensor. This inductance
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Figure F.16: Collocation geometry

implies that the current I flowing along the string induces a voltage Vas at the input

to the operational amplifier [91].

Vas = Las(x)
∂I

∂t
(F.16)

Because of the differentiation in (F.16), the inductive coupling becomes a prob-

lem only at higher frequencies. We considered constructing a circuit for directly

subtracting out the interference at the input to the operational amplifier. However,

we determined that Las varies by about 2.5dB for string displacements 2mm in peak-

to-peak amplitude, which would have made canceling the coupling more difficult. In

experiments where we needed to reduce the relative influence of the inductive cou-

pling, we simply used the halogen lamp instead of the photodiode as a light source,

as this greatly increased the gain between the string displacement and the sensed

voltage.

F.5 Active String Termination Concept

The goal of this thesis is to study applications of control theory to musical acoustics,

so we have only developed sensors and actuators as necessary. During this process, we

became aware of a method for constructing a much more efficient string actuator, but



278 APPENDIX F. ACTUATOR AND SENSOR DESIGN

Figure F.17: String termination actuator concept

we did not pursue the design further. The general concept behind the active string

termination is shown in Figure F.17. The string is terminated atop a neodymium

magnet, which is held in place by springs. By applying an external magnetic field, a

relatively strong force can be exerted on the string.



Appendix G

Toolbox for the Feedback Control

of Sound

G.1 Introduction

Feedback control of sound has applications in altering the dynamics of ducts, bars,

plates, vibrating strings, and headphones [11]. Analog controllers are fast, but digital

controllers are more modern and often allow for simpler and more precise tuning of

controller gains. Consider the configuration shown in Figure G.1. Generally the goal

is to implement a feedback control transfer function of K(s); however, there is an

inherent delay of D seconds due to the digital controller [7].

Controller
K(s)e−sD

Figure G.1: Feedback control of a vibrating string (controller model includes a delay
of D seconds)

279
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In order to implement the desired controller, D must be small. In particular, to

apply classical feedback control to control a vibration at f Hz, we need a controller

with system delay D � 1
f

[65]. For example, for f = 5kHz, D � 200µs.

There is a further bandwidth consideration. The range of human hearing spans

roughly from 20Hz to 20kHz [59]. According to the Nyquist-Shannon sampling the-

orem, the sampling rate, also known as the servo rate, must be at least 40kHz so

the whole bandwidth that humans hear can be sampled and reconstructed within the

feedback loop [148].

Digital feedback controllers for controlling sound must both be able to process

relatively large signal bandwidths in comparison with other control applications, and

the delay D (also known as the latency) must still remain small. In many hardware

designs, these two requirements are often mutually exclusive [7].

Standard low-latency digital feedback controllers for robotics applications typi-

cally do not implement floating point natively, which makes development of algorithms

appropriate for the feedback control of sound more difficult [57]. The resulting extra

development time is undesirable in research contexts. In addition, many of these

robotics controllers cannot operate at high enough sampling rates.

General purpose computers and sound interfaces appear to present a viable alter-

native, as they can process signals with relatively large audio bandwidths. However,

the system delay D is usually prohibitively long. This is due to efficiency consider-

ations in the operating system scheduler as well as in the implementation of anti-

aliasing and anti-imaging filters in sigma delta modulators [7]. We measured the

minimum delay achievable using a sound interface on the machine described below.

Planet CCRMA’s low-latency kernel patch made it possible to achieve D ≈ 4ms

at a sampling rate of fS = 96kHz, which would limit classical feedback control to

frequencies far below 250Hz [104].

Another alternative we might consider is constructing a low-latency DSP system

with a processor supporting native floating point calculations.1 The most practi-

cal configuration for computer music applications applications involves interfacing a

Texas Instruments C6713 DSK with evaluation boards to provide the fast converters.

1These systems are available commercially, but they are prohibitively expensive.
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These boards could for example consist of the 5-6K interface board, the DAC7554

Evaluation Module, and the ADS8361 Evaluation Module. However, we never tested

this module because we decided that a non-proprietary and open source alternative

would be preferable.

