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Spiral

m Generates programs from a problem specification for linear
transforms (DFT, DCT, DWT, filters, ....)

= Optimizes at the algorithmic level and at the code level

= Different code types supported:
scalar, fixed point, vector, parallel, Verilog

s Goal 1: A flexible push-button program generation framework
for an entire domain of algorithms

m Goal 2: With new architectures, update the tool rather than
the individual programs in the library

Markus Piischel, José M. F. Moura, Jeremy Johnson, David Padua, Manuela Veloso, Bryan

Singer, Jianxin Xiong, Franz Franchetti, Aca Gacic, Yevgen Voronenko, Kang Chen, Robert W.

Johnson, and Nick Rizzolo, SPIRAL: Code Generation for DSP Transforms,
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How Spiral Works

Problem specification (transform)

!

controls

Spiral: Algorithm Selection
_Complete au_t omation of the Algorithm Optimization
implementation and

optimization task algorithm

. controls
o Implementation
Basic idea:

Declarative representation Code Optimization
of algorithms, rewriting C code
systems to generate and

y 9 Compilation

optimize algorithms
Compiler Optimizations

!

automation Fast executable

performance
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What is a (Linear) Transform?

= Mathematically: Matrix-vector multiplication

r—y="1- -x

input vector (signal) \‘jJ T
output vector (signal) transform = matrix

= Example: Discrete Fourier transform (DFT)

DFT, = [6_2k€m/n]0§k,€<n
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Transform Algorithms: Example 4-point FFT

Cooley/Tukey fast Fourier transform (FFT):

1 1

1 -1

1 1 1 1] [1 1 1 1 1

1 j -1 —j| |- 1 1 1 1 -1 -

1 -1 1 -1| |1 - 4 1 -

_1 -] -1 j_ i 1 —1__ j__
Fourier transform

Diagonal matrix (twiddles)

|
DFT, = (DFT5,®15)"
|

Kronecker product

-4(1, © DFT,) L4

I
Identity

= Algorithms reduce arithmetic cost O(n?) — O(nlog(n))

= Product of structured sparse matrices

Permutation

= Mathematical notation exhibits structure: SPL (signal processing language)
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Examples: Transforms (currently 55)

DCT-2, = |cos(k(2(+ 1)7/2n)

DCT-3,
DCT-4,

0<k,f<n’
DCT—2£ (transpose),

[cos((zk + 1)(2¢ + 1)7T/4n)}0S b r<n
IMDCT,, = |cos((2k+ 1)(2(+ 1+ n)m/4n)]

0<k<2n,0<l<n’

2kt n
COS— kL< |2
RDFT, = [rpdo<kicn, rkg_{ Qw o= L%J7

WHT, ,, WHT, ),
WHT, , —WHT,,

DHT = [cos(zkew/n)+sin(2kew/n)}

WHT,, = [ ] WHT, = DFT,,

0<k/f<n’
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Examples: Breakdown Rules (currently =220)

DFT,, — (DFT,®L,) T (0. DFTy)LY, n=*km
DF¥FT, — P,(DFT,®DFT;,)Qn, n=*km, gcd(k,m)=1
DFT, — RI(I; ®DFT, 1)Dy(l; ®DFT, 1)R,, p prime
DCT-3, — (Im@® Jm) L% (DCT-3,,(1/4) & DCT-3,,(3/4))
L, 0 —J,,_
(Fo®Im) [ %(Il EBgLIml)] , m=2m
DCT-4,, — SpDCT-2,diagg<jn(1/(2cos((2k + 1)m/4n)))

