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Multiple Blocks
• Cover domain with 

multiple blocks

• Each block is 3D 
Cartesian (see 6-patch 
and 7-patch prototypes)

• Using Cactus Toolkit and 
Carpet Driver
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angular dependence, finding that the first overtones of corotating modes (e.g. modes with l = m = 2) contribute
significantly to the waveform for rapidly rotating black holes.

The plan of the paper is as follows. In Sec. II we briefly describe our multi-block code. After introducing the
background metric, we discuss the numerical implementation of the scalar wave equation and our time evolution
techniques. In Sec. III we extract QNM frequencies and amplitudes from our evolutions, comparing with analytical
predictions from perturbation theory. To start with, we point out some conceptual limitations in the extraction of
QNM amplitudes due to the so-called time-shift problem. Then we introduce a rather general method to determine
the best fitting interval to extract QNM waveforms. We first check the accuracy of this method (and of our numerical
code) by reproducing the QNM frequencies predicted by standard perturbation theory. Scalar QNM frequencies for
Kerr black holes have been computed in [5], and they have never been systematically confirmed by numerical time
evolutions1. Next we give a quantitative estimate of rotational mode mixing as a function of the black hole’s spin and
discuss the initial data dependence of the amplitudes of corotating and counterrotating modes. In this way we assess
the validity of the amplitudes predicted by perturbation theory in the so-called asymptotic approximation (where
both the observer and the initial data are located far away from the black hole). Finally we discuss the extraction of
overtones from our waveforms.

II. NUMERICAL EVOLUTION OF SCALAR PERTURBATIONS OF KERR BLACK HOLES

A. Grid structure

We perform our evolutions describing scalar perturbations of a Kerr spacetime through excision of the singularity.
With our multi-block approach we can have smooth (in particular, spherical) inner (excision) and outer boundaries.
As in [19], we use a six-block setup with a global topology of S2×R+, referred to as cubed sphere coordinates (Fig. 1).
This topology and the corresponding coordinates on each block are well adapted for modeling a single central object
together with outgoing radiation that is generated at or close to that object.

The six blocks are arranged like the six faces of a cube, i.e., block 0 covers the neighborhood of positive x, block 1
positive y, block 2 negative x, block 3 negative y, block 4 positive z, and block 5 negative z. On each of those blocks
a local coordinate system (â, b̂, ĉ) is defined, with −1 ≤ (â, b̂, ĉ) ≤ +1, and equal grid spacing in the local system.
The coordinate ĉ runs along the radial direction, and â, b̂ span the angular ones. See [19] for the explicit definition of
these coordinates.

Figure 1: Illustration of the six-block grid structure and the cubed sphere coordinates that are used for the simulations in this
paper. The left panel shows the distribution of grid points on a sphere of constant radius. The central panel shows a snapshot
from a scalar wave evolution on an equatorial cut. The plot refers to an ! = m = 2 mode on the background of a Kerr black
hole with spin j = 0.9 at t = 92.2M . Also shown are the locations of the inter-block boundaries. The right panel magnifies the
central region of the domain in the equatorial plane, showing the grid structure around the spherical excision boundary. The
four dark lines mark the interfaces between blocks.

1 See however [27], where the fundamental scalar mode with l = 0 was observed to dominate the emission of scalar radiation by perturbed
Kerr black holes in the Brans-Dicke theory of gravity.
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Advantages
(MB meets AMR)

• Outer boundary 
location: MB cost scales 
with O(R) [AMR: O(R³)]

• Radial resolution: MB 
cost scales with O(1/h²) 
[AMR: O(1/h⁴)]

• MB is well adapted to 
almost-spherical systems 
(stars, single BH, binary 
BH from far away)

• MB allows smooth outer 
boundaries

• Well-posed excision 
easily possible

• Co-rotating coordinates 
possible (no CFL 
reduction)



Our Ingredients
• Non-overlapping blocks, 

SAT (penalty) boundaries 
for characteristic variables

• Finite differences, SBP 
operators

• Generalised Harmonic 
formulation

• Outer boundaries: freeze 
incoming characteristics
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Simpler
than Mesh Refinement
• Use global tensor basis 

(same variable gxx as 
before)

• Only derivatives are 
local; use Jacobian to 
transform:

(linear, analytically 
known, floating point 
accuracy)

• Use interpolation at 
inter-patch boundaries, as 
with AMR
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Quasinormal Mode 
Excitation of Kerr BHs
• Mode-mode coupling of a 

scalar perturbation

• Kerr, M=1, a=0.9

• Initial data:
Gaussian l=2, m=2

• Extracted at R=5M

• [Thesis of Nils Dorband]
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Systematic
Wave Extraction Errors
• Distorted BH, full GR

• Extract waves with 
Regge-Wheeler-Zerilli 
formalism at R=80M

• Extracted wave has 
systematic error when 
using wrong background

• [Work of Enrique Pazos]
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Plans

• Ongoing: Quantitative comparison of 
efficiency (accuracy vs. cost) of AMR and MB

• Combine AMR and MB for BBH simulations

• GRMHD [Burkhard Zink]

• (BBH with co-rotation and excision, à la 
Caltech/Cornell)


