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We have combined symbolic mathematics with code generation to create a
user—friendly environment for specifying finite element methods. The motiva-
tion behind this approach is to automate the boring and error-prone task of
implementing variational forms of PDEs, which is a cornerstone when develop-
ing finite element simulators. By employing a symbolic engine in a high—level
language we allow the user to specify the weak form of the PDE in an abstract
and user—friendly format. Furthermore, the symbolic framework allows us to
do certain calculations like differentiation automatically. In addition to the
symbolic framework, we use a high—level library for expressing linear algebra
algorithms in terms of block matrices and block preconditioners.

Our efforts have resulted in the open source software package SyFi [3], which
is part of the FEniCS project [9]. SyFi stands for Symbolic Finite elements and
is implemented in C++ and Python. SyFi is built on top of the symbolic C++
library GiNaC [5] and uses its Python interface Swiginac [17]. In addition to
SyFi, we employ the in-house code PyCC [16] for block matrices and precondi-
tioners.

SyFiis largely divided in two parts, a kernel implementing finite elements etc.
and a form compiler. The SyFi form compiler (SFC) takes as input variational
forms and functionals on the following form (see also the FEniCS Form Compiler
(FFC) [10, 11, 12, 13] and UFC (Unified Form-assembly Code) [1, 2]),

ao(®, ..., u" Wl w™) S R, (1)
where 0 < n < 2, 40 is the test function, u! is the trial function and w?, ..., w™ !
are the coefficient functions (or prescribed functions), u* € Uy and w! € W'
where U* and W' are finite element spaces. The differentiation of variational
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forms and functionals is performed as follows. Let IIY : W7 — R", where n;
is the dimension of W7, be the mapping which gives the degrees of freedom
associated with W7. Hence, {II'u}; = u} where u! is the i’th degree of freedom
in space WJ. Then we may associate a tensor function

aV i R™ x .. x R'1 5 R% x| x Rin

with aq as follows. For u?o, R u?ﬂill inUY, ..., U™ ! the component ig, . .., in_1
of the tensor function a? is
N 0,0 m—1, m—1y _ 0 n—1., 0 m—1
aio’min_l(Hw s I w )—aﬂ(“iov"a“in,uw S, W )eR. (2)
Since a? is a tensor function, taking values in R™ x ... x R™m-1_ it can be

differentiated in a standard way. This differentiation is trivial with a symbolic
engine, e.g.,

ﬁaﬂ (I°, ... TI™ ™™ 1) (3)

K2

is the derivative with respect to the i’th degree of freedom in the coefficient
space WJ. By running over all i, we obtain the derivative with respect to W4.
This corresponds directly to the Fréchet derivative with respect to the coefficient
function space W7. This differentiation can be obtained with SyFi.

In the following we will consider systems of linear PDEs arising from two spe-
cific optimal control problems with linear and elliptic PDE constraints. These
are the model problem studied by Borzi, Kunisch and Kwak [7] and an inverse
problem arising in connection with electrocardiography [15]. Each of the entries
in the systems is a variational form for which the code for the element tensor
calculations is generated by SyFi. After the assembly of the sub matrices and
sub vectors they are put into the block matrix and preconditioner framework in
PyCC.

To describe both model problems we present them in a common abstract
setting, even though we need to be concrete when implementing these model
problems in SyFi and PyCC. To this end, let Uy, Us and Uz be Hilbert spaces
with inner products (-, )u,, (*s)uss (-, )us, norms ||« ||, 5 ||+ lss ||+ |lus and dual
spaces Uy, Uj and Uj. Our parameter identification problem can be written on
the form

min { 5 1= dl, + 5010 = vosrl?, } ()
subject to
Au=—Bv+g (state equation), (5)
where
AUy — U,
B:U, — Uj,

T:Uy; — Us (observation operator)



are bounded linear operators, d € Uz and g € U} are given quantities, and o > 0
is a regularization parameter. Notice that, from an implementational point of
view, the above (and below) operators are represented by their weak forms. The
associated Lagrangian L, reads

1 2 1 2
Lo(v,u,w) = 3 [Tw — d||U3 + 504 v — UpriorHUl
+({Au, w) + (Bv,w) — (g, w)

for v € Uy and u,w € Us, with Fréchet derivatives

<aal;)a ’ ¢> = a(v — Uprior; ¢)U1 + <B¢7U)>7 ¢ € Uy,

<88I;Lav¢> = (TU - da T¢)U3 + <A¢7 w> ¢ S UQ;
Lo

(P2 ) = (Aug)+(Bu.g) —(9,6) 6y

From the first order necessary condition

0L, 0L, 0L,
- ow

=0

we can write the linear system to be solved as: Find (v,u,w) € Uy x Uy x Us
such that

oL 0 DB v aLvprior
0 K A u | = Qd , (6)
B A 0 w g

where A’ and B’ denote the dual operators of A and B, respectively, and

L:Uy—U, v—(v,9)y V¢eU, (7)
K:Uy— U, u— (Tu,To)y, Vo € Us, (8)
Q Uz — U2/7 d— (d,T¢)U3 V¢ € Us. (9)

The linear system (6) is a saddle-point problem. Preconditioners for saddle-
point problems have been studied extensively the last decades, see e.g. [6] for
a review. Our work is based on the approach suggested in [4, 14], where the
saddle point problem is considered as an isomorphism between an appropriate
Hilbert space and its dual space, provided that the Babuska-Brezzi conditions [8]
are satisfied. By letting the preconditioner be an isomorphism mapping the
dual space back to the Hilbert space, the preconditioned system becomes well-
conditioned, and in the discrete case one obtains conditions numbers which can
be bounded independently of the mesh parameter h.

The problem studied in this abstract is different from those analyzed in [4, 14]
because (4)-(5) typically is ill-posed for « = 0. Furthermore, even though the
regularized problem (a > 0) is well-posed, the Babuska-Brezzi conditions will
involve constants that depend on «. This dependency of the regularization



parameter causes the condition number of the associated matrix to increase as
the regularize parameter decreases towards zero. However, we will demonstrate
that efficient solution methods can be constructed in spite of this dependency.
More specifically, in the severely ill-posed case, it turns out that the number
of iterations needed by the preconditioned minimal residual method can not
grow any faster than of order O((In(a))?), provided that the convergence is
measured in the energy norm. Moreover, numerical experiments indicate that
this theoretical worst case scenario bound is rather pessimistic.

Our preconditioner is block diagonal where each block is a standard “off-
the-shelves” preconditioner. Since the resulting preconditioner is symmetric
and positive, the minimal residual method is used. Our scheme is implemented
in PyCC by employing block matrices and block preconditioners. The precon-
ditioner can be written:

al 0 0
B'=| 0 aA+K 0 |. (10)
0 0 1A

We will present both theoretical results and a number of numerical experi-
ments addressing both the model problem studied by Borzi, Kunisch and Kwak
[7] and an inverse problem arising in connection with electrocardiography [15].
We will further explain how differentiation of variational forms and functionals
can be done in SyFi.
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