1

—1
_1] 03¢ Im)) J2m DCT'42m

t
WHTQk - H (12k1+"'+ki—1 ®WHT2]<;Z ®12ki+1+"'+kt)7 k = ]{;1 —|— C e _|_ kt
=1

DFT, — F> \
DCT-2, — diag(1,1/v2)Fy Base case rules
DCT—42 — J2 R137T/8 /
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BSkewDFT 4
BSkewDFT_Base2
BSkewDFT_Base4
BSkewDFT_Fact
BSkewDFT_Decomp
BSkewPRDFT 1
BSkewPRDFT_Decomp
BSkewRDFT 1
BSkewPRDFT_Decomp
Circulant 10
RuleCirculant_Base
RuleCirculant_toFilt
RuleCirculant_Blocking
RuleCirculant_BlockingDense
RuleCirculant_DiagonalizeStep
RuleCirculant_DFT
RuleCirculant_RDFT
RuleCirculant_PRDFT

Filt 10 PDHT2 2
reakdown Rules
RuleFilt_Nest PDHT2_CT
RuleFilt_OverlapSave PDHT3 4
RuleFilt_OverlapSaveFreq PDHT3_53532
RuleFilt_OverlapAdd PDHT3_CT
DCT5 1 DRDFT 1 RuleFilt_OverlapAdd2 PDHT3_Trig
DCT5_Rader DRDFT_tSPL_Pease RuleFilt_KaratsubaSimple PDHT3_CT_Radix2
DFT 22 DSCirculant 2 RuleFilt_Circulant PDHT43
DFT _Base . RuleDSCirculant_Base RuleFilt_Blocking PDHT4_Base2
- ATTORGE RuleFilt_KaratsubaFast PDHT4_CT
m - DFT5 PDHT4_Trig
G0, | Cooley-Tukey FFT |51 2 5
" CT_| TOTTD PDST4_Base2
DFT_CosSinSplit DST1_DST3and1 :ﬁﬁgﬁ}f?ez PDST4_CT
DFT Rader DsT23 IPRDFT1_Complex PRDFT 10
DFT_Bluestein DST2_Base2 IPRDFT1_CT_Radix2 PRDFT1_Base1
DFT_GoodThomas DST2_toDCT2 IPRDFT2 4 PRDFT1_Base2
DFT_PFA_SUMS DST2_DST2and4 IPRDFT2_Basel PRDFT1_CT
DFT_PFA_RaderComb DST42 IPRDFT2_Base2 PRDFT1_Complex
DFT_SplitRadix DST4_Base IPRDFT2_CT PRDFT1_Complex_T
DFT_DCT1andDST1 DST4_toDCT4 IPRDFT2_CT Radix2 PRDFT1_Trig
DFT DFT1and3 DTT 15 RRRET22 PRDET1 PE

RuleCirculant_PRDFT1
RuleCirculant_DHT
CosDFT 2
CosDFT_Base
CosDFT_Trigonometric
DCT13
DCT1_Base2
DCT1_Base4
DCT1_DCT1and3
DCT25
DCT2_DCT2and4
DCT2_toRDFT
DCT2_toRDFT_odd
DCT2_PrimePowerlnduction
DCT2_PrimeFactor
DCT35
DCT3_Base2
DCT3_Base3
DCT3_Base5
DCT3_Orth9
DCT3_toSkewDCT3
DCT48
DCT4_Base2
DCT4_Base3
DCT4_DCT2
DCT4_DCT2t
DCT4_DCT2andDST2
DCT4_DST4andDST2
DCT4_lterative
DCT4_BSkew_Decomp

Breakdown rules in Spiral =

Knowledge about existing transform algorithms

(~50 journal papers)

DFTERT T BT
DFTBR_HW DWTper_Mallat_2 PDHT3

DHT 3 DWTper_Mallat PDHT1 Base2
DHT_Base DWTper_Polyphase PDHT1 CT
DHT_DCT1andDST1 DWTper_Lifting PDHT1:CT_Ra dix2
DHT_Radix2

PolyBDFT™5
PolyBDFT_Base2
PolyBDFT_Base4
PolyBDFT_Fact
PolyBDFT_Trig
PolyBDFT_Decomp