G.2 Open Source Solution

Here we provide details on our solution. It was known that some solution was possible

using RTAI, but there was no record anywhere of which hardware and software would

be most compatible, or precisely what the performance would be. We hope that this

information will be useful to other researchers considering studying the feedback

control of sound. We are also releasing all of the source code that we have written.2

The TFCS system consists of the following hardware and software items:

• General purpose computer (AMD Athlon 64 X2 Dual Core 4400+, 1024kb

cache)

• Data acquisition card (NI PCI6221 for $476)

• UNIX-based operating system (Linux Fedora Core 6, Kernel 2.6.19)

• Real-Time Application Interface (RTAI ver 3.5)

• Comedi (Comedi ver 0.7.75 and Comedilib 0.8.1)

• Open Sound Control (OSC from oscpack)

• Pure Data (Pd)

• Synthesis ToolKit (STK ver 4.3.1)

• Control loop code and GUI

2http://ccrma.stanford.edu/˜eberdahl/Projects/TFCS
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To install RTAI, first recompile the kernel with RTAI support. Then install the

Comedi data acquisition drivers. Finally, install the TFCS software and reserve one

processor or core for running only the control loop [19]. For example, to run the

control loop on CPU 1 and all other code on CPU 0, make the following changes:

• Add the kernel switch isolcpus=1 to grub.conf.

• Add the switch IsolCpusMask=2 when inserting the module rtai hal.ko.

• When creating the real time task in user mode (the control loop), pass

cpus allowed=2 to rt task init schmod().

G.3 Operation

TFCS has been designed to take full advantage of RTAI. The control code thread is

spawned from a user space soft real time process. Then the thread’s memory is locked,

and the process is made hard real time using RTAI. This trick allows the thread to

enable and disable interrupts, which is necessary for hard real time performance [57]

(see the dashed lines in Figure G.2).

The graphical user interface (GUI) communicates with the control loop thread

using open sound control (OSC) [171]. The controller parameters can be changed

in real time from the GUI. For instance, to implement tremolo, a slowly-varying

oscillator in the GUI could send OSC messages to the control loop thread, varying

the damping parameter over time.

Because OSC is a network protocol, any OSC server can be used to adjust the

controller parameters. This feature makes the design attractive for computer music

applications because a wide array of software is capable of serving OSC messages.

The GUI for TFCS is implemented using Pure Data (Pd) [131]. The default

GUI for TFCS is shown in Figure G.3. It provides a number of elements, such as

buttons, toggles, and sliders, for conveniently adjusting the control loop parameters.

It is even possible to edit nonlinear characteristic curves in real time using the mouse

(see Figure G.4). This characteristic makes it possible to implement a wide array of

nonlinear dashpots, nonlinear springs, etc.



G.3. OPERATION 283

Parameters

Jitter
Statistics

OSC Receiver
Thread

Control Loop
Thread

SOFT REAL TIMEHARD REAL TIME

OSC Send

GUI

Real Time Display of
Jitter Statistics

posreal−control.pd
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Figure G.2: Modular design of TFCS’s software components
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Figure G.3: The GUI for TFCS provides buttons, toggles, sliders, etc.
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Figure G.4: The GUI also allows arbitrary nonlinear characteristic curves for con-
troller elements to be drawn with the mouse.

Continuous−time
D

processing
=0

Figure G.5: A continuous time signal (in blue) as approximated by a zero-order hold
(dash-dotted in red)

Even if the analog-to-digital converter (ADC), computer, and digital-to-analog

converter (DAC) were infinitely fast, the finite sampling rate fS is nevertheless re-

sponsible for a delay. In control engineering, a zero-order hold (ZOH) with no lowpass

filter is often used for reconstruction of an analog control signal [65]. Figure G.3 il-

lustrates how sampling is responsible for a delay of half of a sample.

It follows that the total system delay D can be expressed as the sum of the

sampling delay and the processing delay Dprocessing due to the finite speed of the

ADC, the computer, and the DAC.