PolyDTT 4
PolyDTT_ToNormal
PolyDTT_Base2
PolyDTT_SkewBase2
PolyDTT_SkewDST3_CT
RDFT 4
RDFT_Base
RDFT_Trigonometric
RDFT_CT_Radix2
RDFT_toDCT2
RHT 2
RHT_Base
RHT_CooleyTukey
SinDFT 2
SinDFT_Base
SinDFT_Trigonometric
SkewDFT 2
SkewDFT_Base2
SkewDFT_Fact
SkewDTT 3
SkewDTT_Base2
SkewDCT3_VarSteidl
SkewDCT3_VarSteidllterative
Toeplitz 6
RuleToeplitz_Base
RuleToeplitz_SmartBase
RuleToeplitz_PreciseBase
RuleToeplitz_Blocking
RuleToeplitz_BlockingDense

RuleToeplitz_ExpandedConvolution
UDFT_Base4
UDFT_SR_Reg

URDFT 4
URDFT1_Base1
URDFT1_Base2
URDFT1_Base4
URDFT1_CT

WHT 8
WHT_Base
WHT_GeneralSplit
WHT_BinSplit
WHT_DDL
WHT_Dirsum
WHT_tSPL_BinSplit
WHT_tSPL_STerm
WHT_tSPL_Pease
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Program Generation (Simplified)

Transform: DF Ty

. =

Ruletree: E'C:TT\B DFTg — (DFT2®1y) - D - (Io @ DFT,) - P

DFT» DFT.
—CT ™~ DFT; — (DFT>®I15)-D-(Io,DFT5) - P
DFT» DFT»

- =

SPL Formula: (DFT2® 1) T (I, ® ((DF T2 ® I2) T3 (I ® DF T2) L)) L§

3 1 1 1
Y-SPL: X (S;DFT2Gy) > (Z (Sk,lduag(tk,l) DFT, Gl) 3 (Smdlag<tm> DFT, Gk,m>>
j=0 k=0 \I=0 m=0
void sub (double *y, double *x) {
deuble fo0, f£1, f2, £3, f4, £7, £8, fi0, £11;
fo = x[0] - x[3];
C C d . f1 = x[0] + x[3];
0 e- f2 = x[1] - x[2];
£3 = x[1] + x[2];
f4 = f1 - £3;
yI[o] = f1 + £3;
yI[2] = 0.7071067811865476 * £f4;
£7 = 0.9238795325112867 * f0;
f8 = 0.3826834323650898 * f2;
vI1] = £7 + f8;
£10 = 0.3826834323650898 * f0;
f11 = (-0.9238795325112867) * f2;
y[3] - £10 + f£11; SPIRAL
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SPL to Sequential Code

SPL construct code

t[0:1:n-1] = B(x[0:1:n-11);
Yy = (4‘4-?18-?1) L

Y[O:l:n—l] = A(E[0:1:n-1];)

for (i=0;i<m;i++) Example: tensor product

yv[i*n:1l:i*n+n-1] =

U — (I??]. X 44-;1);{:

A(x[i*n:1:i*n+n-1]1) _ -

An

for (i=0;i<m;i++)
y[i:n:i+m-1] = Im ®An =
A(x[i:n:i+m-1]); A
n
_ B f 1=0;1 ;1
y = <€Bn1 1«4%);& or (i i<m;i++)

i=0 -~ y[i*n:1:i*n+n-1] =

U — (4‘4--:}1 'i:' I-n);(:

A(i, x[i*n:1:i*n+n-1]1) ;

for (i=0;i<m*n;i++)
y = Dy ni , , .
y[i] = Dmn[i]*x[i];

for (i=0;i<m;i++)
y=Ly"r for (3=0;j<n;j++)
y[i+m*jl=x[n*i+j];

Correct code: easy; fast code: very difficult STt
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Organization

m Spiral overview
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m Results
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SPL to Shared Memory Code: Basic Idea

= Good construct: tensor product

TI= (Ip ®A)$

] [ Processor 0

- | | Processor 2
]

T
TP A Tp Processor3

L Yy
p-way embarrassingly parallel, load-balanced

= Problematic construct: permutations produce false sharing

"B <= processors 0 and 1
y = Li - — write to same cache line

x ) Yy
Task: Rewrite formulas to

extract tensor product + make cache lines atomic
SPIRAL
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Step 1: Shared Memory Tags

= ldentify crucial hardware parameters = coarse hardware abstraction
= Number of processors: p
= Cache line size: u

= Introduce them as tags in SPL:

A

K~
smp(p,u)

This means: formula A is to be optimized for p processors and cache line size u

m Tags express hardware constraints within the rewriting system

SPIRAL
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Step 2: Identify “Good” Formulas

= Load balanced, avoiding false sharing

y = <Ip ®A>:U with A € C™M#xmp
p—1

y = (EB Ai) r with A; € CTM#XmH
1=0

Yy = <P®IM>CU with P a permutation matrix

= Definition: A formula is fully optimized if it is one of the above
or of the form

I,, A or AB

where A and B are fully optimized.

SPIRAL
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Step 3: Identify Rewriting Rules

s Goal: Transform formulas into fully optimized formulas
= Formulas rewritten, tags propagated
= There may be choices

48 - 4 LB
smp(p,u)  smp(p,u) smp(p,u)
dm D1y — < Lm” ® Ly ) <Ip 3 (Am @ In/p)) < Lp? ® Ly >
smp(p.p) smp(p,u)
( mn/p
\(Ip@) Lo )( L§”®Im/p>J
(mn )] smp(p,u) Smp(pau)/
—m_ ")/ pm mn/p
smp(p,p) \< Lin” @l >A< tp®Lm >,
L smp(p,u) smp(p,u)
Im ®An — 1p ®II (I,W. / o ®An\
W o || \ IIL/IJ /
smp(p,u)
(P®In) — (P®I,,,)81,
smp(p,p)

SPIRAL
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Simple Rewriting Example

sMp(p,u)
Loop tiling and scheduling
hardware-conscious (knows p and p)
(L ©Tasp ) (1o @) (Am @ 1)) (L3P @1, )
fully optimized
parallel for (1=0; 1i<p; 1++)
for (j=0; j<n/p; J++)

y[i*n/p+j:n:i*n/p+j+m-1] =
A(x[i*n/p+j:n:i*n/p+j+m-1]) ;

SPIRAL
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Parallelization for Shared Memory by Rewriting [SC 06]

Hardware parameters: p processors, cache line length p

DFTyy, — ((DFTm®I) T (Im © DFTn) L7 )
smp(p,p)

7

smp(p,u)

—

(—

DFT,,®1,) T"" (I,DFT,) LM
o ( ) L

~~ /4 ~ ', N~
smp(p,u) smp(p,u) smp(p,u) smp(p,u)

R ((me @1, /) ® IM) (Ip R|(DFTm ® In/p)> ((Lgbp @1, /) ® IM>

1
(p || T:”m) (10 (s @ DFT)) (L& L P ) (L ©1,,)8 T )
1=0

Fully optimized (load-balanced, no false sharing)
in the sense of our definition

SPIRAL
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Vectorization by Rewriting [IPDPS 02, VecPar 06]

Hardware parameter: vector length v

\(DFTmnl — \((DFTm ® In) T (I, @ DFTy) L7 )

>

Ve(?(y) Veg(y)

—~ (OFTpel) (T7™) (In®DFT,) Lt
vec(v) vec(v) Ve(;r(l/)

= Lyn/w ®£)(DFTm ®L,,8L) TN
sse sse

L., @ P&L){1,, &L L)@ LY ) (L3 &1,))(DFT,&1,)
/ / ~—~

sse

2 2
(LI @1)E L ) Ly ®L5")

sse

Fully vectorized

SPIRAL
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Parallelization for Distributed Memory [ISPA 06]