D =
1

2fS
+Dprocessing (G.1)
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We can estimate D by making a measurement where the controller is configured to

simply sample the input signal and then write it to the DAC. Given a sinusoidal input

signal, the output signal can be viewed on a scope in a sense analogous to Figure G.3,

and the delay can be estimated by visual inspection. For our system, we estimate

that D ≈ 24µs for fS = 40kHz. By applying (G.1), we find that Dprocessing ≈ 11.5µs.3

G.4 Estimated PDFs Revealing Jitter Performance

While RTAI tries to ensure that the performance is as close to hard real time as is

reasonably possible, there is some jitter, or variation in D over time. For instance,

the control loop generally communicates with the ADC and DAC via a bus, such as

the PCI bus. The graphics card may also use the same PCI bus. If the graphics card

and control loop are competing for bus usage, the jitter in D is likely to increase (see

Figure G.8).

We present some estimations of the jitter observed when using TFCS under var-

ious conditions given the hardware listed in Section G.2. TFCS provides real time

feedback about the jitter performance.4 In Figure G.6, we present the performance

of TFCS under fairly optimal conditions: fS = 40kHz and no system loading by

other applications. Figure G.6 (top) shows an estimate of how often the control loop

runs early or late by various approximate intervals. This estimate is in the form of a

discretized estimated probability density function (PDF). Fewer than 4% of samples

have jitter larger than 60ns, although we might have have been able to develop a

tighter bound if we had changed how the PDF estimate was sampled. None of the

samples had jitter larger than 1.6µs for a test carried out over several minutes. Be-

cause so many of the frequencies are so small, Figure G.6 bottom shows the log of the

percentage frequencies. Since log(0) = −∞, no circles are drawn for time intervals

during which the control loop was never called (see Figure G.6, bottom).

3For our National Instruments PCI6221 data acquisition card, acquisition takes about 7µs, while
the DAC has a full-scale settling time of roughly 4µs. The approximate remaining delay may be due
to various sources such as acquiring the PCI bus [57].

4This feature could be disabled to make it possible to do more computations during the control
loop.
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Figure G.6: Estimated jitter for TFCS given no additional load (fS = 40kHz)

Even though the control code is isolated on CPU 0, if CPU 1 is heavily loaded, the

jitter performance is affected. Figure G.7 shows the statistics gathered over several

minutes. The conditions were the same as for Figure G.6 except that MATLAB was

continuously inverting random 400x400 matrices in the background. We see that the

jitter was still almost always less than 0.5µs.

Loading the PCI bus can increase jitter. We believe that our graphics card con-

figuration may have been suboptimal. The statistics shown in Figure G.8 correspond

to a test under the same conditions as in Figure G.6 with one exception: the user

was constantly dragging an X11 window back and forth. There was also a problem

with overruns, which is when the control loop is called so late that it is already time

to process the next sample. In this test, about 0.8% of the samples were dropped

due to overruns. We found that disabling hardware acceleration for the graphics card

worsened the problem.

Finally we tested whether we could increase the sampling rate further. We found

fS = 50kHz to roughly be the maximum rate (see Figure G.9). Here we were not

running the full TFCS control loop, rather the control loop merely read an input



288 APPENDIX G. TOOLBOX FOR THE FEEDBACK CONTROL OF SOUND

−3 −2 −1 0 1 2 3
0

20

40

60

Jitter [µs]

F
re

qu
en

cy
 [%

]

−3 −2 −1 0 1 2 3
−20

−10

0

10

Jitter [µs]Lo
g(

fr
eq

ue
nc

y)
   

[lo
g(

%
)]

Figure G.7: Estimated jitter for TFCS given significant system load (fS = 40kHz)
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Figure G.8: Estimated jitter for TFCS given a system loaded by constantly dragging
a window back and forth (fS = 40kHz, 0.8% overruns)
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Figure G.9: Estimated jitter for TFCS with no load (fS = 50kHz, 4.6% overruns)

sample, wrote an output sample, updated the jitter statistics, and occasionally passed

the jitter statistics to the soft real time display process. We see that with 4.6%

overruns, it would probably be better to run at the slower rate of fS = 40kHz.