Hardware parameter: p processors

par(p) par(p—q)  par(q) par(q) par(qg<p)

mn/p

= (eyLn”) ( B — ) (g @) (T @ L @) ) (1 @) (L /g © DF T)
comm(p—q)

(la@) L) ( Lg” ® L2 ) (Lo @) (LG @L9)) Ti™ (I @) (L ® DF )

comm(q)

(@)@ LnP) ( LD ©1,,2 ) (1o @y (Ly ®L7))

comm(g«p)

Fully parallelized

Joint work with A. Bonelli, J. Lorenz, and C. W. Ueberhuber,
Vienna University of Technology SPIRAL
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-~ __________________________________________
Parallelization for GPU — Ongoing Work

Hardware parameter: c-way vectors (pixel format), shader computes t pixels

k—1 .
(DFT,) — (@Eo L7 (1ses ®DFT, ) (L iy (i ® T ) leilz )) Rr

gpu(t,c) vec(c)
gpu(t,c)
/k_l n/o \ n/o n—1
S LH (L1 2 31) (a1 @x (DFT, 1) L2") Ti) (L2 @) A p®x LY IR E1)
i=0 shd(t,c) shd(t,c)
Fully optimized
Joint work with H. Shen, Technical University of Denmark SPIRAL
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Parallelization/Streaming for FPGAs [DAC05, FPGA06]

Hardware parameter: streaming width rs

stream(rs)

k—1 :
(DFT,) — |14 (Lt ®DFT ) (L7 (L@ Th 1) Ly )
=0

k
r
R’)"

>

stream (r9)

Joint work with P. Milder and J. C. Hoe

k k k—i k k
— | ]I L (Irk—l ® DFT), ) ( L i1 (La® T k1) Ll ) R}
1=0 ctream(+s , MV . MEEINN streami(s)
Streahrsy stream(7%) stream(7s) SEFEA )
g rk / rk
- |II LY (Lis1®(Is1®DFTy)) T R’
=0 stream(rs) stream(r$) | stream(r9)

SPIRAL
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Benchmark: Generated Multicore Code

6000
Spiral multicore code
(automatically generated)
50004~ e
4 processors
40004 SN
2 processors / 10’900 cycles
3 resident in L1 of %*oc
e 2processors@. | NL__—— |
FFTW 3.1 SMP 4 processors
2000 F7 ey ——e T
Spiral sequential code (adapted, but
(automatically generated) hand-parallelized)
1000 e !
FFTW 3.1 sequential code
o+——F—F—F— T ——T— T
13 14 15 16 17 18 19 20

6 7 8 9 10 11 12

log2 N

Complex double 1D DFT on 2.2 GHz Opteron Dual-core (4 processors)
Spiral parallelizes much earlier as FFTW on multicore CPUs

SPIRAL

Matteo Frigo and Steven G. Johnson, The Design and Implementation of FFTW3,
Proceedings of the IEEE 93(2), 2005 o



Benchmark: GPU vs. CPU

6000

Spiral generated GPU code

5000 ¢

4000 4 e\ S

3000 - N

Mflop/s

2000 +

Spiral generated CPU code (SSE)

1000 -«

8 10 12 14 16 18 20 22 24

problem size

Walsh-Hadamard transform (float) on 3.6 GHz Pentium 4 + Nvidia 7900 GTX

Use GPU to overcome memory bottleneck?
SPIRAL
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Conclusions

= Spiral: The computer implements and optimizes transforms
= From problem specification to very fast code---automatically

= High level, mathematical, declarative language and approach
= Rules represent the algorithm knowledge

= Rewriting systems to generate and optimize algorithms
at a high level of abstraction

= Same approach for different type of parallelism, software and hardware
= V\ery extensible

s We have ideas how to generalize the approach beyond transforms
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