However, we never finished completely optimizing our system. Perhaps by replacing

the graphics card we might have obtained better performance.

G.5 Conclusion

The following points explain why we created the Toolbox for the Feedback Control

of Sound (TFCS):

1. Implementation is convenient and inexpensive.

2. We present an example configuration.

3. Low-latency high bandwidth control should be available to everyone!

4. Controller parameters can be adjusted over OSC (including over a network).
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5. During the course of implementing our own system, we too often came across

messages on newsgroups like: ”Well, it isn’t straight-forward, but we had to

write our own code because we couldn’t find appropriate starter code anywhere.

You will figure it out eventually!”

We wish to thank all of those who helped us set up the TFCS system and inves-

tigate alternatives:

• Carr Wilkerson, Fernando Lopez-Lezcano, Chris Chafe, Peter Lindener, and

David Yeh at CCRMA

• Heiko Zeuner from Sennheiser Electronics

• Benjamin Faber from Faber Acoustical

• Paolo Mantegazza from the Dipartimento di Ingegneria Aerospaziale, Politec-

nico di Milano

G.6 Initialization Files

G.6.1 grub.conf

The entry for the recompiled kernel in grub.conf should be similar to the following:

title Fedora Core (2.6.19, By default code runs only on CPU 0)

root (hd0,0)

kernel /vmlinuz-2.6.19 ro root=/dev ...

/VolGroup00/LogVol00 isolcpus=1 noirqbalance

initrd /initrd-2.6.19.img

G.6.2 /usr/realtime/init rtai

Often despite the installation of RTAI, the device nodes need to be recreated after

every reboot.
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export PATH=$PATH:/usr/realtime/bin

if test \! -c /dev/rtai_shm; then

mknod -m 666 /dev/rtai_shm c 10 254

fi

for n in ‘seq 0 9‘; do

f=/dev/rtf$n

if test \! -c $f; then

mknod -m 666 $f c 150 $n

fi

done

G.6.3 /usr/realtime/start rtai

The RTAI modules can be loaded using insmod.

/sbin/insmod /usr/realtime/modules/rtai_hal.ko ...

rtai_cpufreq_arg=2210762026 ...

rtai_apicfreq_arg=12561129 IsolCpusMask=2

/sbin/insmod /usr/realtime/modules/rtai_sched.ko ...

SetupTimeTIMER=3352 Latency=3160

/sbin/insmod /usr/realtime/modules/rtai_fifos.ko

G.6.4 /usr/local/comedi/load cmods

The following commands load the relevant Comedi and RTAI modules for TFCS

and our particular data acquisition card (Native Instruments PCI6221). If you don’t

load the modules in the right order, you may receive a cryptic error message about

unrecognized symbols.

/sbin/modprobe ni_pcimio



292 APPENDIX G. TOOLBOX FOR THE FEEDBACK CONTROL OF SOUND

/usr/local/sbin/comedi_config /dev/comedi0 ni_pcimio

/sbin/modprobe kcomedilib

/sbin/insmod /usr/realtime/modules/rtai_shm.ko

/sbin/insmod /usr/realtime/modules/rtai_msg.ko

/sbin/insmod /usr/realtime/modules/rtai_sem.ko

/sbin/insmod /usr/realtime/modules/rtai_mbx.ko

/sbin/insmod /usr/realtime/modules/rtai_comedi.ko

G.6.5 kcomedilib.c missing functionality

In my kcomedilib.c, we implemented some helper functions for getting information

on the subdevice to be used as well as for converting between quantities the subde-

vice understands and physical quantities. These functions behave analogously to the

functions in the comedilib library, which is currently not directly compatible with

RTAI.

my_comedi_subdev *get_subdev_info(void *dev,

int subdev_code, unsigned int range,

int channel, char *nm)

double inline my_comedi_to_phys(lsampl_t data,

my_comedi_subdev *subdev)

lsampl_t inline my_comedi_from_phys(double data,

my_comedi_subdev *subdev)
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